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THERMAL CONDUCTIVITY OF Ne AND He' QUANTUM CRYSTALS

D. B. Benin'
Department of Physics and Astronomy, University of Rochester, Rochester, New York

(Received 20 March 1968)

Calculations of lattice thermal conductivities have been performed, using the self-
consistent phonon approximation to treat the zero-point motion.

An important and challenging discrepancy
exists between calculated and experimental lat-
tice thermal conductivities of the lighter rare-
gas solids. Julian' has performed calculations
ba, sed on the Peierls theory ' of Umklapp scat-
tering of three harmonic-approximation phonons
by an anharmonic interatomic potential. For Ar
and Kr this calculation is in reasonable agree-
ment with experiment, but is low by a factor of
about 2 for Ne, despite the fact that the theory
includes no thermal resistance due to defects or
surfaces. Since in a light crystal the zero-point
vibration about a lattice site may spread a parti-
cle over regions of considerable anharmonicity
of the interatomic potential, the origin of the dis-
crepancy may lie in use of the ordinary quantized
theory of small oscillations to define harmonic
phonons. The present calculation of the thermal
conductivity of Ne is based on the self-consistent
harmonic approximation, ' and shows significantly
improved agreement with experiment. A first
calculation of the conductivity of an fcc model of
He' is also reported.

In a strongly anharmonic crystal, for tempera-
tures less than eD the major correction to the
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Peierls theory of thermal conductivity arises
from anharmonic contributions to the local equi-
librium distribution. ' ' This effect is a lattice-
dynamical rather than transport-theoretical cor-
rection; that is, anharmonicity simply renormal-
izes the frequencies and lifetimes of the phonons
involved in a Boltzmann equation for the trans-
port process. In the self-consistent theory, a
frequency renormalization results from varia-
tional choice of an effective harmonic Hamilton-
ian, whose force constants HOR~~ coupling dis-
placements in the n and P directions from lattice
sites of separation R are spatial averages of the
derivatives of an assumed pair potential y(x),
weighted with the normalized distribution func-
tion of the pair:
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To this Hamiltonian we add an effective cubic an-
harmonic term by calculating the matrix element
for scattering of three self -consistent phonons by
the full anharmonic lattice potential. For pair-
wise central forces, the nonvanishing cubic an-
harmonic force constants obtained in this way al-

! so involve averaging of potential derivatives:
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A phonon Boltzmann equation is then written, with cubic terms treated in the Born approximation for
the collision term (cf. LeiMried, Ref. 2). Thus further frequency shifts and ladder-diagram multiple
scatterings are not included. A lower bound for the thermal conductivity E of such a model is
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Here k is Boltzmann's constant, l the nearest-neighbor spacing, ~ the atomic mass, p, the second
moment of the harmonic frequency spectrum, ' and 6 the characteristic temperature' 0 ~. Only near-
est-neighbor force constants A, and A2 have been retained, A =A2/(A, +3A2), and Q(T/8) and Cf(T/8)
are dimensionless sums over dispersion curves. Equation (1) is a generalization of the expression
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derived by Julian, ' whose model ignores zero-
point motion entirely.

Within the framework of the ordinary quasihar-
monic approximation, inclusion of zero-point ef-
fects in a Ne model results in a thermal conduc-
tivity much smaller than that found by Julian,
since the predominant consequence of the lattice
expansion due to zero-point pressure is a lower-
ing of the energy a phonon contributes to the heat
current. Thus it appears essential to account for
anharmonicity in the elementary excitations
themselves.

An iterative procedure (cf. Koehler, Ref. 6)
has been performed to determine self-consistent
force constants for a model Ne crystal of 1000
particles, interacting through a Lennard-Jones
(6, 12) potential with parameters e = 51.0 x10
erg, o = 2.77 A. The thermal conductivity of this
model, calculated from Eq. (1), is shown in
Flg. 1.

