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between the experimental and calculated resistiv-
ities, when using the valence given by the mea-
sured Hall coefficient, suggests that the number
of conduction electrons in the alloy may indeed be
larger than expected from the normal valences.
The volume dependence of the Hall coefficient at
constant temperature of pure mercury would

greatly assist the solution to this question.
The author is indebted to Professor N. W. Ash-

croft for useful discussions and for making avail-
able the hard-sphere alloy-structure program
and to Mr. H. Berry for much programming ad-
vice.

*This work was performed under the auspices of the
U. S. Atomic Energy Commission.
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The hitherto unexplained extra specific heat and fast spin-lattice relaxation in cerium
ethyl sulfate are explained by an anomalous phonon spectrum calculated using thermody-
namic Green's functions for incoherent spins and phonons.

For the Ce'+ ion in cerium ethyl sulfate (CES), the lowest crystal-field states are the three 8= 2

Kramers doublets. The first excited doublet is at E,=6.8 K above the ground doublet and the second
excited doublet is at E,= 150 K.'&' Near the peak of the Schottky specific heat associated with the two
lowest Ce'+ doublets, there is a hitherto unexplained contribution. After subtracting the normal lat-
tice specific heat, the entropy calculated"4 (from what should be the residual Ce' specific heat asso-
ciated with the two lowest doublets) is greater than R ln4 for T & 12'K. This cannot be accounted for by
the population of the doublet at F., =150 K.

To explain the extra specific heat and entropy, perturbation and Green's function calculations based
on strong spin-phonon interaction have been attempted by a number of authors. '& In all these calcula-
tions the two doublets are treated as an effective spin- —,

' state whose levels are split by an energy F-,.
Rather than the general spin-phonon interaction, a linearized interaction is used. The Hamiltonian
then has the form

N

X= — QS. + g - (a- a-„+-,)+ Z ~A- exp(ik r.)(a- +a - )(S. +S. ),

where S;z and S;+ are spin operators at lattice site i, N is the number of spins, NI is the number of
unit cells, ajar and a ~ are phonon creation and annihilation operators, E~p is the energy of a pho-
non with wave vector k and polarization p, and Akp is the spin-phonon coupling energy. Because of
the phase factor exp(ik r;) in the Hamiltonian, the elementary excitations at different lattice sites are
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not independent of each other. Rather they have the form of coupled spin waves and phonons with the
same wave vector k. Using the Hamiltonian (1) even the most recent calculation with an improved de-
coupling scheme for the Green's functions does not predict the form of the observed specific heat
anomaly and also rigorously yields no extra entropy. '

For this problem, a key fact is that no spin-spin or spin-phonon interaction can change the spin con-
tribution to the total entropy, which is a.lways R inns (where ns is the number of spin states per ion}.
Therefore, after subtracting the normal lattice contribution the observed extra entropy for CES above
R ln4 for T & 12'K must come from a change of the phonon properties arising from the presence of the
spin-phonon interaction.

To explain the specific-heat anomaly, we performed a new Green's function calculation in which we
accounted for a previously neglected experimental observation. Thermal-conductivity' and infrared
absorption' measurements show that the direct phonon and photon transitions between the lowest two
Ce'+ doublets have extremely broad resonance linewidths of (3+1)'K, which is much larger than the
linewidth due to the excited doublet lifetime. Since the average splitting E, between the two doublets
is only about 6.8'K, the effect of this broadening must be included in the Hamiltonian. This was not
done in previous calculations. The broad linewidth implies that the splittings of the lowest two dou-
blets for an ensemble of Ce'+ ions are widely distributed around a mean energy Eo. Therefore, ions
with the same splitting energy E' are widely separated in space and a given phonon with a given ener-
gy near Eo can interact only with a relatively small number of Ce'+ ions. Since these phonons under-
go scattering on imperfections in the relatively soft CES lattice, this has the consequence of averag-
ing out the phonon-phase factor exp(zk rf) in the Hamiltonian (1) to give a new Hamiltonian:

X' = fN '-I S E'c)(E')dE'+ Q E- (a ta + ~}
Oz

k, p
kp kP kp

+ f PA- (E')(a ~+a )(S +S )c)(E')dE',
k, p

(2)

where $(E ) is the normalized distribution function of the splitting energies, c = N/Nl is the spin con-
centration per unit cell, and

Nl
S =N -'~2 PS,

Ov t. , ivi=1
are the spin-wave operators for k=0, where v=z, +, and —.

