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We unitarize the results of soft-pion current-algebra calculations of low-energy pa-
rameters for s-wave pion-nucleon scattering in the I=2 channel, using the N/D forrnal-
ism. We isolate clearly corrections arising from unitarity, off-shell kinematics, and
off-shell dynamics.

Considerable success has been achieved in
recent years in understanding a wide range
of scattering and decay phenomena by use of
the chiral algebra of currents' in conjunction
with the hypothesis of partial conservation of
axial-vector currents (PCAC). s We recall in
particular the calculations of pion-nucleon scat-
tering lengths by Weinberg, ' Tomozawa, and
other s.'

Such calculations of low-energy parameters
in elastic scattering have several character-
istic features. Use of the PCAC hypothesis
necessitates a consideration of amplitudes with
both initial and final pions off their mass shells.
In each partial wave and isospin channel one
is thus led to consider functions of the form

ff~ (s, q2), where s is the square of the total

center-of-mass energy in the direct channel
and qm is the variable mass of the off-shell pi-
ons (initial and final pions are assumed to have
the same mass). For comparison with exper-
iment, the amplitude is evaluated at the point
q~ = 0. Weinberg combined the off-shell limit
with the soft-pion limit q& = 0. Sehnitzer' sub-
sequently investigated the amplitude in the same
off-shell limit without making the pions soft.
In both cases, smooth extrapolation to q'= m~'
is assumed, which allows comparison of thresh-
old parameters evaluated at s = m~2 against
experimental values.

We adopt the viewpoint that the extrapolation
of low-energy parameters in pion-nucleon scat-
tering evaluated at the unphysical points s = mg
and qua=0 to the physical points s =(m~+ m~)
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and q2 = m~' requires investigation. ' Adler'
estimated the corrections arising from contin-
uation in q' alone in the context of a Born-ap-
proximation model. His results are consistent
with the PCAC assumption of smooth extrapo-
lation in q2. Consequently, we assume that
continuation of all dynamical parameters in
q' alone is smooth and consider corrections
arising from continuation in s from m~ to
(mN+ m~)2 by requiring the off-mass shell am-
plitude to satisfy the requirements of analytic-
ity and unitarity. In addition, we consider ki-
nematic corrections arising from continuation
in q2.

Specifically, we assume that the off-shell
amplitude for s-wave pion-nucleon scattering
in the I=-2 channel, f,+'"(s,q'), is, for each
fixed value of q, an analytic function of s in
the complex s plane, with cuts analogous to
those imposed on the physical amplitude by
unitarity and crossing. Thus

f,+'"(s, q') = N(s, q'/D(s, q'),

where N(s, qm) has the "force" cuts arising from
cross-channel exchanges and D(s, q') has the

unitarity cut. We approximate the cuts in X
by a single pole on the negative real s axis'
and assume a once-subtracted dispersion re-
lation for D, normalizing the amplitude at the
subtraction point:

f 112(s qm)

A(q') (s-s„) '~ ImD(s', q')ds'
s+ m() 1l' gs (s -s)(s -so)sth

sth is the location of the branch point on the
positive real s axis at which the unitarity cut
begins. We assume that the pion in the lowest
mass (i.e. , pion-nucleon) intermediate state
in the direct channel is a physical pion of mass
mz. Only the external pions are taken off the
mass shell (see Adler' and Hamilton" ). Hence,
the inelastic thresholds do not collapse into
the elastic one and we can use elastic unitar-
ity to write

lmD(s, q2) = —
I q I p(s)N(s, q2),

where p(s) is a phase-space factor" and Iq I

is the c.m. momentum in the s channel, given
in terms of s and q by off-shell kinematics. '~

Our assumptions about the pion in the interme-
diate state give sth= (m~+ m~)', so that

ds'Iq'I p(s')R(q')
s+ mo 7I' J(m + m )2 (s s)(s so)(s + mo )—

N w

We now use current algebra in the soft-pion limit to evaluate R(0). We note that in this limit, the
amplitude as given by current algebra and evaluated at s =m& is analytic (in the s wave). " Since
we are unitarizing this amplitude, our "input" is analytic at this point, which we choose as our sub-
traction point s, . Consequently, if a~ is the s wave I= & scattering length in the soft-pion limit,

a —= [1/p(s) Re(f ' ~) '(s, q2)] = R(0)/p(m ~)(m '+ m ') = 0.20m

q~=0

and we now have

R(0) (s-m ')
N"0'

I q'I p(s ')R(0)ds '

g (m&+ m )~ (s '-s)(s '-m ')(s '+ m ')-

The q dependence of the left-hand side is of kinematic origin; this is in contradistinction to the dy-
namical dependence in B(q').

As a consequence of our earlier assumptions,

Z(0) =Z(m ') = Z.

Thus f+ ~ (s, qm) =R/(s+ mo )[1-RI(s,q2)], where

r 00
I q 'I p(s ')ds '

I(s, q') =-

(m&+ m ) (s ' —s)(s'-m ')(s '+ m ')
(s —m ')
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is the unitarity correction proportional to m~ at the physical threshold s = (m~+ mz) . The physical
scattering length is

p(m ')(m '+m ')
)R

The first term in this sum represents the change
in the scattering length arising from the change
in threshold through kinematics alone; the sec-
ond term represents the combined corrections
arising from unitarity and off-shell kinematics.

As pointed out by Schnitzer, ' off-shell kine-
matics plays an important role in the evalua-
tion of the s-wave effective range, since

Bf(s, q2) Bf Bs Bf Bqm

Bq Bs Bq Bg Bq

Our values are'

a = 0.16m

= 1.46m
0 m

In summary, we have unitarized the soft-pi-
on current-algebra amplitude for s-wave pion-
nucleon scattering in the I= 2 channel and moved
the threshold up to s = (m~+ m~)'; kinematic
corrections, but not the dynamical ones, aris-
ing from the zero mass of the external pions
have been incorporated. The latter will be the
subject of a future investigation.

Calculations are being carried out on simi-
lar lines for the KN system, where we hope
to obtain the imaginary parts of the scattering
lengths by coupling unitarity with current al-
gebra.
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