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The Widom-Kadanoff scaling laws are generalized to dynamic phenomena, by making
assumptions on the structure of time-dependent correlation functions near T . The

C
theory is applied to isotropic Heisenberg antiferromagnet and predictions are made,
which can be tested by inelastic neutron-scattering and nmr measurements. The ferro-
magnet is also briefly discussed.

Various systems at their critical points are
known to display singularities in their trans-
port coefficients and elementary excitation
spectra, in addition to thermodynamic singu-
larities. ' Although no first-principles theory
of critical behavior exists at present, the Wi-
dom-Kadanoff scaling laws~9~ have provided
relations between the exponents of various di-
vergent quantities which are in good agreement
with experiments and with numerical studies.
Until recently, these laws dealt only with time-
independent quantities, but it is natural to in-
quire into the underlying dynamical structure
which leads to the static scaling properties.
In recent notes, Ferrell and co-workers'9'
applied the scaling principle to predict anom-
alous transport properties of helium near the
lambda point.

In this Letter we outline a general theory
of dynamical properties, which seems to us
to be the simplest generalization of the static
scaling laws, '&' and whose application to the
lambda transition reproduces the essential
predictions of Ferrell et al. '" An attempt is
made to state our assumptions quite explicit-
ly and to avoid the use of hydrodynamic con-
cepts in regions where they do not apply. The
theory is then applied to the isotropic Heisen-
berg antiferromagnet and ferromagnet, where
a number of specific predictions can be made
about the behavior of time-dependent correla-
tion functions near the transition temperature.

Basic to the theory of static scaling laws is
the concept of a, unique correlation length $
which becomes infinite at the transition, and
is a measure of the deviation of the tempera-
ture from Tz. At a fixed temperature the length
$ defines two domains, the long-wavelength
or macroscopic region (k)«l) and the critical
region (kg»l), the second of which extends
down to 0 = 0 at T~. At temperatures far from
T, when $ has atomic dimensions, the long-
wavelength, low-frequency' dynamical proper-

ties of a system are often described by an ex-
act macroscopic theory, which we shall always
refer to as "hydrodynamics. " The length $
becomes macroscopic as T approaches T,
and it is expected that hydrodynamics will break
down for wavelengths short compared with $.
The detailed dynamical theory which replaces
hydrodynamics in the critical region (k)»1)
is certainly very complicated, and in large
part unknown to us. Nevertheless, the present
theory represents an attempt to extract some
dynamical information about this critical re-
gion by using the scaling and homogeneity prin-
ciples.

We consider a time-dependent correlation
function in the equilibrium ensemble,

- A~ I'd&u "d'k i(k ~ r ~t) A k-
7

where A is some operator, such as the parti-
cle density, the spin density, the energy den-
sity, etc. , and the curly bracket denotes an
anticommutator. The subscript $ specifies
the temperature dependence which is of inter-
est near T, and the superscript A will some-
times be dropped. The function C (k, +) can
be rewritten, with no loss of generality, as

' " '=""
k ' '"k 'k '"i k '

i T

with

f f(x)dx = l,
1f f(x)dx = —,'.

This defines a normalization Nk ~A and a, "width"

&uk P, which are, for the moment, arbitrary
9

functions of K and $; the function fk p de-
pends parametrically on K and $. We shall
only consider operators A such that &uk

~
-0

when K and $ ~both go to 0. Since Nk g
is the
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equal-time correlation function (proportional
to a static susceptibility when &u„«k T/8),k, 8
the usual static scaling hypothesis is the state-
ment that when K ' and g are large compa~ed
with atomic lengths, (1) Nk ~

is a homogeneous
function of K and $ '.' We now make the fol-
lowing additional dynamic scaling assumptions:
(2) vk ~

is also a homogeneous function of k

and $ '. (3) The parametric dependence of
f on k and $ is a dependence on the product k$
only.

As an immediate consequence of the above
assumptions it is seen that if the frequency
dependence of the function C~(k, ~) is measured
for various values of k and $ with a fixed pro-
duct k(, then the various curves of C vs &u can
be made to coincide, provided all the abscissas
are scaled by some fixed power of k, and all
the ordinates are likewise scaled by some power.

The further results of this paper may also
be derived, however, if the scaling hypotheses
(1)-(3) are replaced by a somewhat weaker state-
ment in terms of the diagram in Fig. 1. It isA-
assumed that the function C (k, &u) has differ-
ent behavior in the three shaded limiting regions,
and that the various asymptotic expressions
merge on the boundaries k$ =el. Implicit in
this formulation is the notion that there is no
dividing line between hydrodynamic and criti-
cal behavior other than that provided by the
static criterion k 1 )1=1.

