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The upper-critical-field behavior of type-II superconductors in the presence of strong
magnetic exchange fields is reported. In regimes where the exchange fields are temper-
ature dependent the critical-field displays a nonmonotonic dependence on temperature as
predicted by de Qennes and Sarma.

Conduction-electron polarization is detrimen-
tal to superconductivity. It was first pointed
out by Clogston and by Chandrasekhar' that
this effect can be important in high-kappa,
type-II materials in which superconductivity
extends to high magnetic fields. In a more
quantitative treatment Maki' considered the
effect of conduction-electron spin paramagne-
tism on the second-order transition at the up-
per critical field 8~2 of a superconductor in
the vortex state. Subsequent work~~' included
the effect of spin-orbit scattering, which strong-
ly mediates the spin susceptibility of the su-
perconducting state. Numerous studies' have
demonstrated the lowering of B~2 due to spin
polarization in high-kappa bulk materials.
The effect of spin polarization on the parallel
critical field of thin Al films has been demon-
strated by Strongin and Kammerer. '

In the work discussed above, the only case
considered is that in which the electron spins
are polarized by an externally applied field
which penetrates the sample. A second meth-
od of obtaining electron polarization in super-
conductors is by utilizing the internal exchange
fields which result from the Ruderman-Kit-
tel-Kasuya- Yosida (RKKY) interaction~ in su-
perconductors with polarized magnetic impu-
rities. Two cases may be considered. The
first is the case in which the sample is mag-
netically ordered, wherein the exchange fields
seen by the conduction electrons are indepen-
dent of temperature and the applied magnetic
field. This case was considered first by Gor'-
kov and Rusinov and later by Fulde and Maki'

and Bennemann. " Bennemann's extension of
the existing theories qualitatively explained
the anomalous dependence" of the supercon-
ducting-transition temperature on spin-impu-
rity concentration in the Lag ~Gd In system,
reported by Crow and Parks. " The second
case is that in which the impurity spins are
disordered in zero magnetic field but are po-
larized according to the Brillouin function in
the presence of an externally applied field.
This case has been considered by de Gennes
and Sarma, ' who demonstrated that in this
regime it is possible to have a nonmonotonic
temperature dependence of the upper critical
field" because of the temperature dependence
of the Brillouin function. %e have made crit-
ical-field measurements on the La3 ~Gd In
system both in the Gor'kov-Rusinov and de
Gennes-Sarma regimes.

The samples of La3 ~Gd~In were prepared
by melting the constituents under argon in a
conventional arc furnace. The disk-shaped
ingots were turned over and remelted ten times
to ensure spatial homogeneity of the Gd impu-
rity. In addition to the previously mentioned
x-ray measurements, "we have made electron-
microprobe and metallographic studies on the
La3 ~Gd~In samples. The electron-microprobe
study showed that for samples with Gd concen-
trations less than 2.5 at. /p the Gd was dispersed
uniformly. This was determined by scanning
separate regions over distances of the order
of 200 p (approximately 5-7 times the average
grain sizem) with a 2- p, -diam probe. The noise
level of the probe corresponded typically to
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+0.03 times the Gd concentration. In addition
to Gd and La scans, we also scanned for copper
(the arc-furnace hearth material) to ascertain
whether it was introduced during the melting
process. We could detect no x-ray fluorescence
due to Cu which is consistent with the extreme-
ly small weight change of the samples during
melting (-0.02%). All of our studies of the
superconducting properties were made on sam-
ples with Gd concentrations smaller than 2.0 at.%.

The upper critical fields Hc2*(T) of the al-
loys were determined by measuring the resis-
tive transitions of the samples. For these mea-
surements the arc-melted buttons were remelt-
ed and then cast (in an argon atmosphere) in-
to elongated cylindrical samples 4-5 mm in
diameter and 30-40 mm long. We defined Hc2*(T)
as that value of the externally applied field
for which the sample resistance R was —,

' the
normal-state resistance A„. The critical fields
defined in this way were found to be indepen-
dent of the orientation of the magnetic field
and the size of the measuring current (0.01-
5 A). The breadth of the transitions in field
[defined as ~ = (H)R/R —0 9 (H)R/R —0 1]
was approximately 5-1(5% of the applied field;
however, the nature of the temperature depen-
dence of Hc2*(T) was essentially independent
of the criterion used to define Hc2(T) (e.g.,
R/R„=0.5, R/R„=0.1, etc.). The experimen-

tal results are shown in Figs. 1 and 2. The
following qualitative features of the critical-
field curves should be noted:

(1) The rapid depression of the critical field
with Gd concentration. The ratio of Hc2*(0)
for pure Lagn to that for a sample doped with
1.24 at.% Gd is greater than 10, whereas the
ratio of the transition temperatures is approx-
imately 2.

