
VOLUME 21, NUMBER 25 PHYSI CAL REVIEW LETTERS 16 DECEMBER 1968

~3G. M. Sessler and G. A. Pearson, Phys. Rev. 162, 108 (1967); F. L. Hinton, Phys. Fluids 10, 2408 (1967).
~4I. A. Akhiezer, Zh. Eksperim. i Teor. Fiz. 47, 2269 (1964) [translation: Soviet Phys. -JETP 20, 1519 (1965)].
i5Using standard estimates for Rs (Refs. 5 and 14), the condition IBs I « 2 lysi Ns is satisfied (in order of magni-

tude sense) provided (Tz/Te)[fN~k a~k d(Dk)]/nok~Te && (w m/2M)2 W. ith N~f = —Snk /2y~k, the above in-
equality imposes a restriction on 3~k for which nonlinear Landau damping effects may be neglected in Eq. (11).

'6W1th C(k, k', t = 0) = O(k-k').
~~G. N. Watson, A Treatise on the Theory of Bessel Functions (University Press, Cambridge, England, 1962),

2nd ed, ~ p 77,

PbTe DEBYE-%ALLER FACTORS AND BAND-GAP TEMPERATURE DEPENDENCE* )
Char le s Keffer f

Department of Physics, Harvard University, Cambridge, Massachusetts 02138

and

Timothy M. Hayes and Arthur Bienenstock
Department of Materials Science, Stanford University, Stanford, California 94305

(Received 7 October 1968)

Experimentally verified, calculated Debye-Wailer factors have been combined with a
modified Lin-Kleinman pseudopotential and formalism to compute the temperature
dependence of the PbTe direct band gap. The band-gap increase of 0.008 Ry between 100
and 300'K is in fair agreement with an experimental estimate of the explicit increase.

This Letter reports a relatively successful
calculation of the positive explicit temperature
dependence of the fundamental band gap F& of
PbTe. This temperature dependence (AZ&/b, T)
was calculated using the theory of Brooks and

Yu, combined with a slightly modified Lin-
K1,einman' pseudopotential calculation.

Brooks and Yu' have shown that the dominant
portion of the explicit temperature dependence of
the one-electron band structure is obtained by
replacing each ionic pseudopotential form factor
Vf(K) with a temperature-dependent form factor
V~(K, T), which is given by

V.(K, T) = V.(K) exp[-W. (K, T)]
z Z

-=V.(K) exp[-2w'(u. '(T) )/d'(K) ].

temperature range. To check the validity of this
result, the Qf') were calculated using vibration-
al eigenvalues and eigenvectors supplied by Cow-
ley for PbTe. These were computed by Cochran
et al. ' in an analysis of their neutron-diffraction
measurements of the vibrational frequencies.
The calculated (uf'), which are in reasonable
agreement with the experimental measurements,
are shown in Fig. 1. Examination of the (uf') cal-
culation indicates that the Pb motion dominates
most of the acoustic modes, whereas the Te mo-
tion dominates most of the optical modes. Since
the acoustic modes have lower vibrational fre-
quencies, their thermal weighting is greater
than that of the optical modes. As a result,

In Eq. (1), the subscript i labels ions, W&(K, T)
is the appropriate Debye-%aller factor associat-
ed with the mean square thermal displacement
(u ) of the ith ion, and d(K) is the interplanar
spacing associated with K.

The Wz were obtained initially by measure-
ments of the temperature dependences of a num-
ber of Bragg x-ray diffraction peaks, under the
assumption that the W~ are proportional to tern-
perature in the region between 80 and 300'K.
These measurements gave the unexpected result
that the Pb mean square displacement is signifi-
cantly greater than that of Te over the measured
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FIG. 1. Calculated mean square displacements of
Pb and Te in PbTe as a function of temperature.
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QPb ) (uTe ).
This result leads immediately to an increase

with temperature of certain Fourier coefficients
of the PbTe pseudopotential. The first five pseu-
dopotential coefficients of I in and Kleinman are
considerably larger in magnitude than the re-
mainder, and l VTe] &

( Vpb) for them. In addi-
tion, both the Pb and Te coefficients are nega-
tive. Since the structure is fcc, the Miller in-
dices describing the reciprocal lattice vectors
are all even or all odd. For the odd vectors,

V(K, T) = V (K) exp[ —W (K, T)]

.65-

.55—

Cl

CL

.50—

EC
LIJ

LLI

.45—

L(L' )

~+SOLI)

Q(L )

Le(LQ

Ls(L~)

-V (K)exp[-W (K', T)].

