
VOr. UME 2 APRIL 15, 1959 NUMBER S

DETERMINATION OF THE SUPERCONDUCTING SKIN DEPTH
FROM THE ENERGY GAP AND SUM RULE

M. Tinkham
Department of Physics, University of California, Berkeley, California

and

R. A. Ferrell
Physics Department, University of Maryland, College Park, Maryland

(Received March 11, 1959)

It has previously been pointed out' that the os-
cillator-strength sum rule provides a useful re-
lation between the energy gap in a superconduc-
tor and the strength of the supercurrent which
flows in response to an applied low-frequency
field. A direct consequence is the effect of im-
purities in increasing the penetration depth. '
The purpose of the present note is to extend
these arguments to the case of an ideal pure bulk
superconductor. In this way we are led to a non-
local relation of current to field which is inde-
pendent of any detailed model. This relation is
equivalent to that proposed by Pippard~ on a re-
latively heuristic basis to explain his experi-
mental results, and by Bardeen, Cooper, and
Schriefferi (BCS) on the basis of their detailed
microscopic model of superconductivity. Our
result is an explicit confirmation of a suggestion
made a few years ago by Bardeen, I that the elec-
tromagnetic properties of a superconductor are
immediate consequences of its energy gap. Our
proof is, however, more straightforward than
Bardeen's, in that it makes use of the Kramers-
Kronig relations and the sum rule to introduce
the effect of the energy gap. Thus, only matrix
elements for true physically observable absorp-
tive processes are involved, while Bardeen's
calculation dealt with matrix elements for virtual
excitations concerning which it was necessary to
make conjectures. The present approach is re-
stricted to oscillating fields and consequently

does not actually describe the Meissner effect
(expulsion of a dc magnetic field). But the ex-
pulsion of an ac field is accounted for, and since
the penetration depth which we determine is fre-
quency independent, it follows that it must be
equal to that for the dc limit of zero frequency.
(See also our concluding remarks. )

To provide a general framework for the analysis,
we Fourier-analyze all space- and time-depend-
ent quantities. The coefficients of the plane
wave exp[i(tl x - u&t)] in the current density and
electric field will be denoted by J(&o, g) and
E(v, q), respectively. The ratio of current to
field defines a complex conductivity, c'(a&, q)
=o, (&v, q)+iom(to, q), which is a function of the
wave number q as well as the angular frequency

What we seek to establish for the supercon-
ducting state is a certain dependence of o~(+, q)
on q, for small values of u&. If v, (v, q) were in-
dependent of q, then the inverse Fourier trans-
form would yield a delta function in configuration
space, corresponding to a strictly local relation-
ship between current density and applied field.
On the other hand, if oa(&o, q) were to diminish as
q increased, then the supercurrent which flowed
in response to a spatially varying field would not
have its full London value, and the relationship
of current to field would be of the same type as
the nonlocal one expressed by Pippard's theory.
Vfe shall see by arguments based upon quite gen-
eral principles that the latter situation is the
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case.
The concept of a wave number as well as fre-

quency-dependent conductivity is equivalent to a
similar concept for the dielectric constant which
has been explored thoroughly by Lindhards for
the normal state of the metal. Assuming that q
is much less than the Fermi wave vector, and
making a sign correction in his Eqs. (3.15) and
(3.17), we obtain c, =0 for &o &voq, and

cx» q —
4 m„(1 s s) s

for tc &vsq, where n, s, and m are the density,
charge, and mass of the free electrons. An al-
ternative derivation of (1) is to take the limit as
l-~ of the Fourier transform of the integral ex-
pression given by Chambers~ for the retarded
nonlocal relationship of current density to elec-
tric field. Explicit integration of (1) yields

(2)

independent of q. The sum rule' states that (2)
must hold regardless of the details of the system.
(We neglect throughout the small contribution to
the conductivity from the motion of the ions. )