With (2) as the Hamiltonian, the problem is reduced to the interaction of phonons with single spins
of concentration c. The excitation modes corresponding to this Hamiltonian are qualitatively different
from those of (1) because no spin excitations with k& 0 are possible. To get the thermodynamic prop-
erties of the system described by (2), we calculate from the double-time Green's functions9 &S0+S0
&aktak&, &S0 ak&, &S0 akim& with the help of a rigorous consistency condition which relates phonon and
spin-phonon Green's functions to the spin Green's functions. To account for deviations in the phonon
spectrum, Green's functions were calculated up to second order and decoupled as follows:

«u -k~uk„s~!S0 &&-(u -krak, &&&S&IS0 &&; &&S. S. IS0 &&-&s. &&&S. IS0 &&, f~q.

To carry the calculations to completion, "we make some further physical assumptions: (1) The
spin-phonon scattering is more important than any other phonon scattering mechanism, as indicated
by the thermal conductivity measurements on CES.7 (2) The broad transition linewidth between the
two doublets is much greater than the contribution to the lifetime linewidth associated with spin-pho-
non relaxation, which in turn is much greater than the contribution to the lifetime linewidth associated
with spin-spin relaxation (as indicated by the relaxation experiments mentioned later in this paper).
(3) The average splitting E, is much less than the Debye energy ED (60'K for CES). (4) The only pho-
nons interacting with the Ce'+ ions are the longitudinal acoustic phonons for which we will assume the
well-known Debye approximation. (5) We choose a Gaussian transition lineshape for ((E') centered on
E, with a half-half width of 5.

1328



VOLUME 21, NUMBER 18 PHYSICAL REVIEW LETTERS 28 OcToBER 1968

In second order we find the same result for (Sfz) as in a system without spin-phonon interaction:

(S. ) =f(E') = 2 tanh(E'/2T)
zz

for the ions whose lowest two doublets have the splitting F'. The second-order phonon Green's func-
tions relate (aktak) to (Sfz) and for a longitudinal acoustic mode with energy Ek we find an anomalous
occupation number:

2~'&'E-(E ~'
k D k k 0

(& 't& )—:[exp(E /T)-1] + cf(E ) —
I
—

~ I tanh —I[exp(E-/T)- I] ' exp
k k k k w 66 (Eo) 2T/ k 2 6

in the limiting case when the spin-phonon relaxa-
tion rate Fz~ is much larger than the spin-spin
relaxation rate I'ss. [In the opposite case when

spin-phonon relaxation becomes slower than spin-
spin relaxation, the second term in nk disap-
pears with the dependence ref/(rsf+ rsvp). ] The
first term in nk is the normal Bose-Einstein oc-
cupation number and the second term, which we
call ink, implies that there are extra phonons
excited in a given phonon mode at thermal equi-
librium.

Assuming an isotropic Debye spectrum for the
phonon density of states, we find for the energy
of the longitudinal acoustic phonons

E (T)=Q E n--(3N /E ')J E 'n dE

from which the lattice specific heat is dEp/dT.
If we take 5«EO, we find an extra lattice specific
heat from Mk which is

bC E) 1 (E )' e
= —c tanh/

R (2Tj 2 kT) (1+e )

At low T this is almost proportional to the Schott-
ky specific heat. Note the linear dependence on
c in both ink and b, CI/R. This reflects the fact
that there exist only single-spin excitations in
our model. For CES with c =2 (since there are
two Ce'+ ions per unit cell), the extra specific
heat is large and is a fair approximation to the
experimental extra specific heat, as shown in
Fig. 1(b).

