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SPATIAL EFFECTS IN THE THEORY OF THE PHONON AVALANCHE*
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A set of coupled, nonlinear integro-differential equations is proposed to describe the
space-time variation of the spin and phonon excitations in a paramagnetic crystal under
conditions appropriate to a phonon avalanche. An effective phonon lifetime is derived
and found to exceed the simple time-of-flight lifetime by orders of magnitude. For the
case of an infinite slab, the theory is shown to be capable of remedying the inability of
earlier models to describe the time evolution of the average magnetization.

The phonon avalanche in paramagnetic crystals is well documented experimentally, '~' but the exist-
ing theoretical model is too crude to provide more than semiquantitative agreement with experimen-
tal data. One of the major deficiencies in this theory is its failure to allow for a spatial variation in
the magnetization and the phonon excitation. This omission is especially serious in light of the fact
that direct measurements of the phonon excitation as a function of position now appear to be feasible
by the technique of Brillouin scattering, and measurements of the position dependence of the magne-
tization, by the use of Faraday rotation, are also possible (at least in principle).

In the present Letter we propose a theory which accounts explicitly for a spatial variation in magne-
tization and phonon density. Calculations of the spin populations and phonon density as functions of po-
sition and time are made for a simple geometry. In the case of the magnetization, it is shown that the
present theory is capable of providing a greatly improved fit to experimental data.

The theory is based on a pair of equations which are closely related to Holstein's' theory of the im-
prisonment of resonance radiation in gases. The first of these is the rate equation

a[n+(r, t)-n (r, t))/at = -2A([p(r, t)+ ]n+(r, t) p(r, t)n (r—, t)),

where n+ and n are the population densities of the paramagnetic levels, P is the excitation number
of the phonons which interact with the spins, A is the spontaneous-emission rate for the resonant
spin-phonon interaction, r is position, and f time. The second equation is the conservation law

ap(r, t)/at = 2Ba[n+(r-, t) —n (r, t))/at

—Jdr'G(r', r)( pa(r', t')/ ta'), , /
—[p(r, t)-p )T '(r).

In the first term on the right, I3 ' is the number of lattice states per unit volume in interaction with
the ions. In the second term the integration is over the volume of the sample and expresses the fact
that phonons originating anywhere within the sample can interact with spins in a volume element dr at
r. The quantity G(r', r)dr is the probability that a phonon originating at r' survives over the path r —r'
without any interaction and then, within dr, interacts with a spin. The acoustical waves are assigned
a single, isotropic velocity v. %e assume G to be isotropic; so

G(r', r)dr' = G( p)p'dpdQ = (1/4m)[a T( p)/a p—]dpdQ,

where p = fr-r'), dQ is an element of solid angle measured about p = 0, and T(p) is the probability that
a phonon traverses a distance p, in any direction, without incident, and is given by

T(p) = Jdv P(v) exp[-pk(v)], (4)

where P(v) is the normalized emission spectrum, and k(v) is the sum of the coefficients for absorp-
tion and stimulated emission via the spin-phonon interaction. Both coefficients are assumed to have
the same spectrum; hence k(v) is proportional to the total density of spins.

The environment external to the crystal is not included in the volume integral; so we introduce the
last term in Eq. (2) to express the net loss of phonons which escape from dr and do not interact at all
until they reach the surface of the sample. There they are assumed to be destroyed in such a way as
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to maintain the excitation number at its thermal value p, . The phonon lifetime Tp(r) can be written
ldll

v v [dQ
T '(r) =i ——[1—4~ dpG(p)l= — T(p ),

P J 471 P gp-08
4m& p s '

S
(5)

where ps
——)r —rs [, rs lies on the surface, and dQ& is subtended by a surface element centered at rs.

The initial conditions appropriate to experiment are p(r, 0) =p, and n+(r, 0)—n (r, 0) =ut(n 0—n+0)
=u;N(2p0+ 1), where N is the spin density, ut the initial degree of inversion, and the subscript zero
denotes thermal equilibrium.