For solid helium, the short-range correlation
in the motions of particles due to the repulsive
core of rp(r) must be taken into account explicit-
ly. '~' Our procedure is to apply the self-consis-
tent theory to a helium lattice with an effective
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FIG. 1. Thermal conductivity of Ne. Experiment:
G. K. White and S. B. Woods, Phil. Mag. 3, 787 (1958).
Dashed line: Julian's calculation (Ref. 1), with cor-
rected lattice constant, Solid line: this work. Com-
parison between experiment and these calcluations is
meaningful only to the right of the experimental maxi-
mum.

interatomic potential
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Here y(r) -:s the (6, 12) potential with parame-
ters e= 14.11&&10 "erg, o'= 2.556 A, the expec-
tation value is taken in the self-consistent har-
monic ground state, and f(r) is Nosanow's'
short-range correlation function for He:

f(r) = exp(-0. 1776[(o'/x)' -(o'/r)']]. (2)
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FIG. 2. Thermal conductivity of He . Experiment:
B. Bertman, H. Fairbank, C. White, and M. Crooks,
Phys. Rev. 142, 74 (1966). Solid line: this work.

Such a theory results from variation of the ground-
state energy with respect to each force constant,
after truncating Nosanow's cluster expansion at
the pair term, and neglecting a correction of
about 2% to the force constants which involves
averages of cPf/do~.

Calculations similar to those for Ne have been
performed for an fcc model of solid He at a vol-
ume 19.5 cc/mole. The ground-state energy of
this model is -4.69 cal/mole; the thermal con-
ductivity is shown in Fig. 2. The gross overesti-
mate of the conductivity results because f(x) of
(2) falls too rapidly to zero inside the repulsive
core of q(x) While t. his deficiency does not
strongly affect the ground-state energy, ' it be-
comes increasingly important in averages of
higher derivatives of 8', and leads to serious un-
derestimation of the amount of anharmonic scat-
tering from the repulsive core. It may be that
the hard-core renormalization in solid He is not
adequately simulated by as simple a pseudopoten-
tial as 8', whose use can only be justified for a
restricted class of short-range correlation func-
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tions with the general features of (2)." In addi-
tion, a generalized treatment of phonon colli-
sions, going beyond the Born approximation in
the Boltzmann equation, may also be necessary
(cf. Ref. 4).

The improvement of the Ne result presented
here over those of the harmonic and quasihar-
monic approximations indicates the value of ex-
tending the self-consistent approach to encom-
pass phonon lifetime effects. Further study of
such effects, and their full incorporation into the
renormalization formalism, seem desirable.
New, constant-volume measurements of the Ne

conductivity should now be able to provide a
more stringent test of any anharmonic theory,
by producing a higher maximum at lower temper-
ature than that shown in Fig. 1.
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Resonant interference between one- and two-phonon states has been observed in
BaTi03, and has been shown to obey the quantum mechanical formalism developed by
Fano for Auger processes. By selecting different components of the differential polar-
izability tensor and by changing the propagation direction, the degree of interference
could be varied over a wide range. The linewidth and line-profile parameters were
determined for several different crystal orientations.

When a discrete energy state is superimposed
on a broad continuum, the well-known phenome-
non of resonant interference (Auger processes)
may occur. In general, Auger interactions are
characterized by (I) decomposition of the excit-
ed species through electron ejection or molecu-
lar fragmentation; (2) broadening and distortion
of the absorption, emission, and scattering line
shapes; and (3) weakening of emission lines to
lower states from the discrete state. The wide

range of electronic-state Auger resonances ob-
served by electron scattering and ultraviolet ab-
sorption has been discussed by Burke' and Herz-
berg, ' and the quantum mechanical formalism de-
scribing Auger transitions has been thoroughly
developed by Fano and Cooper. & In this Letter

we wish to report the Raman-scattering observa-
tion of a resonant interference between one- and
two-phonon states of BaTiO, and to show that
this interferenee may be completely described
by the Fano formalism for Auger processes.
The particular importance offered by Raman-
spectroscopic observation of such processes is
the ability to select a diversity of phonon propa-
gation directions and differential polarizability
tensors, and thereby drastically vary the degree
of interferenee.

Recently there have been several Raman-scat-
tering investigations of ferroelectrie solids. ' '
Since these materials have very lar'ge dielectric
constants they exhibit very strong multiple-pho-
non scattering. For example, the Raman spec-


