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SPIN ECHOES IN LIQUID He' AND MIXTURES: A PREDICTED NEW EFFECT
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We deduce that the "apparent" spin-diffusion coefficient Deff measured by the spin-
echo technique should show a maximum as a function of temperature. The effect is esti-
mated to lie in the experimentally attainable range for both pure Hes and dilute mixtures,
and should give a direct value of the Fermi-liquid parameter P.

NMR at low temperatures in liquid He', and
in dilute solutions of He' in superfluid He, has
two peculiar features: The molecular field
generated by exclusion-principle effects is
quite comparable with the external field, and
the diffusion lifetime ~D is very long for a liq-
uid. '&' We shall show that these two factors
should combine to produce a striking effect
on the "apparent" spin-diffusion coefficient
measured by the conventional spin-echo tech-
nique, provided that the initial pulse corresponds
to any angle other than the usual 90'. Under
this condition the magnetization gradient BM/
ez, which is in the plane (in spin space) nor-
mal to the external field owing to inhomogenous
precession, will not be parallel to the magnet-
ization M itself, which has a component along
the external field. Consequently the spin cur-
rent, which is driven by the magnetization
gradient, can precess in spin space around
the molecular field generated by M, as well
as around the external field. This leads to a
complex diffusion coefficient whose real part
is measured by a (phase-insensitive) echo de-
tector. Thus the "apparent" diffusion coeffi-
cient depends both on the initial spin polariza-
tion and on the flip angle; moreover we shall
show that if these variables are held constant,
it has a maximum as a function of temperature.

The idea of a complex diffusion coefficient
is, of course, not entirely new; in particular,
Platzman and Wolff' in their study of conduc-
tion-electron spin-resonance transmission in
metals found an effect closely related to the
one predicted here. However, conventional
spin resonance is only a rather special case

of the much more general type of situation avail-
able in a spin-echo experiment, and their re-
sults are therefore too restricted for our pur-
pose. We shall show that the comparison of
the experimental results with the theory is
very much more immediate in our case than
in the one considered by them; this is due both
to the absence of coupling to the orbital motion
in He', and to the fact that in a spin-echo ex-
periment it is the natural precession of the
system itself, rather than the boundary con-
ditions, which imposes the necessary inhomo-
geneity of the magnetization.

On the basis of the Landau' theory of a Fer-
mi liquid, Silin' has written down the general
kinetic equation in the presence of a magnet-
ic field [his Eq. (1.8)).' We shall assume that
the fractional spin polarization is always small,
in which case the quantity f in that equation
can be put equal to its value in the ground state.
We introduce the quantity

m(n, r, t) -=(dn/de) fdic o (p, r, t),

where as usual o(p, r, t) is the spin operator
of a quasiparticle of momentum p at the point
(r, t), dn/de is the density of states near the
Fermi surface, and n is a unit vector specify-
ing direction on the Fermi surface, We assume
that for what follows the external magnetic
field H, (r) —= z 'Qo(r) may be taken as constant
in space except when it determines a preces-
sion frequency; that is, we neglect the small
force terms which arise from the gradient of
H, . After the usual algebraic manipulations,
we then get the general equation of motion of
m(n, r, t):

8- 3
+ g v, (m(n) +Q(K))-mxG (v)+4(—) m(ri)xQ(K)=( )
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Q(n) = «(dn/de) ff(n ~ n')m(n')dQ/4&,

f being, as usual, the spin-dependent part of the Landau quasiparticle interaction function. Equa-
tion (2) is valid for any situation in which the fractional spin polarization is small and the external
field effectively constant; Eq. (2) of Ref. 3, in the limit of zero orbital coupling and rf field, is the

special case obtained by linearizing around the equilibrium situation.
We look for a solution of (2) in the form (the external field is taken along the z axis)

m (n, r, t) =const, Q (n, r, t) =const= «Z m

m (n, r, t) = im-(n, r, t) =m (n, r, t),
X

Q (nr, . t,) = iQ (n, r—, t) = Q (n, r, t),
X

where we have introduced the conventional dimensionless parameters ZE defined by

g(n n')-=(dn/de) 'Q Z P (cos8).

