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It is shown that inclusion of the short-range nucleon-nucleon correlations in the usual
sheQ-model description can provide adequate agreement with the known results of the
electron elastic-scattering cross section and can make some interesting predictions.

Recently Bellicard et al. ' published some ex-
cellent experimental data on the elastic scatter-
ing of 750-MeV electrons from calcium isotopes.
It was found that a charge distribution p, (r) ob-
tained by analyzing the scattering data at 250
MeV was quite inadequate at 750 MeV to explain
the experimental results beyond scattering angle
0 greater than 35', i.e., in the region of large
momentum transfer. An oscillating function,
b,p, (r), had to be added to the charge distribu-
tion p, (r) to obtain a good fit at 750 MeV. We
suggest in this note that such a modulating fac-
tor arises from the presence of short-range nu-
cleon-nucleon correlations in the Ca ground-
state wave function.

The usual shell-model wave function of a
closed-shell nucleus is a Slater determinant of
single-particle functions determined in a central
potential well. In the case of Ca', the shell-
model wave function is taken as the closed 1s,
1p, 2s, and 11 shells. Such a wave function has
few high-momentum components but enough low-
momentum components to explain experimental
results that involve momenta p &pF, the Fermi
momentum. For example, this wave function
can provide an adequate explanation for the elas-
tic electron scattering at 250 MeV since at this
energy only low-momentum components are be-
ing studied. However, a,t 750-MeV electron en-
ergy and 8&35, high-momentum components
are important and the usual shell model is ex-
pected to break down. High-momentum compo-
nents can arise from the strong short-range re-
pulsion and the attractive part just outside the
repulsive core in the nucleon-nucleon potential. '
A radical approach to modify the wave function
would be to do a Brueckner-type calculation for
this finite nuclear system. Since such an ap-
proach is extremely difficult and has many un-

Explicitly f(r~&) is chosen to be

(2)

where P is a parameter to be determined. The
elastic-scattering cross section for electrons of
energy F. on a nucleus with charge Z in the Born
approximation is well known to have the form'

dc Ze' cos'(8/2)
~ F(q') P

dA 4E' ins(84/2) I + (2E/M) sin (8/2)' (3)

where 6I is the scattering angle, M is the mass
of the target nucleus, and 5 =c = 1. F(q') is the
charge form factor of the nucleus and is given
as

protons
+(q') =—

i g~ P exp(iq. r.)gd~.g6 j
Because of the complexity of p, this expression
for E(q2) can be evaluated exactly only for sim-
ple systems like He'. But for Ca~', we use the
cluster expansion as given by Iwamoto and Ya-
mada. ' Here only one- and two-particle cluster

certainties, we choose the phenomenological
method suggested by Jastrow. '

The modified wave function, g, for the ground
state of Ca' is chosen to have the form

$(rl ~ ~ r40) = N Zf y~(y~) II f(r . .),
i&j

where y&(z&) are the harmonic-oscillator-type
single-particle wave functions and f(rz&) is the
Jastrow-type factor with the properties that

lim f(r . .) =1 and lim f(x. .) = 0.
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terms are retained and E(q2) reduces to

I- . zgr, . . . zqr, 2 . . . . . zq ~ r. . . 2F(q') =—Q(i le ' li)-5 .$(ij le '[l-f (r»)] lij-ji)-(i le li)(ij I [l-f (r„)]lij-ji))+ ~ ~ ~, (5)
2 zj

where i and j represent the harmonic oscillator
single-particle states in any of the shells.

The one-particle term is the usual shell-mod-
el expression for the form factor. The modifica-
tion due to the correlation among nucleons is
contained in the two- and more-particle cluster
terms. It may be noted that the one- and two-
particle terms add coherently in the expression
for the form factor and they can yield interfer-
ence effects in the elastic-scattering cross sec-
tion.