If now, for some reason the conductivity is mo-
dified so that the area under the c,(ic, q) vs ~
curve is apparently diminished by the amount A,
the sum rule (2) requires that the "lost" area be
compensated by a delta function of strength A at
w =0. This in turn produces a contribution to
the imaginary part of the conductivity, according
to the Kramers-Kronig causality relations, of
amount

os (tc, q) =2A/wa).
A

It is known empiricallye that the effect of the
transition to the superconducting state is to re-
move an area A which may conveniently be ex-
pressed as &o v, (0, q), the product of an effective
gap frequency tc and the value of o,(tc, q) at zero
frequency. This is true at least when o, (&c, q) is
nearly constant s for ru $m&, as it is for vsq» &a

The effective gap width RQ& defined in this way
is about bodice the threshold energy 5&& or about
8fsT'c. Replacing A in (3) by &~,(0, q) and using
(1), we find an imaginary conductivity equal to
(ses/mac)E(q), where E(q) measures the q-depend-
ent reduction of the London conductivity given by
the first factor. For q» to&/vs, we find ex-
plicitly

E(q) = 3 (u@2vsq.

For q =0, we expect E(0) =1, since for q = 0, the
entire area under c,(&c, q) as given by (1) falls
well below co, yielding the fu11 sum rule value
for A, and hence the full London conductivity. "
The difference in the two cases is illustrated in
Fig. l.

The penetration depth can now be calculated
from the familiar formula4 for diffuse reflection:

»[i+E«)jg~,*]dq,

1
4Llg

l
1
a ~l0

(o)
0 V

FIG. 1. Effect of the superconducting transition on
the frequency-dependent conductivity for (a) long- and
(b) short-wavelength transverse electromagnetic
waves. The normal-state conductivity is indicated by
dashed curves and extends to the maximum frequency
of v, q, where vo is the Fermi velocity and q is the
wave number. In (a) the wavelength is sufficiently
long that the maximum absorption frequency in the
normal state falls short of the energy gap threshold
he . Consequently essentially all of the oscillator
strength is absorbed by the delta function at zero fre-
quency, leading to a full London current. In (b) the
shorter wavelength causes the absorptions in the nor-
mal state to be spread over a frequency interval much
larger than the energy gap. The strength of the delta
function is therefore less and the London current is
weakened. This dependence of the London current on
wavelength is equivalent to the nonlocal current-field
relation of Pippard.

where gl is the London penetration depth
(etc*/4wss)~. Assuming (4) to hold for all q of
importance in the integration leads to

(6)(~g )
(Specular surface reflection reduces this by a
factor of 8/9. ) Pippard's expression' in the same
limit (g ) is

)as

where $s is his coherence length. Equating (6)
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and (7), we find

w v, (wkTc) (av, )t Sv,
&o=—

(2M)$ )kT j kT

where Pippard's constant a is given in our pic-
ture by (w/2)(kT&/Re ) =0.2 using the empirical
gap data mentioned a ove. For comparison,
Faber and Pippard" experimentally found a
=0.15, and BCS gives 0.18. Since g depends on

$o only through a cube root, this agreement is
extremely good.

Summing up, we have obtained Pippard's re-
sult for the increase in penetration depth above
the London value:

()t/&L) = 0.65(4/)tL, )v', (7 z)

with $c defined by (8). This result holds only if
$c»Z&, which is fairly well satisfied in most
cases. It is easily shown that the fractional
correction in g resulting from the deviation of
E(q) from (4) for small q is positive and of order
(X&/$, ) ' [or (x&/$c)

' for specular reflection].
The essential point is that the low-frequency
electromagnetic properties of a superconductor
are immediate consequences of the apybcation
of general principles to empirical infrared ab-
sorption data. Thus, the task of a microscopic
theory may be properly regarded as being the
deduction of the exyerimentally observed energy
gap in the absorption syectrum. If successful in
this, it automatically yields the low-frequency
supercurrent behavior, including the Meissner
effect, although the deduction of the Meissner ef-
fect itself follows somewhat different lines and
will be contained in a subsequent publication.
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