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We show that in the covariant approach there exist no systems of single-particle func-
tions satisfying a completeness property which generate any acceptable single-particle
representations of current algebras and superconvergence relations. The nonexistence
of any acceptable local infinite-component field theory or wave equation is also demon-
strated.

The large number of sum rules derived from
current algebra and superconvergence assump-
tions along with the distinctively bumpy struc-
ture of relevant cross sections have generat-
ed a strong interest in'the possibility of find-
ing nontrivial single-particle representations
of classes of such sum rules. '~' It is well known

that one must treat an infinite number of par-
ticles of arbitrarily high spin to obtain anything
beyond trivial results, s and the many benefits
of finding such a representation have been well
described. Unfortunately, the only known solu-
tions have infinitely degenerate mass shells, '~~~'

and give amplitudes and form factors with struc-
ture wildly different from what one would ex-
pect from normal crossing and analyticity. '
Almost all of the attempts at finding a more
interesting solution have been perturbative in
nature; consistency could be checked only to
finite order in the mass splitting. '& Thus a
direct "covariant approach" using a complete-
ness property of the single-particle functions
seemed more promising. '&'

On the other hand, there are those who have
been searching for a local infinite-component
field theory capable of describing the hadrons
in the same spirit as the method of quasipar-
ticles in nonrelativistic many-body theory.
Again the only known solutions satisfying the
spectral condition have infinite degeneracy'

and give amplitudes with wild structure. '&

These two approaches are intimately related;
indeed, a single-particle saturation of a class
of sum rules from the covariant approach ap-
pears to be simply equivalent or closely con-
nected to the Born approximation of an infin-
ite-component field theory. '"

Since the existence of unsubtracted current-
algebra sum rules presupposes certain super-
convergence requirements, ' "we will consid-
er only simultaneous single-particle represen-
tations of both. The idea of the "covariant ap-
proach'" is to find a set of c-number functions,

u (pA. [sn]), 9 (pA. [sn]), v (pA. [sn]),

and tT (pA. [sn]),

satisfying the conditions listed below. Here
p denotes the three-momentum, X the helicity,
s the spin, and n the mass and any internal
quantum numbers. By u we mean the functions
describing mass shells in the upper light cone,
and by v the lower. ' The subscript e indicates
a basis for any fully reducible representation
of the complete Lorentz group [SL(2C) and spa-
tial reflections]. ' We will show that no such
functions exist satisfying the following condi-
tions.

(I) Cova. riance:

u (pXsn) u, (Apt'sn)
= E ID(& )1,(R (+ P ")l

v (—pXsn) n', A.
' v, (—Apz'sn)

A Q

n' (pA. sn) , (Apk'sn)
D A, R Apn
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where A e SL(2C), D(A) is the representation of SL(2C) just described, and Rs is the Wigner rotation.
(II) Reasonable mass spectrum: The possible values of P' described by the functions contain some

(at least one') mass shells with finite degeneracy (and obviously only timelike values can occur).
(III) Reasonable form factors: D(A) contains at least one infinite-dimensional irreducible repre-

sentation" and possesses a four-vector operator" I"&,

D(A)r D-'(A)=A r .
p, v v

(IV) Completeness property":

u (phns)u', (pAns)(I ), (p~~m ')
Q Q' On'P n

n) s, A. ~Q
v (—pXns)v ( p&n—s)(1' ) (p~+m 2)

Q Q 0 ~'P n np'
n, S, A. , Q'

(2)

where the positive-energy projection operator [first term in Eq. (2)] is bounded by a po]ynomial in

p. The point here is that for current algebra we can tolerate negative-energy functions since as p
—~, the positive-energy functions decouple from the negative-energy ones (z diagrams vanish), '~'

but for superconvergence relations we must have the positive-energy projection operator bounded

by a polynomial ze

Observe that condition (III) and footnote 14 imply that D(A) must be a representation admitting a,

nondegenerate Hermitian bilinear form (if we are to ever contemplate scalar currents):

(pA. sn) =Q u *(pXsn)g

where g is a nondegenerate Hermitian operator (clearly gi', must be Hermitian). For if g were not
Hermitian the charges would not be real, and if g were degenerate there would exist at least one
vector in a basis for D(A) orthogonal to all vectors in that basis not identically zero. "

No-go theorem. —A system of functions satisfying conditions (I) through (IV) above cannot exist.
The proof of this theorem rests upon a remarkably restrictive property of classes of functions

over Minkowski spaces first proved for functions of one four-vector ten years ago by Bogoliubov
and Vladimirov. " For functions of many four-vectors, this property was recently proved by Bros,
Epstein, and Glaser. " We need the result only for functions of one four-vector.

