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mentally gAA =0.79. However, the value of gygp is uncertain, We therefore prefer to use the superconvergence
result of H. T. Nieh, Phys. Rev. Letters 19, 43 (1967). We have also used g 2=gK*2 which is essential to remove
the divergence. The numerical value of the mass difference is damped to a large extent by the presence of the Ca-

bibbo angle.
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We derive a low-energy theorem for pion Compton scattering giving terms of second
order in photon frequency. This is then used to derive the value of the low-energy pa-
rameters. The low-energy theorem is also converted into a sum rule and a reso-

nance saturation is attempted.

The low-energy theorems for Compton scat-
tering giving terms up to first order in photon
frequency have been discussed in the literature.!
These theorems have been further extended
to the case of Compton scattering when the
photons also carry a “charge” label and thus
describe the “isovector or unitary octet pho-
tons.” These low-energy theorems directly
give information about the low-energy parame-
ters. They can also be converted into sum
rules if the relevant amplitudes satisfy unsub-
tracted dispersion relations.® On saturation
with low-energy bound states and resonances
these sum rules can lead to important under-
standings of the low-energy dynamical symme-
tries* and to various interesting relations be-
tween certain coupling constants which, in gen-
eral, may not have followed from a symmetry
approach.

The purpose of the present note is to show
that some low-energy theorems can be obtained
to second order in the photon frequency. These
theorems are exact to all orders in the strong
interactions and to second order in electromag-
netism. In order to illustrate the method we
discuss the simple case of pion Compton scat-
tering. The method used, however, general-
izes in a straightforward way for Compton scat-
tering on targets with spin and is thus appli-
cable to nucleon Compton scattering.

Let the pion Compton T-matrix amplitude
be given by

TaB(s,u,t)

aB af *u v
=[A (s,u,t)a#V+B (s,u,t)buv]e’ €,
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s=(p+kP, u=(p-k'y, t=(F-FY7,

p2=ﬁ2=m2, k2=k'2=0, (1)

and p,k,€ (p’,k’',€') are incident (final) pion
momentum, photon momentum and polariza-
tion four vector, respectively. The a,p are
“charge” labels pertaining to the final and ini-
tial photons. The amplitudes A(s,%,¢) and B(s,
u,t) are the kinematical singularity-free Man-
delstam amplitudes. The new low-energy the-
orem we obtain is given by

lim lim [dF{aB}(s,t)}_o )
s=m?t=0 dt o

where

21,,{0113}(8’”

= (s=m ) =m AP (s,u, ) + 4% (s, u,1)].

The low-energy theorem (2) can be used to
derive the relations between the low-energy
parameters. We find
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and
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{ap} {ap}
1[, 47, 3_df, } _
+7[2 s iom? as 1 _ 0, @)
where

{aB}
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) (s—mz)J—l

are the reduced partial-wave amplitudes for
total angular momentum J between initial and
final photon helicities equal to 1. vZ=(s-m?)?/
4s is the c.m. momentum squared. We can
combine (3) with the value

7182 2 a0, PP 0] @

given by the Thomson limit. We then obtain

£10B1,2 (2 om0, 7P ()}

and
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As the above theorems are for amplitudes sym-
metric in charge indices «, 8, the low-energy
theorems (2) and (5) are also applicable to the
scattering of physical photons on pions. To
obtain the corresponding results for y7+ and
y7° scattering all one has to do is to replace
%ez{Fa(O),F%(O)} by e? and 0, respectively.
Thus, e.g.,

E—
f;r veT 7(m2)=ez/407rm2,
0y - 70y, 2
fa VT T m%)=0. 6)

The low-energy theorem (2) for that F (s, )
amplitude which is pure I=2 in the ¢ channel
(m+m=74 +7¥p) can also be converted into a
sum rule [see Eq. (33)] by use of an unsubtract-
ed dispersion relation. For the corresponding
t-channel I=0 amplitude we certainly cannot
use unsubtracted dispersion relations as the
Pomeranchuk Regge pole will contribute to this
amplitude. On saturating the =2 sum rule

with w,¢,A,, and A, mesons we obtain

I'(w ~ ) N T'(¢ — 1%)

m 3 m 3
w @
rA,t-»" 15T(A, T -7t
_ (;ﬂ L ) _ (m2 - Y_o. ()
Al AZ

It is interesting to combine this relation (7)
with those obtained from the Pagels-Harari
and Cabibbo-Radicati sum rules on saturating
with the same set of states. Using Xr;5 =1/
mpz, which is the p-pole model value for the
pion charge radius,® and I'(¢ -~ 7%)=0, we ob-
tain

I'w-7%)=1.6 MeV,
A" ~7%9)=0.3 MeV,
T4, ~7"y)=0.4 MeV. 8)

The calculated I'(w® - 7%y) seems in reasonable
agreement with the measured value 1.15+0.24
MeV.® The my widths of A,* and 4,* have not
yet been measured.