We now apply the theory to an infinite slab of thickness L. The distance measured from the center
in a direction normal to the walls is z. For definiteness, we take the spectrum to be Gaussian and
homogeneous, that is, k(v) ~p(v) and

P(v) =(v' 'Sv) 'exp[-(v —v,)'/(av)'],

where vp is the Larmor frequency. Then

T(p) =2m '~'f ™duexp( —u' —k(0)p exp( —u'))

with k(0) = NAv'/8m'~'v, 'b, v. Typica. lly, k(0) - 50 cm
In one dimension, Eqs. (1) and (2) become

Bu(z, t)/et = T'[1-+u(z, t) +u(z, t)y (z, t)),

and

sy(z, t) su(z, t) 'L 2, sy(z', t')
-y(z, t)T '(z),

t =t tz z'l/v--
where u = (n+ —n )/(n, —n+0), y = (p —p,)/( p, + —,'), T 1D

' =A (2p 0+ 1), ~0 =B(n,-n+, )/(2p, + 1), and

H($) = », due exp[ —k(0)$e w].
k(0) " -2u' du -u'
77 up 4z K

(10)

The phonon lifetime becomes

v 'T '(z) = C(2L+z)(2L+z) '+ C(2L —z)(zL —z)

where
—

2 —Q
C($) =w ' due, exp[ —k(0)ge w].

QP ZU
(12)

There is no straightforward way to solve Eqs. (8) and (9). It can, however, be shown that H(Jz z'()—
has a logarithmic singularity at z =z' and dies off rapidly with the argument when k(0)L is large.
Thus we have approximated the integral of Eq. (9) by F(z)sy(z, t)/Bt, where

S(z) =j dz H(}z-z ]) =1-[C(-,'I. +z)+C(-,'L-z)].I./2
(1S)L2—

This step simplifies the problem enormously because it decouples the equations for different z. Equa-
tion (9) can then be written

sy(z, t)/&t = -S(z)su(z, t)/st-y(z, t)[T (z)]
eff -1

(14)

with [~(z)/&0] = Tpe (z)/Tp(z) = I+&(z).
~e have numerically evaluated the functions S(z) and Tpeff(z) and in Fig. 1 we plot them for several

choices of k(0)L. The reduction of 8 below So is modest; it occurs because spins in a given «are al-
lowed to interact with phonons not only within «, but outside this region as well. The spatial varia-
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consuming analysis has been completed is to
stimulate experimental work on the measurement
of P(r, t) by Bri11ouin scattering. These experi-
ments are extremely difficult, and, hopefully, it
will be encouraging to have available a tractable
theory for analysis of the experimental results.
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MAGNETOREFLECTION DICHROISM OF THE LOW-ENERGY EXCITON OF RbI
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The differential magnetoreflectance of the 5.5-eV exciton in RbI is observed for right-
and left-hand circularly polarized light. An analysis of the Zeeman effect results in an
effective g factor of about 0.012. Explanations are offered for such an anomalously
small g factor.

Recent work has utilized the technique of circu-
lar dichroism or Faraday rotation to probe the
Zeeman effect in broad absorption bands arising
from color centers in solids. '&' In the case of
exciton transitions, the large absorption coeffi-
cient necessitates the use of thin films in absorp-
tion measurements. We have developed a method
for studying the Zeeman effect in insulators with
broad exciton lines by observing changes in re-
flectivity induced by a magnetic field. A similar
technique has been used to study plasma effects
in metals. ~

In this method the difference in specular reflec-
tion for right- and left-hand circularly polarized
light was detected by a photomultiplier and fed to
a lock-in amplifier. The polarization sense of
the incident light was driven from plus to minus
(right to left) at 400 Hz by a Baird-Atomic Pock-
els cell. The magnetic field of a 50-kG super-
conducting solenoid was parallel to the 0 vector
of the incident light.

The differential reflectance data obtained in
this way for RbI are shown in Fig. 1. The quanti-
ty measured was &R/R, where bR = (R+ R)is-
the difference between the ref lectivity for right-
and left-hand circularly polarized light. One
would like to relate ~R to the differential absorp-
tion or circular dichroism of the exciton line 4n
= (n+-a ).

+I
I

O
x 0

CL CLcj

4.5 4.7 4.9 5. I 53
E(ev)

5.5 5.7 5,9

I
I
I
I
I

q +40I

I
I
I
I

I
I
I
I
I
I

++20
I
I

I
I
I

I

I

I
I

O
I
I
IIa
I
I
I
I
I
I
I

-I -20
I
I
I
I
I

I
I
I
I
Ii -40
I
I
I
I
I

FIG. 1. Curve A is a smoothed plot of the ~/R data
for RbI. The data are given by the open circles.
Curve B is the deduced An using the scheme outlined
in the text.

An attempt was made to calculate the change in
the reflective phase angle 4L9 by means of a
Kramers-Kronig-type integration over the differ-
ential ref lectivity spectrum.
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