Theorem of finite covariance. -Let E(x&) [G(x&)] be any tempered distribution over x& whose spec-
tral decomposition contains only timelike and lightlike four-momenta in the upper (lower) cone. Fur-
ther suppose that E(x&) =G(x&) when x2&0. Then E( &x) and G(x&) are finite covariants: E(x ) trans-
forms under SL(2C) as a finite sum of finite-rank tensors, and indeed,

L
E(x )= QQ. (x )E (x ),

P 1
z P Vz=1

(4)

where the Q. are finite polynomials and the E are invariants, and similarly for G(x ).
z

Proof of the no-go theorem. —Invent the free field

3

(x) = Q ~, „2exp1-ip x+i(p +m ')'"t ju (pXsn)a(pxsn)
n, s, A. n

+ g ~ »„exp fip ~ x—i(p +m ')'"t jv (pksn)bj (pksn),
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where a~ and b~ a,re the usual creation oper-
ators satisfying canonical anticommutation or
commutation relations depending upon the sign
in Eq. (2). Consider the two-point functions

(n„)=&( (y„)l( (x„))

and

(n )=+&( (x )lg (y )), (6)

where Xz p depends upon I'o and g,2' and from
covariance [condition (I)],

C (q ) =0, rP &0 (locality).
p

Thus, + and G satisfy all of the conditions of
the theorem of finite covariance: I" and G are
finite covariants.

The covariance condition (I) then tells us that
L

(n„)=Z Z g
i =1n'P'

x G , (7) ),
P

where the Q~p~(g&) are finite polynomials of
finite-rank tensor operators in D(A) and the
G~ p~(q&) are invariant operators in D(A). But
all finite-rank tensor operators can only con-
nect a finite number of vectors in a canonical
basis for D(A) and g is semidiagonal, '7 so that
for any fixed P there must be an infinite num-
ber of n's such that

(n )=&0 ~(x )l( ~(y )&=o~Pl ~ l P

for all q& Thus given th. e state Igpt(x&)), there
are an infinity of states lgo, ~(y&)) orthogonal
to it, independent of x& and y&. Smear the
states with a test function in y (x, y, z, t) whose

where q& = (y —x)&,' and again the sign depends
upon the sign in Eq. (2). It is easy to show that
I" and G are tempered distributions since the
positive- and negative-frequency projection
operators [the separate terms in Eq. (2)] are
polynomial bounded. Form the (anti-) commu-
tator function

(n„) =& (n„) G(n-„)

It follows immediately from Eq. (2) in the us-
ual way that

C (g, 0) =Ã 6S(rI),

Fourier transform is of compact support con-
taining only one mass shell in the spectrum
of the u's;

lg ~(f )) = Jd'xf (x )lg ~(x )).
p m m p p p

Then &(o~(fm) l(p~(fm)) =0 for any fixed P and
an infinite number of values of e and for any
wave packet on the mass shell m: There must
be an infinite degeneracy on each mass shell.
This of course violates condition (II).

We have also proved the Theorem: The set
of acceptable local infinite-component field
theories is void. Thus all possible theories
either are just stacks of the well-known mass-
degenerate ones or else violate the spectral
condition (asymptotic spacelike modes will
exist). Concerning invariant equations, we
have proved the Theorem: Any wave equation
defined in any representation of D(A) described
above which can be written as an eigenvalue
equation for an energy operator at fixed p, Her-
mitian under some positive definite metric,
and which possesses at least one timelike so-
lution of finite degeneracy, either decouples
into a finite set of finite-dimensional equations
or else must possess spacelike solutions. '

It is clear that this result would not be obvi-
ous in a perturbative calculation around some
degenerate timelike mass, since the spacelike
solutions would only appear when all orders
in the power series were taken into account.
Also it is clear that going to a "unitary-spin"
explosion model will not help; the result holds
for any reasonable representation of SL(2, C),
whether irreducible, or from SU(6, 6) or SU(136,
136).

Once again the structure of the Poincare group
prevents us from extending simple intuitive
nonrelativistic models into the relativistic re-
gime; the Galilean group allows us to "sepa-
rate" internal structure from external inter-
actions, but this apparently cannot be done
relativistically. We must deal with poles and
cuts.
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tire high-energy theory group at Imperial Col-
lege for many useful discussions. He would
further like to thank Professor P. T. Matthews
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tality at Imperial College, where this work
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In a recent paper Bergeson et al. ' have de-
scribed measurements of the intensity of cos-
mic-ray muons as a function of zenith angle
and depth underground. The results are of
considerable interest in that they show almost
no dependence of intensity on zenith angle, in

strong contradiction to the sec8 enhancement
expected if the muons derive from pions and

kaons. Bergeson et al. conclude that the ma-
jority of cosmic-ray muons of energy above
1000 GeV are produced either directly or as
decay products of very short-lived secondar-
ies (~ «10-'sec), and their published results
indicate that direct production is dominant as
low as 500 GeV.

The purpose of the present work is to exam-
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