(2) The unusual temperature dependences
as one goes from 0 to 1.83 at. /o Gd. For low
concentrations H&2*(T) is monotonic with tem-
perature, for intermediate concentrations Hc2*(T)
is nonmonotonic, and for high concentrations
it is again monotonic.

(3) The apparent saturation of the mechanism
causing the depression of Hc2*(T) at low tem-
peratures for the intermediate concentrations
(as evidenced in the leveling off of the curves
for the samples with 1.24 and 1.49% Gd. These
features can be accounted for by including in
the calculation of the upper critical fieM the
effects of spin ordering on the conduction elec-
trons.

To explain both the spin concentration and
temperature dependence of the upper critical
field, one must include in the Hamiltonian three
separate depairing perturbations: (1) momen-
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FIG. 1. Upper critical field &~2* versus tempera-
ture for six La3 ~Gd~In samples with Gd concentra-
tions ranging from 0 to 1.24 at.% (1 at.% corresponds
to x =0.04).
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FIG. 2. H~2* vs T for five La3 ~Gd~In samples with
Gd concentrations ranging from 0.98 to 1.83 at.%.
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turn depairing associated with the penetration
of the externally applied field into the super-
conductor (the vortex state), (2) spin-exchange
depairing caused by the spin-dependent scat-
tering of the conduction electrons by the local-
ized magnetic moments, and (3) Pauli or ex-
change-field depairing caused by the conduc-
tion-band spin polarization due to the impuri-
ty-spin exchange field. Fulde and Maki, "in
their extension of the Gor'kov-Rusinov theory
on the coexistence of ferromagnetism and su-
perconductivity, derived the following expres-
sion which describes the behavior of a super-
conductor with spin-polarized impurities at
the upper critical field:

T (1 T 0(o'1 n2 ~3
ln +pl —+0.140 l

+ +

c0 crl cr2 cr3

ply
pl

= 0

where the various symbols are explained be-
low. This relation describes the second-or-
der phase transition from the superconducting
to the normal state in the limit that the trans-
port mean free path ltr and the spin-orbit mean
free path iso for the electrons are much small-
er than the superconducting coherence length

Here Tc0 is the transition temperature
of the pure superconductor in zero applied field,
and g is the digamma function. The terms o.»
a„and n3 are the parameters which charac-
terize the three pair-breaking mechanisms
discussed above, and veri is that value of any
one of the parameters ni required to suppress
superconductivity completely in the absence
of the other two depairing perturbations. The
terms n&/&cr~ are given by"

3 o. . a *(T) n
2 c2

a (0)i =1 cri c2 cr cr
(2)

where n is the concentration of magnetic im-
purities. The Pauli susceptibility term P is
given by

[nJ(0)(s )]',

where Tso is the spin-orbit scattering time,
I is the spin exchange field, J(0) the s-f exchange
constant, and (Sz) the average z component of
the impurity spin vector. Solving Eq. (1) for
the temperature dependence of the upper crit-

ical field, one obtains

8 +(T) =a (T)-a (0) +
c2 c2 c2 jg- cr cr-

(4)

H +(T) =a (T)-e (0)

n T n2P(0)S2
so

„8cr Pcr 8 E yT

where Bz is the Brillouin function. In this re-
gime the depression of the upper critical field
due to the exchange field, as the sample is
cooled to lower temperatures, gives rise to
nonmonotonic (re-entrant) critical-field curves
such as those observed in Fig. 2.

Case III. At higher concentrations the mag-
netic impurities will be ordered by the indirect
exchange interaction even in zero applied field.
This gives rise to a nearly temperature-inde-
pendent exchange field. Thus for higher con-
centrations the critical field should again be
monotonic with temperature as is observed.
The onset of magnetic order" due to the RKKY
interaction is also manifested in the leveling

where H 2(T) is the upper critical field for
the pure (viz. n =0) superconductor. 's

Equation (4) has the following three limiting
cases which are reflected in Figs. 1 and 2:

Case I. For very low concentrations the ex-
change-field term which depends quadratical-
ly on the concentration may be neglected in
comparison with the first term in the brackets.
Therefore, in this limit the upper critical field
should be monotonic with temperature and Hc2*(0)
should be depressed approximately linearly
with concentration of magnetic impurities.
This is essentially the behavior observed for
the very dilute I a3 ~Gd~In samples.

