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In recent years there has been great improve-
ment in the accuracy of experiments on muon-
ic x rays and electron scattering by nuclei.
Analysis of these experiments by Ravenhall,
Herman, and Clark' has yielded much improved
knowledge on the charge distribution in nuclei.
In particular it has been established that one
way to fit the experiments is to use a charge
distribution inside the nucleus of Pb ' that
has a wine-bottle shape.

Ravenhall has already pointed out, and we
wish to emphasize further, that such a detailed
determination of the charge distribution, which
yields some third shape parameter, is only
possible by a combination of the experimental
evidence from electron scattering and muon-
ic x rays. These two experimental techniques
measure different properties of the charge
distribution. (In this statement, we exclude
the scattering of low-energy electrons, of 20-
50 MeV, which measures essentially the mean
square radius of the charge, just like the mu
x rays. These two pieces of evidence on (r')
are in excellent agreement. )

The electron scattering at medium energy
(150-750 MeV) measures essentially the val-
ue of r at which p(r) has its steepest slope.
This was shown by one of us (L.R.B.E.) in ex-
plicit calculations of the electron scattering
from various assumed charge distributions. '
He used the standard "Fermi" distribution,
the distribution suggested by one of us (H.A.B.)
on theoretical grounds, and a distribution cal-
culated by himself from single-particle wave

functions. The first two of these are
1

p FIP0 = 1+exp ' (Fermi),
a,

p /p = 1—exp ' (Bethe).
Q2

(2)

When the parameters were adjusted for best
fit to the experimental electron-scattering cross
section, all three distributions gave essential-
ly the same location of the position of steepest
slope, viz. 6.5 F. The agreement is within
about 0.03 F. Similar results were obtained
by Lin who did similar calculations for distri-
butions (1) and (2), using the approximate meth-
od of Yennie, Boos, and Ravenhall. 4 The val-
ues of (r')'~' derived from these various charge
distributions differ quite appreciably, by up
to 0.2 F.'

The empirical result that electron scatter-
ing measures the steepest slope of the charge
distribution can be understood by using the
Born approximation for scattering. We are
of course well aware that the Born approxima-
tion is not valid for electron scattering by Pb.
However, the approximation provides a heuris-
tic guide and has been used for this purpose
in the past. . Especially the work of Yennie,
Boos, and Ravenhall has shown that modifica-
tion of the Born approximation, taking into ac-
count the distortion of the electron wave func-
tions by the Coulomb field, can give a good
account of the scattering. In the Born approx-
imation the scattered amplitude is given by
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In the most important experiments, q is of the
order of 1 F '. For such large q it is conve-
nient to integrate (3) by parts, obtaining

f(q) = q 'J(dp/dr)(sinqr-qx cosqr)dr. (4)

This shows that the main contribution arises
from the regions in which dp/dr is large. This
explains the result from the numerical anal-
ysis. [A further integration by parts of (4)
is not useful. ]

On the other hand, the energy levels of mu-
onic atoms, in particular the 1s level, are de-
termined essentially by (x'). This has been
demonstrated in the numerical work by one
of us, ' and will be further discussed analyti-
cally by the other. ' The measurements of the
K x rays therefore determine (r') very accu-
rately. This quantity, however, is not unique-

ly related to the position of the steepest slope.
As was already pointed out, the values of (y')'+
from distributions (1) and (2) differ by about

0.2 F. Neither of them agrees with experiment;
experiment requires' an (x')'I' larger by 0.1-
0.3 F.

The two pieces of evidence can be brought
into agreement by changing the internal distri-
bution of charge, keeping the position of the

steepest slope unchanged. If we use a wine-
bottle shape,

the Fourier transform of the charge density,
thus

f(q) =q 'fp(r)(sinqr)vdr (3)

ing energy and taken to the 1.8 F ', while zo

was determined so as to give the correct val-
ue for (r')'~', viz. ~ 5.50 F; this gave

zg = 0.717.