For CES we know the transition linewidth is
perhaps as large as 4 K, and we have done a
computer calculation to account for this both in
b, CI /R and in the Schottky spin specific heat.
There occurs a slight broadening at high and low

T and about a 5% reduction of the specific heat
near the Schottky peak, as shown in Fig. 1(c).

Besides producing an extra specific heat, the
extra phonons represented by ink imply a seri-
ous effect on the direct spin-lattice relaxation
between the lowest two doublets of Ce'+ in CES.
This relaxation rate and the Orbach relaxation
rate within the ground doublet, which depends on
the same spin-phonon transitions, are both pro-
portional to nk times the density of states in
first order time-dependent perturbation theory. "
Using the Debye approximation for the density of
states and again using a Gaussian transition line-
shape with 5«E„ the term ink leads to a multi-
plicative factor in both relaxation rates of

E E)'
6(2m)' ' 6 E / 2T

For CES with c =2, the value of a for T & 4 K is
approximately 400 for the linewidth 25 = O'K.

This factor implies a large increase in the spin-
lattice relaxation rates of Ce'+ in CES compared
with those of Ce'+ diluted into other isomorphous
rare-earth ethyl sulfate hosts (RES) for which c

For Ce'+ diluted into other rare-earth ethyl
sulfates, 8, and F,, vary widely as R is varied.
In several RES Larson" found a dominant Or-
bach spin-lattice relaxation rate" for the ground
doublet of Ce'+ which follows in an extremely
systematic way the theoretical Orbach rate:

1/7 =AE, [e ' -1]
with A approximately constant for all RES. As-
suming the normal phonon spectrum, we would
expect the same value of A for Ce'+ in CES so
that, with Fo= 6.8'K, the relaxation rate for Ce'+
in CES should be

1/T =4x10 [e
' -1] sec6 6 6/T -1
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FIG. 1. Specific heat of cerium ethyl sulfate.
Closed circles: measured specific heat minus the nor-
mal lattice specific heat {Ref. 3). (a) The Schottky
specific heat for Eo = 6.8'K. (b, c) The Schottky plus
the extra lattice specific heat for (b) 0 «6.8 K, (c) 6
= 2'K.

Larson attempted to measure this rate in CES
but found no response. ' This indicated that the
relaxation rate is much faster than the above
estimate.

We have found a fast relaxation rate in CES us-
ing the high-frequency relaxation method" to
measure the real part of the magnetic suscepti-
bility y' at frequencies +&10 MHz, T&4.2'K,
and 0 &8 & 15 kQ. Experimentally, X' approxi-
mately obeys a Debye relation. The relaxation
rate calculated from y,

' in zero magnetic field is

1/7 =(8+ 1)x10 [e ' —1] sec9 6.8/T

and the rate decreases to a, high-field limit (for
H~4 kG) of

9 6.8/T -1 -1
1/g =(3.5g 0.5) x10 [e -1] sec

Our analysis of the susceptibility measure-
ments" leads us to conclude that this relaxation
is indeed the Orbach spin-lattice relaxation with-
in the ground doublet caused by the direct spin-
phonon transitions between the lowest two dou-
blets. We also conclude from our analysis that
all spin-spin relaxation mechanisms are much
less important than this spin-lattice process. "

We see that the magnitude of this Orbach rate
in CES is over 1000 times larger than the rate
predicted from Larson's measurements on Ce'+
diluted into RES. However, this is straightfor-
wardly explained from the anomalous phonon
spectrum which we have calculated for CES. The

experimental enhancement factor of 1000 is quite
close to the value of n of 400 calculated from
Eq. (3).

Other systems with low-lying crystal-field
states obviously may show anomalous effects
similar to those we have described for CES. In
fact praseodymium ethyl sulfate has the same
type of specific-heat anomaly and entropy in-
crease near the peak of the Pr'+ Schottky specif-
ic heat. ' Another possible system is a Kramers
doublet split by a large magnetic field. This
closely corresponds to the effective spin-~ rep-
resentation used in our Green's-function calcula-
tion. If the field is large enough, the spin-spin
relaxation between the two states might be made
small compared with direct spin-phonon relaxa-
tion.

