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The contributions of long-range triple-dipole three-body interactions to the thermody-
namic properties of dense gaseous argon are calculated using a recently developed per-
turbation theory together with an accurately determined pair potential function. Calculat-
ed pressures, internal energies, and critical constants are in reasonable agreement
with experiment provided that the three-body contributions are included. The validity of
the principle of corresponding states in the presence of three-body forces is discussed.

The extent to which three-body forces contrib-
ute to the thermodynamic properties of gaseous,
liquid, and solid phases of inert gases is a mat-
ter of considerable interest. A recent detailed
study of the pair potential for argon' and the de-
velopment of a satisfactory perturbation theory
of the liquid state' enable us to make rather pre-
cise calculations of the three-body contributions
for the case of argon, supplementing the esti-
mates given by Graben. '

The potential energy of a set of interacting mol-
ecules may be written in the form

U= Qu(ij)+ Q u(ijk)+
i&j i &j &k

in which the first term describes pair interac-
tions and the second triplet interactions; the func-

!

tions u(ijk ) are assumed to approach zero as

one of the molecules ijk"' ' becomes remote from
the others. Since the contributions of triplet in-
teractions to thermodynamic functions are only a
few percent of the pair contributions, it is rea-
sonable to neglect higher terms in (1), corre-
sponding to nonadditive intera, ctions of four or
more molecules. Further, there is strong evi-
dence'~'~' that the only important three-body in-
teraction for inert gases is the triple-dipole dis-
persion interaction, given by

v, (ijk) = v(1+3 cos&, cos&, cos8,)/(R,RjV,)' (2)

in which ~„6)„~and R„R„R~are the correspond-
ing angles and sides of the triangle formed by ijk,
and the coefficient v may be calculated from
known oscillator strengths. '

For the pair potential for argon, which depends
only on the distance R between the molecules ij,
Barker and Pompe derived the result

u(ij) = eie
' [0.2349-4.7735(r-l) -10.2194(r-l) -5.2905(r-l) ]

12.5(1-r) 2 3

-1.0698/(r +0.01)-0.1642/(r +0.01)-0.0132/(r +0.01)j, r=R/R6 8 19
rn' (3)

in which & and Rm, the depth and separation at
the minimum of the potential, are given by &/k
= 147.7'K and R~ = 3.756 A, respectively. This
potential was shown to be consistent with avail-
able information on pair interactions (second vir-
ial coefficients, gas-transport properties, mo-
lecular-beam scattering, and known long-range-
interaction coefficients) and also gave approxi-
mately correct values for third virial coefficients
as well as for the lattice spacing and energy of
crystalline argon at O'K, provided that the three-
body interaction given by (2) was included (but
not otherwise).

%e now use the perturbation theory of Barker
and Henderson' to calculate thermodynamic prop-
erties of dense gaseous a.rgon with pair and trip-
let interactions specified by (1)-(3). In our per-
turbati'. ~n theory, the Helmhoj. tz free energy A is

expanded in powers of "inverse steepness" and
"depth" parameters n and y about that of an un-
perturbed hard-sphere system with the effective
hard-sphere diameter, d, chosen to annul the
term of order +. The theory is readily extended
to cover three-body interactions by including v

as a third perturbation parameter. The result is
(when o. and y are set equal to 1 to recover the
original potential)

A =A, +2wRRf R (R) tRlR'dR

-w~pp " —[pf g, (R)u(R)R'dR]

+ (vNp'/6) ffgo(123)u(123)drmdr„

in which N is the number of molecules in volume
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V, p is N/V, P is I/kT, o is the value of R for
which u(R) = 0, q is wpd'/6, and d is given by

d = f (1-exp[ —Pu(R)]jdR. (5)

In (4), Ao, g, (R), andg, (123) are, respectively,
the free energy, the radial-distribution function,
and the three-body-distribution function of the
hard-sphere system. The term of order e is ze-
ro by virtue of (5), the term of order y is given
by our "local compressibility" approximation, '
while terms of order &y, n', &y, », ~ and all
higher-order terms are neglected. In our calcu-
lations, we have used the values of A, and go(R)
given by the Percus-Yevick theory. 6 The last
term in (4) represents the effect of the three-
body (3b) interactions.