At O'K, a, decrease in
~ V&bl would result in an

increase in
~ V(K, 0)~ . As the temperature is in-

creased, the decrease in the Debye-Wailer fac-
tor of Pb is sufficiently larger than the corre-
sponding decrease in the Te factor that these
V(K, T) increase in magnitude with temperature.

This positive temperature dependence of cer-
tain V(K, T) gives a clue to the origin of the posi-
tive ~&/b, T within the Brooks- Yu theory. When

8& is very small compared with the dominant
Fourier coefficients of the ionic pseudopotentials,
there must be strong cancellations among the
terms. As a result, aE /AT depends sensitively
upon the relative temperature dependences of
terms contributing positively and negatively. In
particular, its sign depends upon the detailed na-
ture of the system. The relatively important dif-
ferences in the temperature dependences of the
significant pseudopotential coefficients in PbTe
suggested to us the possibility of a successful
calculation of bE&/ET in this instance.

Our initial attempts to calculate ~&/~T in-
volved the use of the I in-Kleinman' formalism
and pseudopotential parameters. For reasons
to be described in detail elsewhere, it became
apparent that both would have to be modified
slightly. Since modifications were required,
the band structure in the vicinity of the gap was
adjusted in the direction of agreement at the sym-
metry point L with the more recent calculation of
Herman et al. The positions of the relevant lev-
els in the two ca,lculations are shown in Fig. 2.

The remainder of Fig. 2 exhibits the calculated
positions of the relevant bands for 100, 200, and
300'K. These were obtained by recalculating the
modified Lin-Kleinman band structure at each
temperature using potential form factors as
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FIG. 2. Energy levels at I in the region of the PbTe
band gap. (a) As calculated by Herman et al. (b) As
calculated here as a function of temperature.

determined according to Eq. (I) with the calculat-
ed (u ). The positive sign of ~&/b, T is appar-
ent from this graph. The magnitude of the cal-
culated shift is 0.008 By from 100 to 300'K, as
compared with an experimental value' of 0.004
Ry for the explicit shift. It is apparent from this
calculation that the magnitude of the shift is quite
sensitive to the form of the pseudopotential. In-
deed, reasonable modifications in the pseudopo-
tential have changed the magnitude of the calcu-
lated shift by a factor of 2 in either direction,
but have not changed its sign.

The magnitude and sign of h,E&/b, T are also
sensitive to the dynamics of the system. This
has been verified by calculations with different
(M, '). Indeed, interchanging the (u ) changes the
sign of the calculated shift.

In addition, the relative ordering of the levels
is quite important in determining AE&/b, T. That
is, the L, (L2') level must be above the L,+(L,)
level in PbTe. As shown in Fig. 2, the effect of
temperature is more pronounced on L6 (L,2') than
on L,+(L,), leading to the increase in the gap. If
their ordering were reversed but their tempera-
ture dependences to remain a.s shown, the gap
would decrease. This inversion of levels and the
corresponding change in the sign of bE&/b, T have
been suggested by Dimmock, Melngailis, and
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Strauss' for SnTe and have been partially veri-
fied by the band-structure calculations of Her-
man et al.4

We are deeply indebted to W. Paul for drawing
our attention to this problem and for helpful dis-
cussions, to P. J. Lin-Chung for considerable de-
tailed aid in our efforts to understand the Lin-
Kleinman calculation, to R. Cowley for sup-
plying the vibrational eigenvectors and eigenval-
ues, to J. P. Van Dyke and F. Herman for sup-
plying the results of their band structure calcu-
lation in advance of publication, and to F. Molea
for aid in the experimental aspects of the prob-
lem.
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