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We show that the ambiguities present in the current-algebra and partially conserved
axial-vector current model of low-energy m-7 scattering are the same as those in the
single-pion production amplitude. The experimental data strongly support the Weinberg

formulation.

For some time, it has been apparent that
there is considerable ambiguity in the prediction
of the pion scattering lengths by the hypothesis
of partially conserved axial-vector current
(PCAC) and current algebra.! In Weinberg’s
original calculation® of 7-7 scattering, he re-
quires that 8HA ;@ form a chiral quadruplet with
an isoscalar field. In a later paper® he derives
a phenomenological Lagrangian that reproduces
the same 7-7 scattering with all pions on the
mass shell. Schwinger’s Lagrangian® differs by
assuming a chiral-symmetry-breaking term
which implies that a“Auo‘ is proportional to the
physical pion field. Schwinger’s Lagrangian
yields the exact Adler consistency condition® on
m-m scattering which the Weinberg Lagrangian
fails to do. The Schwinger Lagrangian differs
also in its prediction of m-m scattering lengths.

The phenomenological Lagrangian technique al-
lows easy reproduction of the current-algebra
and PCAC results for the 7-7 scattering ampli-
tudes and pion-production amplitudes. A further
advantage is the ease with which one can isolate l

and study ambiguities remaining after the appli-
cation of PCAC and current algebra. We shall
show that the most general Lagrangian derived
in accordance with current algebra and PCAC in-
troduces a single parameter ¢ into the 7-7 scat-
tering lengths which can be determined only by
additional assumptions.® However, we shall fur-
ther demonstrate that ¢ is the only parameter
that enters the amplitude for single-pion produc-
tion with external pions on the mass shell. Ex-
perimental data favor the value £ =0. This value
of ¢ yields the Weinberg 7-7 amplitude on the
mass shell; &=1 yields the Schwinger mass-
shell amplitude.

Several techniques exist for generating chiral-
invariant Lagrangians.®»*? Our notation is that
used by Bardeen and Lee. We assume PCAC in
the form aHA @ =f,1p.2<pa(1 +h0(p2 ++++) to break
the chiral invariance. Our pion Lagrangian to
order ¢* follows at once®:

e %(Bu@z—%uzq)"’ +& s

where

£ =/8 ) uwz)z-uz(ﬁ)z]-(go/fﬂ)[%<p2 (8ucp)2 + %(auwz)z- LU M TR N

Choosing the two undetermined parameters to be go=1/2f; and hy=-1/4f,” yields the Weinberg La-
grangian.® The values gg=1/2f; and k(=0 produce the Schwinger Lagrangian.*

Defining®®

6(4)(q+l_P_k) o
4(2ﬂ)2(qolopoko)112 abcd

we obtain

Mabcd(s’ tu)= éabacd[

As+(A+f THE+u)+ Cu?)

(s,t,u)= —fd4x(nc(l)nd((1)!£n lﬂa(p)nb(k)),

1127



VoLUME 20, NUMBER 20 PHYSICAL REVIEW LETTERS 13 May 1968

plus crossing symmetric permutations, where A=go/fp—fr~% and C=2hg +f "'Sgo/frr' Using the
well-known isospin projection operators,*®

(s t,u)=P [(5A +2/f 2)s+(5A+4/f 2)(t+u)+5Cu? ]+P [f 2u—t)]
Pz[(zA + 2/fn2)s +(24 +fn =2)(t +u) +2Cp?],

which yields
2a,-5a,=6L; L= p./811fn2. (1)

If we require 9HA ;¥ = fru2®2(p), then the chiral-symmetry-breaking part of the Lagrangian is
friPo(¢®). Expanding o(¢?), we recognize hg=—(gg/2f;). With this choice and with all pions on the
mass shell,

(s, t,u)= ‘2[5 ocd(uz—s)mao (p2=t)+6 6. (u2-u)],

Mabd c bd ad bc

independently of the value of g,. This is the Weinberg m-m scattering amplitude.? The imposition of
the Adler consistency condition® on Mgpeq requires merely that 2,=0. If, in addition, we wish to ob-
tain Weinberg’s amplitude, then we must also set g,=0.

We now derive the pion scattering lengths. Setting & =2f;(gg+2kof;), We rewrite the pion scatter-
ing amplitude with all pions on the mass shell:

f M abed [(%§+l)uz—Zs]P0+(u-—t)P1+[(§-2)u2+s]P2.

Hence

ao/ay=(36-1)/ (£ +2).

Using Eq. (1), a, and a, are uniquely determined.
We wish to indicate the physical meaning of the parameter £. To order ¢Z,

[@5% 0" P1=f w10y P wengo®=if w*16™ (1 -0™/2 )+ (/27 )66 1207,

Since the term f;-¢2/2f; is the o field to order ¢®, we see that £ measures the amount of departure
from the usual assumption
a u, By_ .. 2.aB , 2
[Q5 ,0 A“ ]-zfﬂp 8 "olp).
Whereas most of the papers in Ref. 1 effectively choose ¢ =0 and make various assumptions about the
extrapolation to the physical threshold, we vary ¢ and determine the amplitude by the phenomenologi-

cal Lagrangian prescription. It is interesting to note that the p-wave scattering length q, is free from
ambiguity:

18u%a, =2ay~5a,=6L.

