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FIG. 3. The critical velocity V~ for production of
vortex rings by positive ions as a function of the nor-
mal-to-total density ratio ps/p. The dotted line sum-
marizes the results at low temperatures (Bef. 2),
where Vz is constant. The solid line is drawn with the
same slope of that representing the critical velocity of
the periodic discontinuities of positive ions as a func-
tion of ps/p (Bef. 10).

and fields. A typical result, obtained at 1.41'K
with the method (B), is plotted in Fig. 1. The
drift velocity is a decreasing function of the elec-
tric field, and follows the dynamics of the charged
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We propose that a quantized vortex line in helium II has a central core of normal Quid
extending over a distance of a few angstroms. Surrounding this core is a "tail," a re-
gion of excess density of rotons whose momenta are predominantly aligned oppositely to
the direction of circulation of the superfluid. This model is used to calculate the drag
on a negative ion trapped on a vortex line, and appears to account for experimental re-
sults satisfactorily.

Perhaps the least satisfactory aspect of the
classical theory of vortices is the treatment of
the core. Now that vortices in liquid helium have
provided fresh impetus for such studies, it is
not surprising that there should be considerable
interest in sorting out effects associated with the
core structure. This Letter reports a model for
the structure of the core with emphasis on the be-
havior of the excitations comprising the normal
component. Models for the superfluid based on
the behavior of a condensate have already ap-
peared. '

Studies of ion motion in liquid helium have in-
cluded three classes of experiment which shed
light on vortex structure. The motion of large
vortex rings demonstrates the quantization of cir-

culation and gives a measure of vortex strength.
The trapping and escape of ions from vortices
are sensitive to the distribution of superfluid
near the core. e The motion of ions along quan-
tized vortex lines is sensitive to excitations lo-
calized about the core. ' We shall be concerned
with the interpretation of such experiments by re-
course to the Landau model applied to the vortex
lines.

The dominant excitations at the relatively high
temperatures of our experiments are rotons.
Their excitation spectrum is approximated near
the roton minimum by the familiar relation

s(p) = 6 + (p-p, )'/2 po,

where & is the energy, P the momentum, & the

1740



VOLUME 21, NUMBER 26 PHYSICAL REVIEW LETTERS 23 DECEMBER 1968

energy gap, and p, o the effective mass of the rotons. When relative motion is occurring between the
superfluid and the rotons, the number of rotons per unit phase space is given by

(2)n(p) =h ~(exp[(kT) '] [e(p)-p. (v -v )]-1) '.
n s

Consider now a vortex filament having a velocity field in the superfluid specified by v~ = V(r)
=h(2mmr) eg, where eg is a vector tangential to the direction of circulation. The distribution of ro-
tons near the line is given by

N(T, V) =J)—~(exp[(kT) '][A+ (p-p, )'/2g, +pVcos9]-1) 'd'p

2wkT 1—exp (—(kT) ~[6, + (p-p„)2/2 p, „+pV]j
hsV o 1-exp {—(kT) '[6+ (p-p, )'/2p, —pV]]

(3)

since the rotons are fixed and v„=0. An immedi-
ate consequence of Eq. (3) is the existence of a
Landau critical velocity at some radius R& where
rotons exist with zero energy-that is, where

[&+(P-P )2/2V -PV]
0 0 min

(4)

Within this radius the excitations may no longer
be considered as rotons and form a stagnant cen-
tral core.

Three effects must now be included. First,
neutron data indicate that ~ decreases with in-
creasing temperature. ' We interpret this tem-
perature dependence as a manifestation of roton-
roton attractive interaction and use an empirical
formula of Bendt, Cowan, and Yarnell, '

&(N) =6-0.7383x10 "N, (5)

to obtain a first-order estimate of this interac-
tion. Second, we should properly apply the sta-
tistical mechanics to the eigenfunctions of the ro-
tons which are, in effect, bound to the vortex

line by the reduction in energy due to superfluid
circulation. Let us attempt to correct the energy
of free rotons given by Eq. (1) by noting that a
roton wave packet confined to a dimension r must
by the uncertainty principle contain a spread of
momenta of order h/r. This spread in momentun
leads to an increase in energy of order b, e = h'/
8p,r' , Fin. ally, the roton parameters of Eq. (1)
are pressure dependent, and may be described
by the following formulas'.

p ' = p, (1-0.0217P),

po' =pa(1+0.0029P),

b ' = 6(1—0.0075P), (6)

and Eq. (3) becomes

where I' is the applied pressure in atmospheres
and p, o=0.16m, po/h=1. 91 A ~, and b is given by
Eq. (5). Equation (1) now reads

&(p, P) = b '+ (p-p, ')'/2p, ,'+ h'/8p, 'r',

2mkT ) 1-exp(-(kT) '[6'+ (p-p„')'/2p. ,'+pV+h'/8p„'r']) d,
h~V o 1-exp( —(kT) '[b, '+ (p-p, ')'/2g, '-pV+h'/8g, 'r'] j (8)

Equation (8) has been numerically integrated and

solved simultaneously with Eq. (5) by iteration on

an IBM computer.
The results of this analysis are shown in Fig.