Derivation of the low-energy theorem.—-We
now briefly sketch the derivation of the low-
energy theorem (2). We have the gauge con-
ditions

- {aﬁ}kvzk,vT {aﬁ}=0
vu

(187
where
{as}_ yp B Ba
Ly 2 /J.V +TI—’-V ], 9)
which leads to
ww'T {aﬁ} ET {aﬁ}, (10)
m n mn

where w=~k;, w’=k,’. We shall be working in
the laboratory frame (P=0). The angle of the
scattering in the laboratory frame shall be de-
noted by 6, i.e., k" ek=ww’ coss.

It is obvious from (10) that in order to cal-
culate T,,, 128} to the order w? one has to know
Too @B also to order w?, This, however, in-
volves looking explicitly at the contr1but10n
to TOOO‘B arising from intermediate states which
are not degenerate in energy with the pion,

i.e., “excited state contributions.” Let us write
ap aB aB

Too =Py  +Eq ', (11)

where Py,®B is the contribution of the pion in-
termediate state and E,,®P is the excited-state
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contribution. As is well known the contribution Eooaﬁ is of order w?. We have

ap -, O - > - > - - - > B\
“E o i Z(p fJO (0)lp+k,En(p+k),§n>(p+k,En(p+k), cniJO (0)Ip)
Crl4EBE (" & w+E(p)-E (p+K)
*“n
= B = _ gl o it} i a
> (B O p-F,E (5-F), £ X5, E (5-K),¢ 17,° )P )
n§ —w+E(5)—En(5-E’) ’

n

where E(q), E,(d) are, respectively, the energy of the pion and of the #nth intermediate state with
total three-momentum d. The label ¢, stands for other quantum numbers like spin needed to spec-
ify the intermediate states. Using current conservation we can rewrite (12) as

£y, P/ en e B)E )

, o - o> - > > > - > B >
(p Vo O)lp+k,E (p+k), €n>(p+k,En(p+k),§nUZ (0)Ip)
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=x kA OF A

> - o - -
o 1 (w',k’,w,k)+kmkl’Aml (~w, -k; —w’, -k’)
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ml m
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l
Now A, 7%P(0,0;0,0) is a pure numerical three-tensor.” Therefore

B

Amla6(0,0;0,0)=ha Gml/(Zﬂ)3(2m), (14)

where 2B is related to the zero-frequency polarizability of the pion. Hence

E,2P % R0 P 2P 1 0, (15)

Now in general we can write

- ’ ’ L, ¢ - [
Tmn—Pmn+T16mn+T2kmkn +T3km kn+T4(kmkn+km kn )+T5(kmkn km kn )s (16)

where P, is the explicit pion-intermediate state contribution to Ty, and T;=T;(w’, w) [i=1,--,5]
are nonsingular at w=0. Using (11) and (16) in (9) we obtain

T, cosf+ (ww’ cos29)T2 + ww’T3 + (w2 + w'?) cos@T4 + (w?-w'?) cosOT

1 5
=[P00—km'kann/ww’]+E00. (17)
Now
P 'R F {ap} ezwz
Poo{aﬁ}‘ L =—e20059{Fa(0),Fﬁ(0)}+’4\ 2(20059‘1){Fa(0)’FB(0)}
wWw m
re2w? cost F20),FP (0)+FY (0), FP(0) N+ 00, (18)
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where F%(¢) is the form factor of the pion with
charge index @. We have F®(0)=I%, the ath
component of isospin.

The crossing symmetry gives

Ti{aB}(w'w)zni Ti{aﬁ}(—w -w’), (19)
where n;=1 for ¢=1,2,3,4 and 1,=-1. There-
fore

{aB} aB {as}

(w'w)=T, "(0,0)+2m(w'~w)a,

2 {ap}

+4m (w+w') a, +O(w3),

7, {aﬁ}( {aB}

w',w):T

7,99} 0= 0(0).

Using (15), (18), and (20) in (17) and only
comparing the coefficient of 1 and w? cos?6 on
both sides, we obtain

7,280, 0) =2 % 0),FP0)},
r,lep} lag}_,

We do not get anything useful by comparing
the coefficient of the w? and w?cosf terms.