To see a specific-heat alteration and a relaxa-
tion-rate enhancement in systems other than
CES, we emphasize finally some specific re-
quired conditions. First, E0«ED. Second, the
transition linewidth must be broad. Third, spin-
spin relaxation between the states separated by
E, must be less important than spin-phonon re-
laxation.

We would like to thank Dr. M. Blume and Pro-
fessor W. P. Wolf for several helpful discus-
sions and for reading of the manuscript.
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One such spin-spin interaction for CES is the elec-
tric quadrupole-quadrupole interaction {EQQ) between
a Ces ion i in the ground doublet and a neighboring
Ces+ ion j in the first excited doublet I33. Bleaney,
Proc. Phys. Soc. {London) ~77 113 {1961);J. M. Baker,

Phys. Rev. 136, A1633 {1964)l. This cannot cause the
observed large increase in the relaxation rate between
the two Ce3+ doublets because the EQQ operator
02 (i)02™(j)gives only an energy-conserving cross-
relaxation process. Also, the rapid disappearance of
y' for H =0 and high ~ and low T shows that magnetic
dipole interactions are unimportant for relaxation with-
in the Ce + ground doublet compared with the observed
Orbach spin-lattice relaxation process.
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When SrTi03 or Ti02 doped with certain transition elements is irradiated with light in
the region 0.39 to 0.43 p, broad visible absorption bands with peak absorption as high as
100 cm ~ are introduced. The study of optical and EPR spectra of Fe/Mo doped crys-
tals under the influence of light and various heat treatments shows that the effect is due
to a transfer of charge between Fe and Mo ions such that the nonabsorbing Fe3+ and
Moe+ ions become Fe~ and Mos+ with absorption bands in the visible.

We have observed large reversible changes in
the optical absorption of certain transition-met-
al-doped SrTiO, and TiOI single crystals after
irradiation with visible light in the region 0.39-
0.43 p. The effect can be explained as a photoin-
duced transfer of charge between the transition
metal ion and another defect center present in
the crystal. When Mo co-doping is used, the
transfer of charge takes place between two known
impurities and the size of the effect can be made
quite large by increasing the concentration of
both dopants.

Such photoinduced charge-transfer processes
have been reported before in other inorganic
crystals. For example, defect centers in alkali
halides and certain glasses have been found to be
photochromic. '~2 Reversible color changes in
TiO» SrTiO„and other oxide powders have also
been reported. 3 However, these early experi-
ments depended on surface effects, according to
some authors. ' Only qualitative results from
visual observation were reported, although the
models proposed to explain these effects have
some similarity to ours. Charge-transfer pro-
cesses in phosphors have been studied recently,
especially by EPR techniques. ' In most cases
the change in absorption coefficient is not 1arge
and the quantum efficiency of coloration is often
quite small. We have observed peak absorption-
coefficient changes in the visible greater than

100 cm ' for samples of 0.5-mm thickness or
less and quantum efficiencies of approximately
10%. The combined study of the optical and EPR
spectra of these materials under the influence of
bleaching and coloring light and after various
heat treatments permits an identification of the
valence states of the various ions responsible
for the optical absorption.

Figure 1 shows the optical absorption spectra
for Fe/Mo-doped SrTiO, and TiO, at 77'K. Pure
SrTiO~ and TiO, are transparent in the visible.
When either crystal is doped with Fe, a small
amount of visible absorption is introduced. This
appears as a smearing out of the band edge ab-
sorption to longer wavelengths, as shown in Fig.
1. When the sample is irradiated with light in
the vicinity of 0.40 g, several broad absorption
bands are introduced, covering the entire visible
region. The individual absorption bands are not
well distinguished in a plot such as Fig. 1 be-
cause at least one of the absorption peaks usually
occurs close to the smeared-out band-edge ab-
sorption region. They become more distinct
when the difference between the induced and nor-
mal optical absorption is plotted. The interpre-
tation and uniqueness of these bands is further
demonstrated by the heat-treatment experiments
discussed later.

The thermal bleaching rate of the photoinduced
state varies widely, depending on both dopant
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