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tion of M&+ across the resonance which was consistant
with the behavior expected from the I'&~2 y2 phase shift.
However, at the two interintermediate points a more
consistent behavior of M&+ was obtained when no cor-
rection was made for this term. We have therefore
used one-half the correction at all four-momentum
transfers and increased the errors appropriately.
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An extension to multiperipheralism is made of the Dolen-Horn-Schmid duality argu-
ment relating Regge poles to low-energy resonances. The Deck model is thereby inter-
preted as predicting the existence of the A~, rather than as undermining experimental
evidence for this resonance. It is shown in general that Dolen-Horn-Schmid duality per-
mits a vast simplification in the calculation of multiple-production processes.

A remark of profound import for strong-inter-
action theory has been made by Dolen, Horn,
and Schmid in connection with finite-energy
sum rules. They have observed that high-ener-

gy Regge behavior is consistent with low-energy
resonance behavior only if extrapolation of the
smooth Regge representation down to low energy
gives a certain semilocal average over the reso-
nance peaks. In other words what is usually
called the "peripheral" approximation to a reac-
tion amplitude must, without containing energy
poles, in a rough sense represent the resonanc-
es. (The converse presumably is also true. ) We
refer to this startling notion as "Dolen-Horn-
Schmid duality. " Its implication for bootstrap
theory is being pursued vigorously by many au-
thors', our object here is to suggest relevance
to what has been called the "Deck effect. "3 We

argue that the Deck peripheral model for a reac-
tion such as ~N-pmN, explaining a peak in the fi-
nal vp mass spectrum without explicit insertion
therein of a resonance, fails to imply the ab-
sence of a resonance. On the contrary, Dolen-
Horn-Schmid duality means that when peripher-
al models of this kind predict large cross sec-
tions at low subenergies (the term "subenergy"
is used to mean energy of a subsystem), there

probably are resonances present. Such reason-
ing leads to enormous simplification of multipe-
ripheral calculations.

The step needed to relate Dolen-Horn-Schmid
to Deck is the extension of single peripheralism
to double peripheralism. Deck's model for the
above reaction, for example, is depicted in Fig.
1, corresponding to a double Regge-pole repre-
sentation, a representation supposed to have va-
lidity when both the mN and mp final subenergies
are large. ' The highest trajectory for the right-
hand momentum transfer is the Pomeranchuk;
the highest for the left-hand momentum transfer
is not the m, but the small mass of the physical
pion enhances the Regge residue so that this tra-

FIG. 1. Diagram representing the Deck doubly peri-
pheral model for the reaction mN mpN.
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as either s~p or s~N becomes large, with each
factor having Regge asymptotic behavior:

g s )-C s
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g s )-C s
mN wN mN wN
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Let us identify particular finite values of s~p and
and of s&N, say spp=N+p and spN=N+N such
that above these values Formulas (2a) and (2b)
become an acceptably accurate approximation.
Then, keeping s~N fixed at a value greater than

NzN, the Dolen-Horn-Schmid line of reasoning'
leads to the conclusion that a certain average of

g~p(st) over the range of s~p below N~p will be
given correctly by Formula (2a).

For the required application it is necessary to
keep s rather than s~N fixed, but from Formulas
(l) and (2) we now explicitly calculate the result-

jectory may well dominate at moderate energies.
It will be seen that for our purposes here it does
not matter if other trajectories play a signifi-
cant role. The essential and almost trivial re-
mark of this note is that it is possible to keep
fixed all members of a complete set of variables
except the np subenergy, thereby reducing to a
singly-peripheral description, and to repeat the
Dolen-Horn-Schmid reasoning. Thus if the Deck
model is accurate for large values of the mp sub-
energy, consistency considerations require the
model to yield a semilocal average description
of the cross section at low values of this suben-
ergy even in the presence of resonances.

The above argument has been overlooked be-
cause in the experiment analyzed by Deck the 7tp

subenergy is varied, not by varying the incident
(total) energy at fixed mN mass, but by varying
the latter at fixed incident energy. However we
shall show it possible to pass from the one type
of variation to the other through the indepen-
dence of appropriate variables' and the factoriza-
tion attendant on simultaneous Regge expansions
in both subenergies.