The resulting radial distribution is plotted
in Fig. 1 (solid curve), and compared with that
of Ravenhall, Herman, and Clark (dashed curve).
The agreement is remarkably close, and might
be further improved if the parameters in (6)
were fitted by direct numerical calculation.
Thus the parametrization (6) and that of Raven-
hall will be difficult to tell apart experimen-
tally. The maximum density, according to
Fig. 1, is about 15% higher than the central
density. From a rather crude application of
the theory of nuclear matter, taking into ac-
count Coulomb and symmetry energy, one of
us' derived a density distribution for Pb which
showed a maximum about 10% higher than the
central density. The agreement is very sat-
isfactory, ' the theory will be refined.

Also on Fig. 1, we have plotted the density
distribution based on single-particle wave func-
tions in a Saxon-Woods well, which gives a best
fit to the electron-scattering results' (dot-dash
curve). This agrees very well indeed with the
other distributions in the region of greatest
slope, but it is significantly larger near the
center of the nucleus. In this distribution, the
Coulomb repulsion is of course included, and
the central density would be even higher if it

(5)
0.08

QSP

where p denotes either distribution (1) or (2),
we can obtain, within wide limits, any value
of (r'), without appreciably shifting the posi-
tion of the point of steepest slope. This fit
with a parabolic shape has been used by Raven-
hall, Herman, and Clark, ' with excellent suc-
cess. We have modified our distribution (2)
as follows:

p /p = (1++, [1——,e ], r&R;,, (~-R,)/~,
W 0

, -y(~-R, )
p /p =(1+m)4e ', r&R„.

0

R, =R,-a, ln2.

%e retained the values of R, and a, from our
previous calculation, ' viz. R, =7.70 F, a, =1.20 F.
The parameter y was deduced from the bind-

0.06—

I

~ 0.04—F

0.02—

r-fm

FIQ. 1. Radial distributions of charge in Pb, fitting
e1ectron scattering. F = Fermi-type distribution, Eq.
(1); 0=differential Thomas-Fermi theory, Eq. (2).
Both of these have been multiplied by a wine-bottle
factor, Eq. (5), and both fit also the muonic x rays.
SP = single-particle wave functions, fitting electron
scattering but not muonic x rays.
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were not. Thus the single-particle distribution
does not give a central dip in the distribution.
The resulting value of (y')'I' is therefore too
small' by about 0.1 F. It is possible that the
use of a nonlocal central potential, which tends
to lower the wave functions in the central re-
gion and increase them in the outer regions,
may reconcile this difference. Calculations
along these lines are in progress.

*Work supported in part by the National Science
Foundation.

~D. Q. Ravenhall, R. Herman, and B. C. Clark, in
the Second International Conference on High-Energy
and Nuclear Physics, Rehovoth, Israel, March, 1967
(to be published).

2L. R. B. Elton, in Proceedings of the International

Conference on Electromagnetic Sizes of Nuclei, Ot-
tawa, Canada, May, 1967 (unpublished).

3Y. C. Lin, private communication, as reported by
H. A. Bethe, Phys. Rev. 167, 879 (1968).

4D. R. Yennie, F. L. Boos, and D. Q. Ravenhall,
Phys. Rev. 137, B882 (1965).

5Ref. 2, Fig. 8.
6H. A. Bethe and J. %. Negele, to be pUblished.
7H. L. Anderson et al. , in Proceedings of the Inter-

national Conference on Electromagnetic Sizes of Nu-

clei, Ottawa, Canada, May, 1967 (unpubliShed.
H. A. Bethe, in International Nuclear Physics Con-

ference, Gatlinburg, Tennessee, 1966, edited by R. L.
Becker and A. Zucker (Academic Press, Inc. , New

York, 1967).
~F. G. Percy, in Conference on Direct Interactions

and Nuclear Reaction Mechanisms, Padua, Italy, 1962,
edited by E. Clementel and C. Villi (Qordon 5 Breach
Publishers, Inc. , New York, 1963), p. 125,


