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HELICONS IN ANISOTROPIC SOLID-STATE PLASMAS
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(Received 20 March 1968)

Observation of second-harmonic (2v) generation and mixing in damped Alfven-wave
propagation in pure bismuth, and in helicon jropagation in tellurium-doped bismuth, is
reported.

Second-harmonic generation and mixing have
been observed for electromagnetic waves prop-
agating parellel to an external magnetic field in
aniaotropic solid-state plasmas. The above ef-
fects were observed for damped AUvdn-wave
propagation through pure bismuth' and helicon
propagation through tellurium-doped bismuth
slabs. Coils were used to excite plane waves of
the form

i((ut-k r)
b =boe

and the nonlinear effects are shown to result
from the dependence of the propagation vector o

the rf magnetic field of the wave. In addition,
large quantum oscillations have been observed in
the harmonic and mixed signals as a result of
Shubnikov-de Haas oscillations in the magneto-
resistance which also depend on the rf magnetic
field. This Letter is devoted primarily to a dis-
cussion of the damped Alfven-wave results since
the analysis is much less involved for linear po-
larization than for circular polarization.

It is convenient to express the dispersion rela-
tion in terms of the components of the resistivity
tensor since the expression for an anisotropic

!

n plasma is relatively simple in this formulation. '
When k))z,

u ~ ~[-4c p -(p -s )'j'"-i(p +p )0 py yx xx yy xx
2 pp-ppxx $y xy

(2)

in mks units, so that two elliptically polarized modes of propagation are possible. 7his expression
holds when p&Y c 0. If pz&

—-0, only linearly polarized waves propagate, and

1/2

I =a=(I-i)
'yy

for a wave initially polarized in the z direction. Equation (2) applies, for example, to helicon propa. —

gation for which px&» p~x and Eq. (3) can represent Alfvdn- or damped Alfvdn-wave propagation.
Penz has given an expression for the ratio of the field components for conditions corresponding to
Eq. (2).'

Nonlinear effects may be thought of as arising from the dependence of the p;& on the electric and/or
magnetic fields of the wave. We neglect here the dependence on electric field and assume that pij
=p&&(B+b), where B is the static magnetic field. If b «8, the dependence of p~&(B) on b is expressed
by a Taylor series to first order in b:

p. .(B+b) =p. .(B)+S.. (B)b +A, . (B)b + ~ ~ ~

ij ij ijk k ijk

(summation over repeated indices is implied
throughout). This expansion, which is linear in

b, will, when substituted in the dispersion rela-
tions, yield the second harmonic in the small-
signal case. It is convenient to separate the
third-rank tensor coefficient into a symmetric
part, Si ~(B)=S z~(B), and an antisymmetric
part, A;&y(B) = -A&fp(B), because they transform
differently under the symmetry operations.

In the limit B =. 0, we have S;&p(0) = 0 and the

Aijk become the vreak-fieM Hall coefficients.
%hen 8 is along a general direction in the crys-
tal, the syin~etric and antisymmetric tensors
have 18 and nine nonvanishing coefficients, re-
spectively, but application of the symmetry
operations for B along the principal axes reduc-
es this number considerably. If we further re-
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0 —1P» m41 2P M,
a m n m -m */m ) (6)

Note that this coefficient is proportional to the
off-diagonal component of the electron-mass ten-
sor, mQ m23 which is nonzero because the elec-
tron Fermi ellipsoids are tilted out of the trigon-
al plane. Since the corresponding component for
holes, M„ is zero, the nonlinear coefficient van-
ishes wh|.n the electron concentration n goes to
zero.

Typical experimental results for harmonic gen-
eration by a damped AUvdn wave are shown in
Fig. 1 for bll 2. A very similar curve was ob-
tained for b Ij 1; however, the harmonic was
again polarized II 2. Large quantum oscillations
due to holes were observed for both orientations,
although the oscillations are barely visible in the
damped Alfvdn transmission. The results for
these orientations were interpreted by substitut-
ing Eqs. (6) in Eq. (3) when bjj2 and in Eq. (2)
when bll 1, since p~&c 0 in this case. In both cas-
es this substitution leads to a linear dependence
of k on b (higher orders in b are neglected).
When this linear term is small, the exponential
in Eq. (1) can be expanded to give the harmonic
contribution when b Il 2, as