We begin by fixing both momentum transfers
in Fig. 1 as well as the Toiler angle of rotation
about the internal vertex, ' and noting that there
is a functional relationship between the square
of the total energy s, and the two subenergies,

s~p and s~N, a relation which can be inverted
to express s~N in terms of s and s~p. Now the
dependence of the amplitude on (s~p, s~N) is as-
sumed to be factorizable,

ing modification. Let us suppose s sufficiently
large that s~N lies above N~N for all s» below
N»', then

A(s, s) - g s Czp' s large mp wp mN

It follows that a modified amplitude defined by

X(s, s) =- [s (s, s )] 'A(s, s) (4)7tp' wN '
mp m''

exhibits the Dolen-Horn-Schmid phenomenon
when averaged over low s~p at fixed (large) s.
Since the extra factor in Formula (4) is positive
definite and smoothly varying, we conclude that
an average of A(st s) itself over the low s~p
region with s fixed at a large value is correctly
given by the double-Regge representation. This
is the desired result.

Were it required to replace the single-pole
Formula (2b) by a sum over several poles, the
single residue functiongzp(s7Tp) would be re-
placed by a corresponding collection of residues,
but for each of these separately the Dolen-Horn-
Schmid average would apply. Evidently, by re-
versing the roles of s„p and s„N in the above
argument we could show that low values of s&N
also are correctly described in an average sense.

Since for singly peripheral models the predic-
tion of large low-energy cross sections corres-
ponds to the presence of resonances, ' the same
is likely for multiply-peripheral models. Thus,
Deck's calculation' might be described as a pre-
diction of the A, ' What is the source of large
low-energy cross sections in a peripheral repre-
sentation? It turns out to be the same in both
singly peripheral and multiply peripheral situa-
tions. The Pomeranchuk trajectory has a small
residue and produces no large low-energy cross
section. It is lower lying trajectories with big
residues that are responsible. Residues turn
out to be generally small except when magnified
by nearby poles corresponding to low-mass par-
ticles on the trajectory. Thus a large low-ener-
gy peripheral cross section typically accompa-
nies "exchanges" involving low-mass particles,
exchanges which may be identified with the fa-
miliar "Yukawa forces. " Dolen-Horn-Schmid
duality at this point acquires a familiar dynami-
cal interpretation because it is seen to predict
resonances in precisely those situations where
a preponderance of strong and attractive long-
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range forces occurs. ' Note, however, that a non-
relativistic potential model does not correlate
the input force and the output resonance in the
direct fashion of Dolen, Horn, and Schmid.
Their form of duality is an essentially relativis-
tic phenomenon.

If the Deck model is to be regarded as giving
an average description of the A, and other low-
lying resonances decaying into mp, it might be
expected that the predicted low np mass spec-
trum persists in its general form no matter how

large the total reaction energy s. Such is in fact
a feature of the doubly peripheral model. Using
the results of Ref. 6 and integrating over all
variables except the mp total energy, one finds
the fixed-s asymptotic spectrum

-2C~~(0)-~, (o)ld(,„, )
wp 7Tp

or, setting n~(0) = 1 and o.'~(0) = 0,

do/d(lns ) - s
pp 7Tp

Extending this spectrum right down to the mp

threshold, we may calculate the average np

mass to be

(/s ) = &~ (m + m ) = 1200 Me V.
lip K p

(5)

Thus at fixed s the A, and A, are expected to
dominate the mp spectrum no matter how large s
may be. Deck found a sharpening of the "aver-
age ~p mass spectrum" with decreasing s due to
dependence of the momentum-transfer lower
limits on the mp mass. Nevertheless, Formulas
(5) and (6) show that when such transient phe-
nomena have died away at very high s, there will
remain a tendency for the mp spectrum to con-
centrate near the A, .'

Dolen-Horn-Schmid duality leads to an enor-
mous simplification of multiperipheral calcula-
tions: To compute integrated cross sections,
one need consider only final particles of low

mass and can be guided in the choice of traj ecto-
ries by experience with singly-peripheral phe-
nomena at modest energies. Already in the
Deck example we see how the A] A2 etc. , may be
ignored in favor of m and p, but even the final p

might be ignored if we replaced the doubly pe-
ripheral Fig. 1 with the triply peripheral Fig. 2.
This would constitute a less accurate approxima-
tion than Fig. 1 when the m, m, mass is near the p,
but Fig. 2 roughly includes all the higher reso-
nances that decay into m, m, .

p, fo m. '?

FIG. 2. Diagram representing a triply-peripheral
representation for the reaction mN 3m'.

Dolen-Horn-Schmid duality thus opens the
door to a simple description of high-energy mul-
tiple production if the detailed structure of final-
particle spectra is not an issue. Questions such
as total cross sections, multiplicity, and even
the gross aspects of fireball structure become
far more tractable than might have been imag-
ined in the presence of an apparently unlimited
spectrum of resonances.