(4)

We then have

( r,ttt)+ (trt))m + gv, (m (n)+Q (n))- «(
—

) m (-,'Z m -9 ) =( )
Z= Z

~

1
2 X 0 (6)

With fields and field gradients of the order of those normally used in spin-echo experiments, the
inhomogeneity of m+ in space over a diffusion mean free path is always small, i.e. , "normal-diffu-
sion" conditions obtain. We may then look for a solution of Eq. (6) in the form

m (n, r, t) =A(r, t)+B(r, t)n ~ VA(r, t),

where A and B are slowly varying in space. Then defining the total precessing spin magnetization

M (r, t)-=f(dQ/47))m (n', r, t)

and its current

J (r, t)—= f(d&/4n)v n[m (n, r, t)+Q (n, r, t)],

we get (cf. footnote 6)

(r, t)+i&, (r)M +V ~ J (r, t)=0,
~+

(r, t)+ifl0(r)J +3v '(1+ «Z0)(1+~Z0)VM =-i'(l i-,LZ )J
coll

where

(7)

(8)

x -=(1+-,'Z, ) '-(1+HZ, )

K-=4(1+ —,'Z )(dn/de) 'm .
0 z

Finally we assume that the collision term
can be described by a relaxation time:

(BJ /Bt) = —(1+i~~Z )J /T
coll

where the factor 1+»Z, is artifically intro-
duced so that our definition of &~ agrees with
what has conventionally been determined' from
the experimental diffusion coefficient in the

(12)

with

—', v (1+ «Z )7D
D(K) —=

where & and & are given by Eqs. (9) and (1.0).

90'-180'-180' method. We assume that 7D is
independent of mz. ' Then the nearly-steady-
state solution of Eqs. (7) and (8) obeys the dif-
fusion-type equation

(r, t)+i 0,(r)M —DV'M+ =0
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Our result reduces to the usual one when eith-
er A. =0 (no interaction between spins) or K
=0 (as in a 90 -180'-180 experiment with long

T,), and to that of Ref. 3 (taking into account
the slightly different definition of v used there)
when mz has its equilibrium value in the field
H, (the usual spin-resonance situation); in that
case we have &=~0.

We now apply Eqs. (12) and (13) to a spin-
echo experiment. ' At time t&0 we have some
nearly uniform spin polarization along the z
axis; since T, in the systems considered is
very long (of the order of minutes) this need
not necessarily be the equilibrium polarization
in the field H, in which the experiment is ac-
tually conducted. It is convenient to define an

equivalent Larmor frequency Op, which is the
Larmor frequency in the field necessary to
produce the actual initial polarization under
equilibrium conditions, by

0 =4(1+ —,'Z )(dn/de) 'm (f &0).
0 8 (14)

where G=—IVH, I. When we apply a 180 rf pulse
at time &le, we both reverse the phase of ~+
and change K to -&. For t & 2te the magneti-
zation therefore obeys Eq. (12) with D* instead
of D. (The 180 pulse will of course affect the
spin current 4+ in a somewhat complicated way
in the presence of molecular-field effects, but

any transients so induced will. die out in a time

~D, which is short compared with the times
of interest. ) Consequently the magnetization
at time te, when an echo is expected, will be

M+(r, f) =M+(0)

x exp[ —~»D*(A cosy)y'G'f '] (16)

and wi11 therefore be in phase over the whole
sample apart from the negligible dephasing
caused by possible weak space dependence of

Qp and G. A similar analysis applies to sub-
sequent echoes. Since we assume that the echo
detector is not phase sensitive, we therefore
find that the "apparent" diffusion coefficient
Deff determined from experiment by the usual

At time t =0 we apply an rf pulse which rotates
the magnetization through some angle p; there-
after, K is approximately constant at &p cosy.
Since the third term in (12) is very small com-
pared with the second, M is given to a good
approximation, for all times»~0 ', by

M+(r, t) =M+(0) exp[—iQO(x)t ——,'Dy 2G'fs], (15)

relation Deff = 12 ln(h 1/h2)/y'G'(t2 —tl)' will
be given by

gV '(1+ HZ )v

D = ReD(& cosy) = », , (17)eff P 1+X'0 'r ' cos'y'

We emphasize that it is Qp rather than Qo which
enters the result; this means that, once hav-
ing produced a large polarization, we are free
to do the experiment in as low a field as we
choose.