1 which was calculated for T =1.6 K, I' = 0. The
upper curve shows the roton density which rises
from an equilibrium density at large distances
and changes very rapidly near R~ =4.25 A. The
middle curve shows the effective well formed as
the minimum value of the quantity &'+ (p —p, ')'/
2p, '-pV+h'/8p. ,'x' falls near Rc. The lower
curve shows the variation of ps/p obtained by cal-
culating pz in a manner analogous to the calcula-
tion of N, then subtracting from an assumed con-

stant density p to find pz. These results, char-
acteristic of those found at all temperatures,
suggest that a quantized vortex line has a central
core of normal fluid whose radius is temperature
and pressure dependent (increasing with both),
and a "tail" in which the roton density (and also
p„) increases as Rz is approached. The rotons
in the tail are highly polarized because the ma-
jority of them have momentum (but not group ve-
locities) aligned along a direction close to -V.
There is no net rotation of either core or tail.

The temperature and pressure dependence of
the motion of negative ions along vortex lines has
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FIG. 1. Behavior of three quantities near a vortex
line located at y =0. Here Bz =25 A.

been measured in this laboratory with results
shown in Figs. 2 and 3. Let us compute the tran-
sit time r(T, P) of an ion using the model of a
vortex outlined above. We assume that the ion is
a sphere of radius -16 A at P =0 and with a
known pressure variation. '&'&' The extra density
of excitations shown in Fig. 1 (where the abscis-
sa has the dimensions of the diameter of the ion)
will contribute an additional retarding force on
the ion, in excess of that experienced by a free
ion. The trapped-ion transit time has two con-
tributions: ~t due to the tail and 7~ due to the
core.

The rotons in the tail —except very near R—
comprise a dilute gas, and a simple mobility
analysis will be expected to be valid. The drag
is then proportional to the number density of ro-
tons in the tail and we can write

I I I
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perature and pressure of this experiment. The
drag is computed on the viscous analysis outlined
by Landau and Lifshitz with integration only
over the forward cap of the ion, i.e. , over an an-
gle Rc/R~ in the forward direction. The core
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FIG. 2. Temperature dependence of the transit time
of negative ions over a distance L = 4.93 cm and at the
vapor pressure, P =0. The upper curve is the trapped-
ion time; the lower curve, the free-ion time. The theo-
ry given by Eqs. (9), (11), and (12) is shown by the
dashed line.
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where Rz(P) is known experimentally'" and the
free-ion transit time is determined experimen-
tally simultaneously with 7.

The contribution 7~ from the core is calculated
by assuming that the core material resembles
helium I with properties extrapolated to the tem-

FIG. 3. Pressure dependence of the transit time of
negative ions over a distance L =4.93 cm at T=1.2'K.
The upper curve is the trapped-ion time; the lower
curve, the free-ion time. Note the minimum in the
free-ion time at low pressures. The theory is shown

by the dashed line.
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material is not expected to flow viscously over
the ion surface, but probably scatters on impact
with the ion. Assuming a solid-sphere boundary
condition we obtain for Rc«B~

F = 2'—uR '/R. ,
C c z

(10)

where g is the viscosity of the core, and u the
velocity of the ion. The transit time over a dis-
tance L due to +c is

Sw L R 2(P, T)
7' (P, T)=—,

)
q(P, T),c ' 2es Z'

where E is the electric field in the apparatus and

q(P, T) is obtained by extrapolation of the data of
Tjerkstra ' ignoring the A. anomaly.

The total transit time on this model comes by
adding the contributions of Eqs. (9) and (11):

7.(P, T ) = ~ + ~,c (12)

and these are displayed in comparison with our
data. in Figs. 2 and 3. There is excellent qualita-
tive agreement with experiment and fair quantita-
tive agreement, which is gratifying in an analy-
sis having no adjustable parameters. Note in
particular that both the theoretical and experi-
mental trapped-ion arrival times exhibit no ini-
tial decrease with pressure and exhibit large
change from 0 to 25 atm (much larger than the
corresponding change for free ions). The ab-
sence of a pronounced dip in the trapped-ion data
persists at least as far down as 0.9'K and is evi-
dence that the energy gap (and hence the rotons)
dominates the scattering of trapped ions. Vortex
waves apparently contribute very little in the ex-
perimentally accessible temperature range.