Case II. For the intermediate range of con-
centration, where Tson'J'(0)(sz)'/Pcr is not
negligible compared with n/ncr and the mag-
netic-ordering temperature due to the RKKY
interaction is much smaller than the supercon-
ducting transition temperature, the magnetic
impurities are polarized by the externally ap-
plied field which penetrates the superconduc-
tor at fields greater than Hc~. '9 This gives
rise to an average exchange field which is both
temperature and field dependent because of
the temperature and field dependence (viz. the
Brillouin function) of (Sz). Equation (4) takes
the form
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off of the Kc2*(T) curves at low temperatures
in the intermediate range of concentrations.

One can show, using the values of Z(0) and

Tso employed by Bennemann in his analysis
of the zero-field results, "that the perturba-
tion due to the conduction-band polarization
by exchange fields is more than strong enough
to give rise to the nonmonotonic critical-field
curves observed. Attempts to fit the data for
the sample with 0.98 at. % Gd with Eq. (5) have
not been too successful, especially at temper-
atures below the maximum in H 2*(T). If one
lets Bc2(0) =67 000 0 (the measured critical
fieM for the pure sample) and determines Tso
by fitting Eq. (5) to the data. near Tc," the com-
puted values of the field near the maximum
are too large by about 20-30% and the comput-
ed values decrease too rapidly at lower tem-
peratures. Inclusion of a molecular field, which
reflects the indirect exchange interaction, does
not significantly improve the fit at lower tem-
peratures. It should be noted that there are
serious limitations to a quantitative compar-
ison of Eqs. (1), (4), and (5) to the experimen-
tal data. The most serious of these is that the
constraint iso/$0«1 in the Fulde-Maki theo-
ry is not valid in the La3 &Gd~In system, ' in
fact iso - $0.22 In addition, a question which
should be answered experimentally is wheth-
er the transition is second order or first or-
der. If the transition is first order over any
portion of the Hc2*(T) curve, then the situa-
tion is complicated and one cannot utilize the
generalized pair-breaking theory to analyze
quantitatively the results. In spite of these
objections the Fulde-Maki theory provides an
informative basis for discussing the present
results and yields at least a qualitative under-
standing of the results.

The critical-field measurements in the field
range 15 000-70 000 0 were carried out at Brook-
haven National Laboratory and the National
Magnet Laboratory. We are grateful to both
laboratories for their hospitality. We thank
A. Cendrowski, O. F. Kammerer, and J. Sad-
ofsky of Brookhaven National Laboratory for
their assistance with the electron-microprobe
studies. We have enjoyed discussing the pres-
ent work with K. H. Bennemann and M. Strongin.

*Work supported by the U. S. Air Force Office of
Scientific Research under Grant No. AF-AFOSR-807-
65 and the National Science Foundation.

/Alfred P. Sloan Research Fellow.

~A. M. Clogston, Phys. Rev. Letters 9, 266 (1962).
2B. S. Chandrasekhar, Appl. Phys. Letters 1, 7 (1962).
3K. Maki, Physics 1, 127 (1964).
N. R. Werthamer, E. Helfand, and P. C. Hohenberg,

Phys. Rev. 147, 295 (1966).
5K. Maki, Phys. Bev. 148, 362 (1966).
For example, see Y. B. Kim, C. F. Hempstead and

A. R. Strnad, Phys. Rev. 139, A1163 (1965); Y. Sha-
pira and L. R. Neuringer, Phys. Rev. 140, A1638 (1965);
L, J. Neuringer and Y. Shapira, Phys. Bev. Letters 17,
81 (1966).

M. Strongin and O. F. Kammerer, Phys. Rev. Let-
ters 16, 456 (1966).

T. Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 456
(1966).

~L. P. Gor'kov and A. I. Rusinov, Zh. Eksperim. i
Teor. Fiz. 46, 1363 (1964) [translation: Soviet Phys. —
JETP 19, 922 (1964)].

P. Fulde and K. Maki, Phys. Rev. 141, 275 (1966).
~~K. H. Bennemann, Phys. Rev. Letters 17, 438 (1966);

Bennemann also discusses the experimental work of
Matthias and co-workers; see B. T. Matthias, H. Suhl,
and E. Corenzwit, Phys. Rev. Letters 1, 92 (1958);
R. A. Hein, R. L. Falge, Jr. , B. T. Matthias, and
C. Corenzwit, Phys. Rev. Letters 2, 500 {1959).

~2I.e., departure from the behavior predicted by Abri-
kosov and Gor'kov for the case where the impurity
spins are noninteracting. See A. A. Abrikosov and L. P.
Gor'kov, Zh. Experim. i Teor. Fiz. 39, 1781 (1960)
[translation: Soviet Phys, —JETP 12, 1243 (1961)].

J. E. Crow and B. D. Parks, Phys. Letters 21, 378.
(1966).

~4P. Q. de Gennes and G. Sarma, Solid State Commun.
4, 449 (1966).