We have evaluated the integral in this term by
two methods: first, by Monte Carlo averaging in
a system of 108 hard spheres with periodic bound-
ary conditions and, second, by using the superpo-
sition approximation g, (123)=g, (12)go(23)g, (13)
with Percus-Yevick values of g, (12), etc. Details
of the Monte Carlo calculations will be given in

a later publication; since the two methods agreed
closely (within 1.2 /o at pd~= 0.6), we use here

the results found with the superposition approxi-
mation, which are described to an accuracy of 1

part in 10' by the Pade expression

d A „2.707 97+ 1.689 18p'-0.315 70p'29 3b

Nv 1-0.590 56p '+ 0.200 59p"

where p' = pd .
From the results (4)-(6) for the free energy,

values of pressure and internal energy may be
derived by numerical differentiation with respect
to density and temperature. Some results of
these calculations are shown in Table I with ex-
perimental data for gaseous argon. We have
used the value &= 73.2 erg cm' due to Leonard';
this is very close to the value &= 74.5 erg cm~

given by Bell and Kingston. ' In the table we also
list values calculated without three-body contri-
butions for the 6-12 potential:

u(R) =4e[(o/R)~2-(o/R)~] (7)

with e/k = 119.8'K, v=3.405 A determined by Mi-
chels, Levelt, and DeGraaff' from second virial
coefficients.

The results calculated from the pair potential

Table I. Thermodynamic properties of Ar. 3b and 2b denote three- and two-body.

pV/NkT U /NkT

-3
p(mole-em ) Expt Eq. (2) Eqs(3) and(2) 6:12 Expt Eq. (2) Eqs(3) and(2)

3b 2b+ 3b 2b 3b 2b + 3b 2b

T = 150'C

0.0178

0.0214

0.0250

0.0286

1.438 0.043

1.699 0.067

2.071 0.100

0.191

l.410

1.662

2.020

2.564

1 ' 452 -0.641 0.017

1.732 -0.755 0.026

2.132 -0.858 0.038

2.690 -0.942 0.053

-0.619

-0.727

-0.821

-0.897

-0.660

-0.778

-0.883

-0.968

T = O'C

0.0178

0.0214

0.0250

0.0286

1.087

1.295

1.639

2.174

0 ~ 065

0.102

0.151

0.214

1.067

1.277

1.616

2.131

1.083 -1.108 0.026

1.315 -1.316 0.040

1.691 -1.517 0.058

2.264 -1.703 0.082

-1.096

-1.298

-1.487

-1.654

-1.145

-1.361

-1.564

-1.746

T = -122.5'C

0.0178

0.0214

0.0250

0.0286

0.233

0.240

0.405

0.837

0.114

0.181

0.268

0.380

0.166

0.236

0.471

0.944

0.127 -2.357 0.046

0.200 -2.721 0.072

0.455 -3.120 0.105
0.973 -3.536 0.147

-2.266

-2.678

-3.073
-3.444

-2.314

-2.751

-3.175

-3.577
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Table II. Critical constants of Ar.

Exptl
Eq. (3)

two body
Eqs. (3) and (2)

two body and three body
6:12 potential

two body

T (.K}

P (atm)

p (mole cm 3)
C

150.87

48.43

0.0134 0.014 0.013

162

0.013

Table III. Values of v*= v/acr from Chell and Zuck-
er.

Ar Xe

0.035 0.075 0.090 0.099

Ref. 10.

(1) with the three-body contribution (2) included
agree reasonably well with the experimental val-
ues, and the same is true for the 6-12 results
computed without the three-body contribution.
As far as PV/NkT is concerned, the 6-12 values
are already a little high at high densities, and
addition of a three-body contribution [which
would differ little from the values in the table,
although these were computed for the pair poten-
tial (3)] would make the agreement significantly
worse. This is also apparent from the liquid-
phase Monte Carlo calculations made by McDon-
ald and Singer' and is in accord with the view'
that the 6-12 potential is a good effective pair po-
tential for dense argon, already taking account
of the three-body interactions.

Calculated and experimentale critical constants
are shown in Table II. Potential (1) without
three-body interactions gives a critical tempera-
ture which is much too high, but with three-body
interactions, the value of T~ is somewhat better
than that given by the 6-12 potential. It would

appear from Table II that the 6-12 potential with
the three-body term added would give a good es-
timate of the critical point. %e believe that this
is because of accidental cancellation of errors,
since adding the positive three-body term would
give pressures appreciably higher than experi-
mental at high densities, ' and would also lead to
a discrepancy of about 7% in the calculated co-
hesive energy of crystalline argon at O'K. The
remaining error in the estimate of &z given by
(1) and (2) is probably due to the neglect of high-
er-order terms in the perturbation theory (and
perhaps partly due to the neglect of quantum ef-

fects).
Classical behavior, pairwise additivity of po-

tentials, and similarity of pair potentials are suf-
ficient conditions for the principle of correspond-
ing states; however, they are by no means neces-
sary conditions. Thus, two substances with pre-
cisely similar pair interactions and with three-
body interactions given by (2) would follow corre-
sponding states exactly if the respective values
of v*= v/ev~ were equal. Table III shows values
of v* for inert gases given by Chell and Zucker. '
On the basis of these values, one expects Kr-Xe
to follow corresponding states more closely than
Ar-Kr or Ar-Ar, and just this behavior is shown

by the precise sound-velocity measurements
made by Aziz, Bowman, and Lim."
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