The vortex core model outlined here has sever-
al important consequences. Mutual friction cal-
culations may depend on the details of the va, ria-
tion of Nz near the core, and should be reconsid-
ered. Recently Roberts and Donnelly have
shown that the expressions for the velocity and

energy of vortex rings depend upon the entropy
associated with the core. On our model, the core
has three contributions to entropy. ' vortex waves,
that extra entropy associated with the central
core, and that associated with the tail. At higher
temperatures when Rc grows larger (e.g. , Rc
= 12.35 A at 2.1'K) and the tail spreads out, the
total entropy may be sufficiently large to affect
models of nucleation by substantially lowering
the free energy barrier. '

There are obviously many uncertainties in both

our model of the core and the transit-time calcu-
lations. For example, the energy localization es-
timate is only roughly known. Only qualitative
calculations are possible, however, but these
show that the effects of localization are small and
hence the crudeness of the approximation is not
too important to our final results. Another pro-
blem arises in the apparent exclusion of super-
fluid inside Rc (cf. Fig. 1). This occurs because
our model is essentially an excitation model and
does not properly account for the superfluid,
which probably is present all the way to r =0. In
calculating the substitution energy for ions near
the core we feel the condensate model of the su-
perfluid vortex is still the most reliable. A uni-
fied model of superfluid and excitations near the
core should be developed. Our assumption of
constant total density could be replaced by a
more rigorous criterion in, for example, a vari-
ational calculation for the total energy per unit
length of vortex line.

Recently Douglass has published measurements
at the vapor pressure of trapped-ion mobilities
which extend to 0.8'K. ' His results, which have
an accuracy of roughly +10%%u&, are in satisfactory
agreement with ours, which have an accuracy of
roughly +3%%uo. Douglass has calculated the drag
on the ion owing to vortex waves and shows that
this contribution is important only at the lowest
temperatures. The data of Fig. 2, which extend
to 0.69 K, can be explained without reference to
vortex-wave drag. Douglass has made some in-
teresting comments on the role of trapped roton
states without developing a detailed model.

A full discussion of this problem is in prepara-
tion. In spite of uncertainties in our model we
can say that the excitation density increases
dramatically near Bc, and Ac thus represents
the scale over which superfluidity breaks down.
In the spirit of this last statement we believe
that our model adequately accounts for our ob-
served ion transit times.

We are grateful to Professor H. E. Hall, Pro-
fessor P. H. Roberts, and Professor Ã. F. Vinen
for discussions of this problem.
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A new basis for the analysis of the neutron elastic-diffuse-scattering data in ferro-
magnetic dilute alloys is formulated and Low and Holden's data on PdFe are analyzed
from this viewpoint. We especially discuss the impurity-concentration dependence of
the range of the conduction-electron spin polarization about the magnetic impurity.

From measurements of the neutron elastic dif-
fuse scattering in ferromagnetic dilute alloys one
obtains information concerning the spatial distri-
bution of the conduction-electron spins as well as
the spin on the impurity atom. ~ The alloys of
Fe or Co in Pd are especially interesting since
the conduction-electron spin polarization has

0
been shown to have a very long range, -10 A.
This exceedingly long range of magnetic pertur-
bation due to a magnetic impurity is attributed to
the large exchange enhancement of the Pd matrix'
and the interatomic nature of the electron-elec-
tron interaction. '

Another interesting aspect of the problem, al-
though it has received less attention, is that the
range of conduction-electron spin polarization
around a magnetic impurity decreases sharply
with increasing concentration of magnetic impu-
rities, i.e., the neutron scattering experiment
shows that increasing the Fe or Co concentration
from -0.5 to 4.0 at.% reduces the range from 10

0

to 1 A. In this Letter we present an analysis of
the concentration dependence of the conduction-
electron spin polarization in ferromagnetic dilute
alloys. The basis of our analysis is as follows:
In exchange enhanced metals, the spatial extent
of the spin polarization around an impurity dis—

turbance may decrease sharply as the spin split-
ting of the host matrix increases. Increasing
the impurity concentration in dilute ferromagnet-
ic alloys leads to an increase in the spin splitting
of the host matrix bands. We have derived an ex-
pression for the conduction-electron spin polar-
ization which self-consistently includes the con-
centration dependence of the spin splitting of the
host matrix and accounts for the sharp concen-
tration dependence observed in the neutron-scat-
tering experiments by Low and Holden. ' In ana-
lyzing the neutron-scattering experiments we
show that simple parabolic bands with 0.36 hole/
atom' are a very poor approximation for the 3d
hole bands of Pd. This is in agreement with re-
cent band-calculation results. ' Further, the fall-
off with p of the susceptibility function for the ac-
tual band is expected to be significantly more
rapid than that for a parabolic band.

The Fourier component of the conduction-elec-
tron spin polarization (o'z(q)) (q & 0) in terms of
which the neutron scattering cross section will
be described [see Eq. (6) below] is calculated
starting with a finite number of magnetic impur-
ities in the system. We obtain the following ex-
pression using the random phase approximation
assuming the spins are ferromagnetically ordered
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