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The first or Ising term takes into account the
correlation energy associated with a given con-
figuration of protons. The Sx spin-& operators
designate the distribution of protons in the dou-
ble well. Spin up indicates that the proton is
in the well adjacent to an upper phosphate group
and spin down indicates that the proton is in
the well adjacent to a lower phosphate group.
The next two terms involve the spin-flip oper-
ators and enable the proton to tunnel from one
well to the other. The Hamiltonian, when writ-
ten in the molecular field approximation, in-
volves only the total spin operators of the sys-
tem:

H=-z(s )s -fs -f*s,
X X +

(2)

Recent theoretical studies of the properties
of KH PO4 have included the correlation or Ising
energy of the protons as well as the energy
associated with proton tunneling within the dou-
ble well. In this Letter an expression is obtained
for the frequency- and temperature-dependent
dielectric constant just above the transition
temperature. With use of this expression, the
frequency-dependent dielectric response of the
system can be examined subject to variations
in the relative strengths of the correlation and
tunneling contributions to the energy and in re-
lated damping times.

The Hamiltonian considered by de Gennes, '
Tokunaga and Matsubara, 2 and others' can be
written

with

S = S. ; S = .S. .
X 2 2X + 2 2+

The equations of motion for the system can
be written

S =(u S -(S -(S )t)/T,x f y x x 1'

S = Qs S —co S + [tJH(t)/h]s -S /T,
y x z f x 2

8 =0,

with

S =(S ); h+ =f; O'O=J.
Z Z

These equations have been linearized and sup-
plemented with Bloch-type damping terms.
It is assumed that the expectation value of the
x component of spin relaxes to the thermal-
equilibrium spin value determined by the instan-
taneous field. This instantaneous field is not
only composed of the applied field, but also
of the molecular field resulting from the Ising
term in the Hamiltonian. &uf as defined is the
tunneling frequency. H(t), the small signal field,
is applied in the x direction since we are in-
terested in the longitudinal dielectric constant,
i.e. , the dielectric constant resulting from po-
larization along the C axis of the crystal. Two
damping times, T, and T» have been introduced.
T, is a relaxation time describing the decay
of the C-axis polarization. T2 is the damping
time of the proton tunneling motion.

One can solve the set of equations (3) to ob-
tain expressions for the real and imaginary
parts of the dielectric constant:
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with

J sinhPf
fcoshPf'

I', and I"2 are just the reciprocals of the relax-
ation times T, and T,. co is the driving frequen-
cy of the small signal field. As one might ex-
pect, the detailed behavior of the real and imag-
inary parts of the dielectric constant depends
sensitively upon the values that one chooses
for the tunneling frequency Idf, the constant
4, and the damping rates I', a,nd I', . These
expressions, however, reduce to several sim-
pler expressions for various limiting cases.
For example, the static dielectric constant
can be written

T = J/K, C= p/K.

If it is assumed that the tunneling frequency
is zero for the completely deuterated materi-
al, one obtains the reciprocal dielectric con-
stant versus temperature shown to the right
of Fig. 1. Note that as the tunneling frequen-
cy is increased, the curve moves to the left
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FIG. j.. Reciprocal dielectric constant as a function
of temperature.
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This expression has been obtained previously
by Tokunaga and Matsubara. For temperatures
such that the tunneling energy is small compared
with the thermal energy KT, the dielectric con-
stant obeys a Curie-Weiss law:

Cx'=, for f/KT«1;
C

and develops curvature. The dotted line is the
experimental result of Mayer and Bjorkstam
for nondeuterated KH PO, . It does not appear,
therefore, that tunneling can account for the
isotope shift of the dielectric constant of this
material.

If the damping times T, and T2 are very long,
or I', and I', are essentially equal to zero, the
dielectric constant will exhibit resonant behav-
ior even for the case for which the tunneling
energy is .small compared with the thermal
energy. The dielectric constant is then given
by

x'= —2,—, where (u '= (T-T ). (8)KT (do -CO 0 T c

The absorption will peak at a frequency ~, ,
which has a temperature dependence similar
to the temperature dependence of the soft mode
in displacive paraelectric materials such as
Sr Ti03 and KTaO, .

For the case of negligible tunneling frequen-
cy, the frequency-dependent dielectric constant
has the following relaxation form':

p(T-T )
x'=- ———— where (o '=, ' (T T )'.c 1

E.T~ v+ +0~~ 0 =r'

The absorption peaks at a frequency u, ~ which,
as shown, has a stronger temperature depen-
dence than the resonant case; i.e., the frequen-
cy now varies linearly with T-Tc. It is also
interesting to note that, whereas the static di-
electric constant obeys a Curie-gneiss law and

therefore diverges as T- Tc, the dielectric
constant at any finite frequency goes to zero
as T Tc.

Another case of interest is the following:
Let us assume that T; is the shorter damping
time of the two and it is this damping time at
a given temperature that is sufficiently short
to overdamp the resonance due to tunneling;
since the effective damping time (the recipro-
cal of co, ) increases as the reciprocal of T Tc, -
one would expect that for temperatures suffi-
ciently close to Tc, the dielectric constant will
again exhibit a resonant-type behavior. In Fig.
2, the dielectric constant versus frequency
is shown for several temperatures. At 300 and
126'K the dielectric constant is a monotonical-
ly decreasing function of frequency. At 0.1 and
0.01'K above the Curie temperature, the dielec-
tric constant exhibits a resonant-type behav-
ior. It decreases through zero, becomes neg-
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ies' of the frequency-dependent dielectric con-
stant of deuterated and nondeuterated KH PO4
Hill and Ichiki have measured the dielectric
relaxation in deuterated KH PO4 and have in-
terpreted their results in terms of a Debye
relaxation form for the dielectric constant that
is averaged over a Gaussian distribution of
relaxation times. One can obtain a similar
expression to that of Hill and Ichiki by taking
a Gaussian average over the relaxation time
T„with the tunneling frequency set equal to
zero. In any subseqent analysis of t4e results
of experiment, the preceding theory can be
generalized, if need be, by averaging over re-
laxation times and energy separations in the
presence of finite tunneling frequencies.
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ative before reaching a, minimum, and then
asymptotically approaches zero. In Fig. 2 the
absolute value of the dielectric constant has
been plotted.
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FIG. 2. Dieleqtric constant as a function of frequency.
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The calculation of Landau quantization in a
magnetic field, near a singular point of the
surface e = const, is of primary importance
for the study of magnetoacoustic effects in sol-
ids. Certain aspects of this problem have been
considered by several authors. Lifshitz' gives
a semiclassical treatment for a saddle point
with a particular direction of the magnetic field.
More recently, BaMareschi and Bassani' re-
considered the problem in connection with mag-
neto-optical effects. They predict the disap-
pearance of the Landau quantization at a sin-
gular point when the magnetic field falls out-
side a cone of angle 0 (8 being determined by
the effective masses). '

In this Letter we shall consider the problem
in a more general aspect, i.e.„ the Landau
quantization either near a singular point or
near a saddle point, for an arbitrary orienta-
tion of the magnetic fieM. %'e shall show al-
so that, for II outside the 8 cone, Landau lev-
els exist, in general, except for very special
combinations of values of the energy & and mo-
mentum g.

%e shall use a semiclassical treatment that,
at present, is the only approximation that takes
into account the actual shape of the surface
e = const. As a consequence the cyclotron fre-
quency, which is a property of the full orbit
on these surfaces, is correctly determined.