' =-"O ('222'0'/'PII '2 0 i(2(ot-2k')
B 0

(7)

where k, —= (1-i)(go~/p»')'". The result for bll I

quire B,kllz, then our attention can be restrict-
ed to coefficients of the type A;&&(B) and S,&j(B)
(i,jxz). For z along the binary (1), bisectrix
(2), and trigonal (3) directions of bismuth, there
are zero, four, and one such coefficients, re-
spectively. ' For B, kjj 3 the applicable expan-
sions are

0 0~ll ~ll 222~2& ~12 P12 ~222~1&

~22 I 11 222~2& ~21 ~12 222~1' (~)

The results for B, kjj2 are more complicated
and will not be given, but the pertinent nonvan-
ishing coefficients are listed in Table I.

The resistivity tensor and the third-rank ten-
sor coefficients can be evaluated using standard
assumptions from the usual Fermi-surface mod-
el, and the results for p,j= -i(e ')~&/&ueO are
well known. ' The expressions for the nonlinear
coefficients have been derived only for B, klj 3.
%e assume, using standard notation, Te =Tg =T,
7 isotropic, ~c«&1,hcuc&~~BT, vFTA «1,m1
«m 2. The result is

is the negative of Eq. (7). The polarization of
the harmonic when b Ij 2 is the same as the funda-
mental since Eq. (3) applies. When b II 1, the k+
and k solutions of Eq. (2) must be combined to
sa, tisfy the initial boundary conditions. If this is
done (the expression given by Penz for the ratio
of the field components is used), the harmonic
is found to be polarized at right angles to the fun-
damental in agreement with experiment.

Equation (7) predicts a maximum in the har-
monic signal as a function of I3 as was observed
experimentally. In the magnetic field region. of
interest, p„~B', and therefore, using Eqs. (6)
and (7), Ibpl ~B 'exp(-const/B). Points cal-
culated using Eq. (7) are represented in Fig. 1

by triangles. The solution arrived at in Eq. (7)
does not take into account the fact that once the
harmonic is generated at 2', it propagates as a
damped Alfvdn wave with a wave vector (2ko)"'.
Interference effects in the generated signal re-
sulting from this phase mismatch were taken in-
to account in calculating the solid circles, and
the agreement with experiment is somewhat bet-
ter. Internal reflections were neglected in both
cases. The theoretical magnitude of the effect
can be estimated from Eq. (7) if bo is known.
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FIG. 1. Amplitude (times 3&&10 ) of 30-MHz harmon-
ic generated by 15-MHz damped Alfvdn wave (also
shown) as a function of magnetic field at 1.2'K. The
rg.agnetic field and propagation directions were [j 3,
and bo& signals were polarized 1|2. The triangles
were calculated from Eq. (7) using the effective mass-
es determined by Y. H. Kao, Phys. Hev. 129, 1122
(1963), and ~&= ~=2.65&&10 sec which fits the
damped Alfvdn transmission. The solid circles were
calculated including a correction for phase mismatch.
In both cases the points were normalized at the peak
of the harmonic curve.
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The value of b, is estimated to be -3 6 from the
damped Alfvdn data. This leads to an estimated
value of the effect at the peak approximately 10
times greater than observed experimentally. It
was experimentally determined that the ampli-
tude of the harmonic signal was proportional to
the square of the amplitude of the fundamental in
agreement with Eq. (7).

Damped Alfvdn-wave results for all principal
orientations are given in Table I with k II B in all
cases. The comparisons were made at the mag-
netic field corresponding to the peak in the har-
monic for the given field orientation, and b, was
the same for all cases. For some rf field orien-
tations a distinct peak was not observed, although
quantum oscillations were always observed. The
nonvanishing expansion coefficients which can
lead to an effect are listed in Table I. There
were two orientations for which the observed ef-
fect was relatively large when no effect should
have been observed according to the preceding
symmetry arguments. This is probably a result
of misorientation of the sample and the rf coils
(see comment in Table I). The case B,k I[2 is
quite complicated with regard both to evaluation

of the coefficient and to application of the results
to the model. The experimental results indicate
that S», is the dominant coefficient.