We would like to re-express the two low-en-
ergy theorems (21) and (22) as referring to the
invariant amplitudes. By going to the labora-
tory frame and using (1) we find

(0,0 +O(w ) (6=2,3,4),

(20)

@1)

(0,0)+2a, @22)

B(w'9 w) = —Zﬁaﬁ(w'; w)

+ww’(1- cosG)TzaB(w’,w), (23)

ploB}

(s,t)= —47r<
J=1

t 0
_mz>2 @417, )5

Tzaﬁ(w',w):ﬁaﬁ(w',w)-—‘}mzﬁaﬁ(w',w), (24)
where F (0, w), A(w’,w), and ﬁ(w',w), are,
respectively, F(s,t), A(s,t¢), and B(s,t) re-
expressed as functions of w and w’. Using (23)
we get

T {"‘B}(o 0)=-2¢%(0,0), (25)

o ! @,

%% o). 2! Bl _gpteBl g
where

B0,0)+ 2m (w-w)r, @B
{ozB}

I’::aB(w', w) :F

+4m (w w’) f
We further have in the laboratory frame

s=m?+2mw, u=m?-2muw’,

i.e.,

t=2m(w'-w),

2m (w'-w)=t,
2m (W' +w)=2(s—m?) +1.

Therefore combining (21), (22), (25), and (26),

we finally get
{ap}

(s,0)=22F*0),F*0)}, @7

lim lim F
s=m2t-0
lim lim dF{aB}(s,t)

s=m2t—~0 dt =0. @)

The low-energy theorem (27) gives the usual
Thomson limit. The theorem (2) is new.®?

Low-energy parameters. —The low-energy
theorems (27) and (2) can be used to give in-
formation about the low-energy parameters
of pion Compton scattering. We have the par-
tial-wave expansion

2.J-1
)

P ”
X[ J-1

where cosfg=1 +¢/2v2, Using the expansion
(28) together with (27) and (2) we obtain the
results given earlier in Eqs. (3)-(6).

Sum rule.—In order to convert the low-en-
ergy theorem (2) into a sum we have to discuss
the asymptotic behavior of the amplitude F (s, ).
By doing the usual Regge analysis in the ¢ chan-
nel it can be shown that

A(I)( u,1) == - _aD aI(t)—2’

t fixed

t)s (29)

(coses)—PJ” (cos@s) +JPJ' (coses)}
) (28)

JWJ+1)

where the superscript (I) denotes that the am-
plitude is pure isospin I in the ¢ channel, and
aj(t) is the position of the leading singularity
in angular momentum for the isospin-I ¢-chan-
nel amplitude. Using (29) we have

(l)(s, t) a(I)(t)saI(t).

F (30)

§ =0

t fixed
We are only interested in /=0, 2 amplitudes
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as the theorem (2) holds only for amplitudes symmetric under o,8. For I=0 we certainly have the
Pomeranchuk Regge trajectory for which a(0)=1. We therefore cannot write unsubtracted disper-
sion relation for F @(s,?). If we assume that o,(¢) <0 for a neighborhood in ¢ around ¢ =0 we can con-
vert the Thomson theorem (27) and the theorem (2) into sum rules by using the unsubtracted disper-

sion relation

1 1 1 }
@) = () (cr ’
F (s,t)—anrnF (s’,t)ds [s'—s+s'—2mz+s+t
-2 asr mae s t)(s’—mz)(s'+t—m2)[ 1, 1 } (31)
T ’ s'-s s'-2mP+s+t]’
We then obtain, using the Thomson theorem,
2_2 2 @
e =Trfds'(s’—m )ImA @ (s, 0) (32)
which is the Pagels-Harari sum rule. Using theorem (2), we get the sum rule
2 (2)(or
—st'(s’—mz) dmA P01 fas mma@(s, 0)=0. (33)
T dat £=0 T

If we saturate the sum rule (32) or (33) with
direct-channel 7y resonances then only G-par-
ity —1 mesons can contribute. The possible
candidates are w, ¢, A,, and A,, mesons. On
saturating the sum rule (33) we get the relation
(7) discussed earlier.

It is interesting to have an alternative deri-
vation of the sum rules (32) and (33). If we
have the asymptotic behavior (29) and a,(t) <0,
then the amplitude (s—u) A®(s,u,t) must sat-
isfy a superconvergence relation. This is giv-
en by

—e2+%fds'(Zs’—Zmz+t)ImA‘2’(s’,t)=0 (34)

for ¢ such that o, () <0. By evaluating the su-
perconvergence sum rule at £ =0 and by taking
its first derivative with respectto f at =0
we obtain the sum rules (32) and (33).

We must, however, emphasize that if there
is no region of ¢ around and including ¢=0 for
which a,(f) <0, then neither the sum rule (32)
nor the sum rule (33) is valid. Such, for ex-
ample, would be the case if there is a fixed
J=0, I=2 Regge pole in the ¢ channel.® The
low-energy theorem and the information about
the low-energy parameters, of course, still
remain true.

*On leave from Tata Institute of Fundamental Re-
search, Bombay, India.
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"The numerical three-tensor Ay, (0, 030, 0) obvious-
1y does not depend on | k| and |%k’|. It also cannot de-
pend upon the unit vectors in the direction of % and &’
since none of the energy denominators is singular at
w =0 and all the factors in the numerator of the defin-
ing expression for A, (0,0;0,0) are rational func-
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