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Consistency relations among pp, pp, 7tp, and m7t diffraction scattering cross sections
and the pion and nucleon form factors are derived on the basis of the multiple-quark-
scattering picture of elastic scattering of hadrons. The pion form factor is found to be
similar to the nucleon form factor and the charge radius of the pion is r„—=0.65 F in
agreement with experimental evidence. The differential cross section for ~7t diffraction
scattering is found to be 4/9 times that of mp.

Interesting eonsisteney relations among the
leading diffraction peaks for pp, pp, np, and mn

scattering and the form factors of P and w are
suggested from the systematics of the multiple-
quark-scattering picture of high-energy elastic
scattering of hadrons. ' These consistency con-
ditions are of greater generality than the multi-
ple-quark-scattering picture from which they
are drawn. ' By means of these consistency re-
lations, the form factor of 71 and the differential
cross section for mm diffraction scattering may
be determined from the pp, pp, and wp diffrac-
tion cross sections and the form factor of p.
The results are that the pion form factor is
found to be very similar to the nucleon form fac-
tor, and that the differential cross section for
vn diffraction scattering is 4/9 times the wp dif-
fraction cross section. The charge radius of the
pion is calculated to be r„=0.65 F, in good
agreement with the best experimental values. ~'

In the self-consistent multiple-quark-scatter-
ing analysis of pp scattering, the amplitude for
single (charge-independent) quark-quark diffrac-
tion scattering fQQ is self-consistently deter-
mined from dvpp&/dt, the pp cross section in the
region of the first diffraction-scattering slope.
We have

and

do '/dt = If '(t) I'.

The superscript 1 indicates that a quantity re-
fers to the first diffraction-scattering slope for
the process that is indicated by the subscripts,
e.g. , do'pp ' Gp(if) is the single-quark form fac-
tor of p.

Similarly, the single (charge-independent)
quark-antiquark (QQ) scattering amplitude is
self-consistently determined by fitting the first
diffraction slope of the elastic pp cross section,

f '(f)=&G (t)G (f)[f (t)+f -(f)]. (4)

G„(t) is the single-Q form factor of w, which is
the same as the single-Q form factor of n. Simi-
larly, the leading diffraction slope in m7t scatter-
ing involves a combination QQ, QQ, and QQ sin-

f '(f) = [3G-(&)]'f (&)
pp p

The single-Q distribution in p is the same as the
single-Q distribution in p; so Gp(t) = Gp(t). The
amplitude for the first diffraction slope for mP

scattering involves a combination of QQ and QQ
single-scattering amplitudes,
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gle-scattering amplitudes,

f„„'(t)= [G„(t)]'[f (t) + 2f —(t) +f—(t)]. (5)

But charge symmetry gives fqq=fqq, which
leads directly to the relation

2G (t)

or

do ' 2G (t) ~do
n'm v vp

dt 3G (t) dt

Both G&(t) and do&&/dt are not directly observ-
able, but using (1) and (3) to determine fqq and

fqq, respectively, (4) then gives a consistency
relation by which G„(t) may be determined from
pp, pp, and vp diffraction cross sections and
c ):

c (t) =3G (t)

pp pp
dt dt

exp($ t),

where
happ

=9-10 $„p =8-9, and
happ

=11-12
(BeV/c) ', and assuming that the magnitudes at
the forward angle are given roughly by the opti-
cal theorem as proportional to the total cross
sections'

happ
=38 mb, Opp =48 mb, and o~p=—25 mb, Eq. (8) becomes, for either Gv and

Gp or for Gv and GpE at V I 1 (BeV/c),

G (t)=3G (t) exp[?(5 h—)t]
p o pp

where Gq is the electric-charge form factor of
Q, which we assume to be charge independent.
Thus, our expressions (6)-(8) are all valid for
either the single-Q form factors G„and Gp or
the observable electric form factors G„+ and

Gp, and knowledge of the electric form factor
of the quark G & is not separately required.

Assuming leading diffraction peaks of the (en-
ergy-independent) form

„(PP), (
PP (8)

+ exp[-,'(g -& )t]J (i2)

and (7) gives a consistency relation by which
do„'/dt may be determined also in terms of the
nucleon observables:

and (9) becomes

4 exp[—', (( —$ )t]
do ' do

vn' vp
dt dt

(dg 1) 1/2 do l 1/R

pp I, pp
( dt dt (9)

—2

+ exp[ —,(( --$ )t]

We assume here that all these scattering pro-
cesses are diffractive enough so that the leading
diffraction amplitudes for all these processes
have roughly the same phases over the regions
of the first diffraction slopes, starting from al-
most pure imaginary at t =0.