~~This may be the critical field of a thin superconduc-
tor (with magnetic impurities) in a parallel field or the
critical field of a bulk superconductor (with magnetic
impurities) in the vortex state.

~6Determined from metallographic studies.
~7For low temperatures and large spin impurity con-

centrations, it is important to generalize the second
pair-breaking term in Eq. (2) to include the effects of
internal exchange fields on the RKKY scattering cross
section. According to Bennemann (Bef. 11) this would
require multiplying the term nlncr by the factor [1-f/
(S+ 1)], where f is a temperature-dependent function
relating to the alignment of the impurity spin in the in-
ternal magnetic field (0-f- 1) and S is the total spin of
the impurity ion. For Qd impurities (S =~), the great-
est effect that this correction could have would be to
decrease the n/ncr term by 22%. Since a quantitative
comparison between Eq. (2) and the experimental re-
sults will not be sought, we shall ignore the correction
in the following discussion.

The temperature dependence of Kc2(T)/Kc2 is given
by

T 1 T OK (T) 1)

c0 c2

Since k» 1 for the La3 ~Qd~In system as is indicat-
ed by the large value of Kc2{0)for La3In, Kc1 i.s small
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compared with H~2*, except perhaps for the samples
with high spin concentrations.

2OThe nature of the magnetically ordered state cannot
be determined from the 0~2*(T) results in Fig. 2 alone;
however, the zero-field studies (Ref. 13), in view of
Bennemann's theory {Ref. 11), indicate that the magnet-
ically ordered state in La3 ~Gd~In is ferromagnetic

and that the range of order is at least over distances
comparable with the coherence length.

~The value of z determined in this way is in good
agreement with Bennemann's value (Ref. 11).

According to the BCS theory, leo/t'0- kT—p~ /p. ]S&
For T&0 = 9.1 K (Ref. 13) and 7'so 2 x 10 sec (for
La3 „Gd~in with 1 at.% Gd (Ref. 11), Iso/$ p -l.
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The purpose of this paper is twofold:
(1) Expressions for the electromagnetic part

of the interaction between electrons and shear
waves in a superconductor have been developed
in the case where the electronic mean free path
/ is long compared with the wavelength X. We
believe these expressions have a wide range
of validity in both frequency and temperature.
The lower end of the frequency range correspond-
ing to the extreme anomalous limit is discussed
as a special example,

(2) It presents accurate measurements' on
the turn-off of electromagnetic interaction be-
tween electrons and transverse phonons near
the superconducting transition tempera. ture of
a metal. To our knowledge, these are the first
measurements performed with sufficient accu-
racy to provide a quantitative test of experiment
against theory. We believe this also to be the
first experiment to measure the penetration
depth [in this case the London penetration depth
at O', A L(0) t of a superconductor at a single wave
vector' q; because the wave propagates through
the sample it probes the penetration depth in
the bulk, contrary to the usual methods employed
in penetration-depth studies.

It has been known for many years that the
shear-wave attenuation in superconductors at
low frequencies shows a sharp decrease in a
millidegree range below the superconducting-
transition temperature T~ when the sample is
cooled through this region; cf. Morse' and Morse
and Bohm. It has been shown by several au-
thors (see below) that this decrease could be
explained at least qualitatively as due to screen-
ing of the induced fields by the sharply increas-
ing number of "super" electrons in this region.
However, the absence of sufficiently accurate
measurements and a quantitative theory valid

S 1$ S

N 1N N

al /vl [(q'c'/4n(iv) )'+ I)

In Eq. (1) vIS+iv2~ =vs is the transverse con-
ductivity in the superconducting state, and o1~
+ ia 2g = zg the transverse conductivity in the
normal state. F~ and F~ are the induced self-
consistent electronic fields in the superconduc-
ting and normal state, respectively, ' ~ is the
angular frequency of the shear wave, and c
is the velocity of light. The frequency varia-
tion of (1) is slow at frequencies up to a few
hundred megacycles per second.

In the extreme anomalous limit, '
o& has neg-

ligible imaginary part, and o1& can be rewrit-
ten' as

2

vIN —
4 2~ fR cos (pdp. (1a)
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over the entire temperature and frequency range
of electromagnetic interaction in the supercon-
ductor has prevented resolution of the interest-
ing questions this problem poses.

The theoretical treatment given by Cullen
and Ferrell' was for high frequencies (typical-
ly 1 Gc/sec). It should be noted that the expres-
sion for the electromagnetic attenuation takes
a different form at lower frequencies owing
to the frequency dependence of the terms involved.
We find that a straightforward derivation of
the electromagnetic part of the electronic atten-
uation in the superconducting state, zs, rela-
tive to that in the normal state, n&, leads to
the following formula, valid at all temperatures
below 7 and at all frequencies, assuming q/»1:

C