The authors are indebted to C. Schmid for
many illuminating conversations.

*Work supported in part by the U. S. Atomic Energy
Commission.

~R. Dolen, D. Horn, and C. Schmid, Phys. Rev. 166,
1768 (1968).

2S. Mandelstam, "Dynamics Based on Rising Regge
Trajectories" (to be published); C. Schmid, Phys. Rev.
Letters 20, 628 (1968); D. Gross, Phys. Rev. Letters
19, 1303 (1967); M. Ademollo, H. R. Rubinstein,
Q. Veneziano, and M. A. Virasoro, Phys. Rev. Letters
19, 1402 (1967), and to be published.

R. T. Deck, Phys. Rev. Letters 13, 169 (1964).
4The original Deck model in effect employed flat-pion

and Pomeranchuk trajectories, an approximation
which changes results quantitatively but not qualitative-
ly, as shown by E. Berger, Lawrence Radiation Labo-
ratory Report No. UCRL-17825 (unpublished). This pa-
per may be consulted for references to other related
calculations.

~K. A. Ter-Martirosyan, Zh. Eksperim. i Teor. Fiz.
44, 341 (1963) ttranslation: Soviet Phys. —JETP 17,
233 (1963]; T. W. B. Kibble, Phys. Rev. 131, 2282
(1963); J.C. Polkinghorne, Nuovo Cimento 36, 857
(1965).

6N. F. Bali, G. F. Chew, and A. Pignotti, Phys. Rev.
Letters 19, 614 (1967), and Phys. Rev. 163, 1572
(1967).

7H. Harari, to be published.
The forces must be "attractive" in elastic reactions

if they are to augment rather than diminish the Pomer-
anehuk contribution which necessarily dominates at

1080



VOLUME 20, NUMSER 19 PHYSICAL REVIEW LETTERS 6 MAY 1968

very high energies. For inelastic reactions all interac-
tions are well known to be effectively attractive.

OThe model does not discriminate sharply between
different resonances, giving only an average over them.
The Deck width narrowing with decreasing total energy

is to be interpreted as a decreasing role for resonanc-
ces lying above the A& because of phase-space limita-
tion. Note that there is no reason for the width yielded
by the model ever to be as narrow as the actual &&

width.
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A major problem in the theory of weak interactions is whether the universal (V, A) current-current
interaction represents effectively a phenomenological description of lowest order weak processes or
can be used to calculate higher order processes in a self-consistent way. The conservation of muon

lepton number prevents this test of weak-interaction theory in the domain of purely leptonic process-
es' where the strong interaction is absent. One must therefore turn to semileptonic and nonleptonic
weak processes for tests of the higher order theoretical predictions and attempt to isolate effects
which are essentially independent of the strong interaction. Two second-order processes suitable for
investigation in this respect are the decay Kl.'- p, +p and the Kl. -KS' mass difference; in this I et-
ter we report our main results.

The diagrams contributing to the decay Kl'- p+p are given in Fig. 1. Figure 1(a) is first order
in &e weak and second order in the electromagnetic interaction and has been considered by Beg,2 who
finds this contribution to the branching ratio o. [n -=(Kl.' - p+p )/(K - p v~)] to be about 1'fo of the pres-
ent experimental upper limit' (sl.6 &&10 '). We have repeated Beg's calculation with the techniques of
current algebra and reproduce his result to within a factor of 2.

Figure 1(b) is second order in the weak interaction on the basis of the intermediate-vector-boson
(IVB) model and has been calculated by Ioffe who finds that the most divergent term is independent of
the strong interaction (and of the IVB mass); comparing this result with the experimental upper limit,
Ioffe finds that the weak-interaction cutoff A g100 BeV.

Figure 1(c) is the contribution in second order of the universal current-current interaction (UFI)
theory to the decay Kl.'(p) - p+(pl)+ p (p2); we write for the matrix element the following:

&P+(P )V (P2) ')=(2 )'&'(P-P -P )~,

( m i''~ d'q

&(p 1)r~(4+p'I) r,(1+r5)&(p2)M„„(q,p),
0 10 QO

where
1 ~

M (q, p) =i(2p V)'fd xe (0 IT(J (x)Z (0))lK (p)), (2)

and J~2' and J~1' are the hypercharge-conserving and hypercharge-changing currents, respectively;
~ is the Cabibbo angle.

(b) (c)

FIG. 1. Diagrams contributing to the decay.
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