The elastic-scattering cross section in the
shell-model approximation and in the case when

short-range correlations (P=275 MeV) are in-
cluded is shown in Fig. l. It may be pointed out
that the ground-state function has correlations
due both to the Pauli exclusion principle and to
the short-range nucleon-nucleon correlations.
These two types of correlations will yield dis-
tinct effects in the elastic-scattering cross sec-
tion which should be distinguished. In the shell-
model approximation, we get two diffraction min-
ima at 0-17' and 0-30'; these arise from the
Pauli exclusion principle. Beyong 0 = 35' the
cross section falls off exponentially. In the sec-
ond case when the correlations are included, the
diffraction minima at 0-17' and 0-30' are still
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FIG. 1. Elastic-scattering cross section for 750-
MeV electrons on Ca4 in Born approximation. The
dashed lines are obtained in the usual shell model with

oscillator parameter b =1.968 F and the full lines are
obtained in the modified shell model that includes two-

particle correlations with P =275 MeV.

reproduced but three additional diffraction min-
ima due to the coherence of the one-particle and
the two-particle cluster terms appear at 0-45',
55', and 67.5 . The first of these minima at 0
-45' is observed experimentally but the remain-
ing two have yet to find an experimental verifica-
tion.

The shell-model and the modified charge dis-
tributions are shown in Fig. 2. The effect of the
short-range correlations is to decrease the
charge density near zero and to smooth out the
effects of the oscillations in the radial functions
of the shell model. The tendency of the modified
charge distribution is to appear constant in the
center and to cut off more sharply than in the
case of the shell model. This agrees quite well
with the phenomenological adjustments made by
Bellicard et al. to fit the data at 750 MeV.

We would like to make a number of comments
with regard to the approximations made and

some of the conclusions reached.
(i) The Born approximation has the shortcom-

ings' that (a) there appear zeros instead of shal-
low diffraction minima; (b) the magnitude of the
cross section near the diffraction minima is un-

reliable; and (c) the positions of the diffraction
minima are shifted to slightly larger angles.
But all the essential features in the structure of
the cross section do appear in this approxima-
tion. Inclusion of higher Born terms only fills
up the zeros of the first Born approximation so
as to make the diffraction minima shallower.

(ii) The cluster expansion' is convergent so
long as the range c of the two-particle correla-
tion function f(rij) is much smalller than the in-
terparticle separation ~, in the nucleus, the ex-
pansion parameter being (c/r, )'. We have stud-
ied in detail the cluster expansion' for He4 for
the same value of the parameter P chosen for
Ca". Here the form factor can be evaluated ex-
actly and we find that the cross section, assum-
ing only the two-particle cluster terms, differs
from the exact calculation by 25%. The position
of the diffraction minimum in He' is unaltered
by cutting off the cluster expansion after two-
particle cluster terms.

(iii) The appearance of the diffraction minima
as a result of the nucleon-nucleon short-range
correlation function f(ri&) appears to be fairly
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FIG. 2. Charge distribution arising from the shell model (dashed lines) and from the modified shell model with
two-particle correlations (full lines). The dash-dotted curve is the modification introduced by the nucleon-nucleon
correlation terms in the charge distribution of Ca . The scale for this curve is shown on the right-hand side.

general. We have calculated such minima for H',
H', He', He', 0", and Ca".' Minima have been
found experimentally for the cases of H', He4,

and Ca".' The parameter P chosen for Ca4c is
only slightly smaller than the one that gives the
best fit to the diffraction minimum in He'.

(iv) It is generally believed that inelastic elec-
tron scattering will provide information on the
nucleon-nucleon correlation and this has been
shown to be true in some cases. ' But the pres-
ent analysis seems to indicate that the elastic
electron scattering also can be a useful tool for
this study.

To summarize, the modification of the shell-
model wave function by the inclusion of the nucle-
on-nucleon correlation function seems to pro-
vide an adequate description for the known data
on the elastic scattering of electrons by Ca' and
makes predictions for the behavior of the cross
section at larger momentum transfer. Further
experimental results are needed to test the ve-
racity of our conjecture.
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