The most striking aspect of the result (17)
is that it predicts a maximum of &eff as a func-
tion of temperature if &P and y are held fixed,
since ~D is proportional to T ' at low temper-
atures. We have estimated the temperature
Tm of this maximum as a function of vp(=—&p/
2m) for pure He~ and for 1.3 and 5% solutions,
using the experimental values' &' for 7D and
reasonable estimates for the unknown Landau
parameter Z„which occurs in X. We find that
for all three systems T~ is of the order (2-3
mdeg)x vp"', where vp is in Mc/sec

Apart from the intrinsic interest of observ-
ing this effect, it would give a direct value of
the hitherto unknown Landau parameter Z, (note
that nowhere in the derivation have we assumed
that Zf =0 for /) 2). This is of some interest
since various guesses and predictions have
been made concerning this quantity. ' In par-
ticular, in the case of dilute mixtures the the-
ory of Bardeen, Baym, and Pines" assumes
an effective interaction between He' quasipar-
ticles which is spin independent and weak; one
would therefore predict +Z, =I", (the Hart—ree
term is spherically symmetric and the Fock
term couples only parallel spins), whatever
the concrete form of the interaction. I", is ap-
proximately available" from the concentration
dependence of the Hes effective mass, "and
so the value of Z, should provide a rather strin-
gent test of the theory. Appropriate experiments
are currently being designed at the University
of Sussex.
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We consider a new model Hamiltonian R(v) for interacting v-dimensional classical
"spins"; K(") reduces to the Ising, planar, and Heisenberg models, respectively, for
v=1, 2, and 3. Certain critical properties of 3C(") are found to be monotonic functions
of v.

Although it was first introduced as a simple
model of ferromagnetism, the nearest-neigh-
bor S= ~ Ising model has come to serve as a
practical model for a binary alloy and a clas-
sical gas. ' More recently, the classical pla.—

nar model has received attention as a fairly
crude lattice model for the A. transition in a
Bose fluid. '&' The classical Heisenberg mod-
el has been proposed as a realistic model for
isotropically interacting spins at temperatures
in the neighborhood of the critical temperature
T~. Finally, the spherical model' has long
been attractive, especially since it is exact-
ly soluble. The Ising, planar, and Heisenberg
models are special cases (for v= 1, 2, and
3) of

where the %i (") are v-dimensional vectors of
magnitude Kv, and -2/v is the energy of a near-
est-neighbor pair (ij) of parallel "spins" local-
ized on sites i and j. Here we apply high-tem-
perature expansion methods to obtain some
critical properties of the model Hamitonian (1).

We have calculated, for general v and for
general lattice structure, the coefficients a~(v)
in the expansion for the zero-field reduced

susceptibility

(v) ~ (v) n

nn=1
(2)

[through order n= 8 for close-packed and through
order n=9 for loose-packed lattices], and the
coefficients c„( ) in the specific-heat series

c"=xu P; "."
n=2 "

[through orders n = 9, 10 for close- and loos e-
packed lattices, respectively]. Here x —= 2J/AT
and k is the Boltzmann constant. The coeffi-
cients were computed directly from a diagram-
matic representation of the zero-field spin cor-
relation function (S0 ~ Sg)p(") for 3C(v). The
requisite diagrams' are the same regardless
of the dimensionality of the spins. Moreover,
certain topological similarities among the dia-
grams may be exploited to reduce from 298
to only 15 the number of averages or "traces"
which must actually be calculated. ' We obtain
complete agreement with previous calculations'~3~~
of the coefficients a„(v) and cubi(v) when we spe-
cialize to the cases v=1, 2, and 3; hence our
work serves as an independent and very thorough
check on these previous calculations. More-
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