G„and Gp that occur in our multiple-quark-
scattering analysis are the one-Q form factors
of w and p, respectively, and are related to the
observable electric-charge form factors of m and

p as

G (t)= (t), (Pomeranchuk limit)

G (t)=c (t), (14)

and

If the Pomeranchuk theorem were exact for pp,
pp, and also for QQ and QQ cross sections such
that a&p/~opp ='o'&p/happ =

&
and

happ
= )pp, and we

take $„p =—
happ, then

G (t) =c (t)c (t) do ' 4 do
(Pomeranchuk limit).

vn' vp
dt 9 dt

(15)

and

G (t)=G (t)G (t), (io)

Ignoring the Pomeranchuk theorem and treating
the present (approximately energy-independent)
high-energy cross sections as the asymptotic
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values, we obtain'

(16)

for I t I (I' = 0.57 (BeV/c)'. The normalization
is off here as G„~(0) =—3g„p(gpp+ gpp)

' =0.87,
which is probably indicative of the order of ac-
curacy of the whole calculation. However, the
mean-square charge radius of the pion does not
depend on this normalization and is given direct-
ly from (8) as

(~ ) = 6(dG /dt) [G (0)] (17)

or

=0.65 F.
7T

This value is in good agreement with the best ex-
perimental determinations of y„=0.8+ 0.1 F
from pion electroproductione and z„(0.9 F from
wa Coulomb scattering, ~ and with the value r~
—=0.6 F calculated from current algebra and pole
dominance. '

Similarly, the inverse diffraction width in mm

scattering can be determined directly from (13)
as

g =2(g )'(g +g )
' -=14 mb.

7rlr mp pp pp

These values agree closely with those obtained
from Regge theory of $z~

—-2)„p-(~p =7 (BeV/
c) ' and g~„= (g~p)'/gpp =-16 mb.

*Work supported in part by the National Science Foun-
dation.

E. Shrauner, "Self-Consistent Multiple Quark Scat-
tering Analysis of Elastic pp Scattering, " to be pub-
lished. The interpretation of higher-energy (elastic)
collisions of hadrons in terms of a picture in which
multiple internal diffraction scattering of constituent
quarks is the dominant process extends to rnornentum-

p pp pp pp pp

x (1+g -/g ) '= 5.8 (BeV/c), (18)
pp pp

and the total cross section as

transfer —dependent quantities, differential cross sec-
tions and form factors, the same type of systematic
analysis for which previously the quark model has been
so surprisingly successful mainly for momentum-trans-
fer —independent quantities, total cross sections and
branching ratios. The details of the broken-slope
structure of the differential cross sections for elastic
pp, pp, and np scattering at higher energies have been
analyzed in terms of this picture where large-momen-
tum-transfer scatterings are viewed as the cumulative
effects of multiple internal diffraction scatterings of
constituent quarks. The first, second, and third
slopes of do/dt are interpreted as due, respectively,
to single, double, and triple internal quark-quark scat-
terings. The higher-order multiple-scattering ampli-
tudes determined from the first slope yield striking
agreement with experiment. The broken-slope struc-
ture of the pp differential cross section has been em-
phasized by A. D. Krisch, Phys. Rev. Letters 19, 1149
(1967), and earlier references therein. The data for
pp and mp differential cross sections also tend toward
energy-independent broken-slope structures similar to
that of pp. These data are all summarized in Y. Sumi,
Progr. Theoret. Phys. (Kyoto) Suppl. Extra No. , 3
(1967), and by Y. Sumi and T. Yoshida, Progr. Theoret.
Phys. (Kyoto) Suppl. Extra No. , 53 (1967), and they
have been analyzed according to the above picture by
L. Benofy, D. W. Cho, and E. Shrauner (to be pub-
lished).

This determination of G~(t) from analysis of diffrac-
tion scattering peaks could be applied also in the case
of continuous distributions of hadronic matter, but then
a different argument would have to be proposed in or-
der to extend the relevance of the consistency relations
to momentum transfers as large as, or beyond, the
first breaks and to interpret the relations of the had-
ronic and electric form factors. Our semiclassical ap-
proach corresponds to a generalization of the factor-
ized Regge-pole picture. See W. J. Abbe, Phys. Rev.
160, 1519 (1967).
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