It is also the only 7-7 scattering length amenable to reasonably direct experimental test. A disper-
sion-relation calculation based mainly on the p-meson parameters provides good agreement with the
current-algebra prediction.

Using Weinberg’s covariant-derivative formalism? for generating chiral-invariant pion-nucleon cou-
pling, we find the Lagrangian for n-N interactions relevant to single-pion production, 7N —-77N:

_ SRV e
£NNn_(G/2M)¢7uYST¢ 8" @,

3 2
L nmrn =~ (G/2M) (gv/gA) (28f, 97 v 5T¥" e +2(2gf =1y ¥ STY- 090" %],

£ 2 2 L. - -
NN =-(G/2M) (gu/gA) z,bvuw-wa”«).
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For completeness, we rewrite the m-7 interaction Lagrangian:

2 2 2
e =(6/20)° (g /g, [201-2f )oa" 9) -2 f 07" 0) +3Ggy S, =2 of, - (o))

with (/)™= (G/2M)(g,/gp)-

Current-algebra calculations are most straight-

forward at threshold. Above threshold, other
terms which are noncalculable except by more
detailed models!? become important. In this
spirit, we calculate the 7N - m7N production am-
plitude according to prescription. The two dia-
grams which can be important are shown in Fig.
1. The remaining diagrams, involving a virtual
nucleon, are negligible at threshold. We calcu-
late the contributions from all diagrams to two
charge-state amplitudes. Defining the amplitude
A@N ~77N) by® 13

(b @ @ISV G )" @)

(G )3<gv>2M6‘4’(pf+q 1+95=0,~@)
="\am a @2r)"2(E, Efwlwsz

XA@'N -1 anBN),

we arrive at the threshold amplitudes in a two-
component spinor representation:

M 1/2
A@=p-ntr—n) =<5_(_E—:_1\—/I—))
i

2w ~Eu 2p 2u 2u
X ¢ + 2 +
wQ—u M U+ 2M ZEi—u

X fT'Q- Ecpi,

A (7T+p - 11+1r+n) - <_M—>1/2
Z(Ei +M)

N [_411___‘1&__:‘:&_&_‘5’1&]
u+2M 2Ei—u M wQ—u

X @ fTQ- 5<pi.
At threshold, use of charge independence speci-
fies the other charge-state amplitudes in terms
of these. The best data available near thresh-
old! are for the reaction n~p—-n*r~n. In Fig. 2
we plot the available cross-section measure-
ments for this reaction. The curves drawn rep-
resent the cross section predicted by multiply-
ing the threshold amplitude by phase space’® for
various values of the parameter £. As one sees,

T (Q) mia,)_,— /
"""" - N /
l\\\;"\(ﬂz\)‘ \\TT(Q ) m(q, ),/ .
| I \\ /
l‘ﬂ' \\ // //W(QZ)
/7
N(p;) l N(p;) Nip;)  \£"'Nlpg)

FIG. 1. Diagrams which can be important in the sin-
gle-pion production process. Other contributions in-
volving a nucleon pole are small at threshold.

as threshold is approached, the data seem to
converge to the curve specified!® by £ =0 or 4.5.
In contrast, the prediction of Schwinger’s La-
grangian (£ =1) seems considerably low. Hence,
the data favor £=0 or 4.5. Although there are no
data available close to threshold for the other
charge-state reactions, nevertheless the pre-
sent data rule out the value £ =4.5. For exam-
ple, at pion laboratory kinetic energy T, =357
MeV, or*p-~ntrtn)=0.12+ 0.01 mb. The pre-
dictions for this charge state are o(r*p —7+r*n)
=0.24, 0.48, and 1.9 mb for £=0, 1, and 4.5,

(Schwinger)

Threshold
A 1 A 1 1 1 J
180 200 220 240 260 280 300

Tr (MeV)

FIG. 2. The available data for the reaction 7~ p
— 1~ n"n near threshold (cf. Ref. 14). The curves
drawn represent predictions for different values of the
parameter £. Above threshold the cross-section pre-
diction is made by multiplying the square of the thresh-
old amplitude by the physical phase space. The data
appear to converge to the upper curve as threshold is
approached. 1129
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respectively. Similarly, for T, =400 MeV,
om=p-7n%)=1.410.2 mb. Our predictions are
olm=p~7n°%)=0.85, 0.63, and 0.11 mb for £=0,
1, and 4.5. Hence, we see a strong indication
that £~ 0 is indeed the correct choice.

We have shown how the pion production pro-
cess removes ambiguity in the PCAC and cur-
rent-algebra prediction of 7-7 scattering. It
will be most interesting to see if a consistent
picture is maintained when pion production ex-
periments are done near threshold for the other
charge states. Such experiments will be impor-
tant, not only as a test of current algebra, but
also as a probe of the 7-7 interaction which still
remains difficult to measure directly.
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