The large quantum oscillations which have been
observed for all orientations are generally small
in the region of the peak in the harmonic. The
oscillations shown in Fig. 1 grow in magnitude
with magnetic field. For some orientations (e.g. ,
B,kII2; b, br' II I) the oscillations reach a maxi-
mum at 6 ko and decrease in amplitude at higher
fields. This is not surprising because I b~ I

~B 'exp(-const/B) and the amplitude of the
Shubnikov-de Haas oscillations saturates at
large B. Therefore the amplitude of the oscilla-
tion in the harmonic should decrease for large B.
Although the second harmonic signal results
from the tilt of the electron ellipsoids, the ap-
pearance of small hole oscillations would be ex-
pected because of the presence of ko in Eil. (7).
An explanation of the giant oscillations actually
observed would require a quantum-mechanical
calculation.

The periods of all observed oscillations are in
good agreement with recent de Haas-Van Alphen
data. ' Oscillations with half the de Haas-Van Al-

Table I. Summary of damped Alfven-wave results.

S amp 1 e a Magnetic Field
Di rections

b

2'
Ha rmoni c

Pert lnent
Nonvani shi ng
Coef f i cients

Co@cants

Bi 77-2 2. 16 None 3o' from B II 2

2. l4 mm 0.60 None

2. 16 kG 0.20 None

0.32

Bi 77-4

2.03 mm

4.70

0.95

311

311

Tbe case 8 k II 2 is complicated

0 0 0
because pi

P' 0 and pii 8 p33 ~

1.58 kG 0.90

1.07

113' 333' 313

113' 333' 313

Bi 75-4 1.67 None 30 i'rom B
II

1.97 mm 4.02 '222

2, 25 kG 2 0.03 None

4 45 '222

Slab thickness and magnetic fields corresponding to listed harmonic voltages are also given.
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phen period were also observed- in most cases,
although they were generally not present in the
transmission curve for the fundamental.

All of the above-mentioned results are support-
ed by results obtained by mixing two damped Alf-
vdn waves at 12.5 and 17.5 MHz to produce a sig-
nal at 30.0 MHz. The mixing data are complicat-
ed by an experimental problem of achieving k)) B
for both signals and by a more severe problem
with phase mismatch, so that the agreement with
theory is not quite as good.

Harmonic generation and mixing have also
been observed for helicon propagation through
tellurium-doped bismuth slabs with n = 2 x 10'
cm ' for k and B in the three principal direc-
tions. Analysis of these results is complicated
by phase mismatch and the fact that reflections
cannot be ignored since Fabry-Perot peaks are
observed in the helicon transmission curve.
Equation (2) with p~&» p~x is applicable for this
case, but because of the above complications the
results have not yet been analyzed. An apparent
Fabry-Perot peak in the harmonic was observed
for k, Bl] 3, and the signal was increasing at the
highest magnetic field achieved (ll ko). The ef-
fects for k, B)] 1 and 2 seemed to be completely
due to quantum oscillations.

The phenomenological description employed
here assumes that the nonlinear effects arise in
this particular case primarily from the interac-
tion of the magnetic field of the wave with the
medium. Since the observed dependence of the
harmonic signal on the polarization of the wave
is as predicted, the assumption appears to be
valid. If the electric field were responsible for
the effect, the polarization dependence would be
just the opposite of that actually observed. The
appearance of signals in some of the cases where
none is predicted could, of course, be the result
of an electric-field-induced nonlinearity. How-

ever, since the dc current-voltage characteris-
tics reveal only magnetic-field —induced effects, '
it is our opinion that violation of the conditions

B, k II (principal axis) is a more plausible explana-
tion.

The agreement of the order of magnitude and
the magnetic field dependence of the effect with
the approximate theory derived herein suggests
that the mechanism of generation has also been
correctly identified. It follows that the effect
should be expected in semimentals and semicon-
ductors having anisotropic many-valley band
structures. Provided the stated assumptions are
valid, Eqs. (6) and (7) hold for arbitrary eT and
therefore also apply to undamped Alfvdn waves.
The symmetry arguments are, of course, even
more general.

For the case of cubic crystals possessing in-
version symmetry, the nonvanishing tensor coef-
ficients in the presence of an external magnetic
field are the same as for bismuth (point group
3m), provided axes 1, 2, and 3 are taken as
[101], [121], and [ill] axes, respectively. Thus,
although no harmonic generation at 2~ is allowed
for 8 and k along the cubic axes, an effect de-
scribed by Egs. (5) is expected for B and k along
a [111]axis.
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