We have applied the scaling theory to the iso-
tropic Heisenberg antiferromagnet, which is
a good model for RbMnF, ." For the ordered
phase we have developed a hydrodynamic de-
scription which is formally quite close to the

two-fluid hydrodynamics of He II,"both in its
derivation and in its predictions. " We assume
that the equilibrium state of the antiferromag-
net below T is completely characterized byC
the parameters energy, total magnetization
(S), and direction of staggered magnetization
(M/M), with the subsidiary condition M ~ S =0.
For departures from uniformity which are suf-
ficiently slowly varying, we assume that the
system will suffer only small deviations from
local equilibrium, and that the time derivatives
of the densities of the thermodynamic param-
eters may be expanded in powers of the gradi-
ent operator and of the magnitudes of the devi-
ations from uniformity. " The result of this
theory which is of interest here is the existence
of a linear mode ~p =ck in the spin-spin cor-
relation function, at arbitrary temperatures

FIG. 1. A schematic plot of the wave number k ver-
sus the quantity $ which defines the temperature
scale near T . The three asymptotic regions of differ-
ing dynamical behavior are (I) the hydrodynamic re-
gion below Tc [t &O, k1( l«1], (II) the critical re-
gion near Tc [k I &1»IJ, (III) the hydrodynamic region
above T~ [( &0, k)«l]. Both k and $ are large
compared with atomic lengths. The asymptotic forms
in Regions {I)and {II)are assumed to merge when
extrapolated to the line L~ (k( = -1), and similarly Re-
gions (II) and (III) merge on L2. In light-scattering ex-
periments the wave numbers k~ are so small that hy-
drodynamics applies at most temperatures. Neutrons,
on the other hand, probe much larger wave numbers,
k„(not drawn to scale), so that the hydrodynamic re-
gions may only be reached with difficulty. The nmr
linewidth depends on an integral over k (along L3, say,
at a fixed temperature T3) which is dominated by con-
tributions from region N (k( =1).

below T~. This hydrodynamic mode, which
merges with the spin waves at low temperatures,
is arbitrarily well defined at any temperature,
in the long-wavelength limit, since the damp-
ing can be shown to be quadratic in k. The ve-
locity is given by c'= ps/)( where ps is a stiff-
ness constant and y is the static susceptibility
for uniform fields, which is believed to be fi-
nite at all temperatures. As in the helium case, '
it can be shown" that ps-0 as 1)1 ' when T-T . If the direction of the sublattice mag-

C
netization is taken to be the z axis, then fluc-
tuations in the x andy components of.both the
local staggered magnetization M(r) and the lo-
cal total spin density S(r) are exhausted by the
spin-wave mode in the k -0 limit. It follows,
therefore, from this hydrodynamic analysis
that for T & T and k1$1 « I (Region I of Fig.
I) the spin-spin correlation function ((I (r, t),
Mx(0~ 0))) has anf function which is just f(x)
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=5(x' —1) and a characteristic energy &uk
p 5=B i $ i '"k, where B is a constant. From the

scaling assumption (2) it follows that in the
critical region (k i)i»1, Region II of Fig. 1)
the characteristic frequency for spin fluctua-
tions is &uk-8'k' '. Note that we are not pre-
dicting the existence of spin waves at T, since
this would only be true if f(x) remained a 5

function, whereas we do not know the form of
f for 0 l( i » 1. Neither do we know the value
of B', although. presumably B/B' is of order
unity.

In the hydrodynamic region above Tc (k$ «1,
Region III of Fig. 1), the correlation function
CM& for the staggered magnetization has a
characteristic relaxation frequency I'k = &uk

which goes to a constant I, (independent of k)
for k-0. By assumption (2) we thus find I',

"', which is a manifestation of "critical
slowing down" of spin fluctuations as T- Tz
Similar arguments show that Mz has a relaxa-
tion rate proportional to $

'i' in Region I, while

the spin-wave damping is proportional to $'i2k2

below T~.
The correlation function C x(k, e) for the

total spin density, on the other hand, has a
characteristic spin-diffusion frequency &ok

=Dk in Region III, since the total spin is a con-
served quantity. Below the transition, C x
also has a spin-wave spectrum for k i( i«1,
so that the scaling arguments yield &uk «~ $'i2k2

for this function in Region III. This implies
an infinite spin-diffusion constant for T —T~
or a critical "speeding up"»' of total spin fluc-
tuations. "

The theory may also be applied to a deter-
mination of the temperature dependence of the
nmr linewidth b, as T -T. By substituting
the scaling-law form of CM(k, ~ = 0) into Eq.
(3) of Heller, "we find, using the exponents
of Ref. 4,

The temperature dependence thus obtained is
to be contrasted with the result 6 ~(T Tc)—
found by Heller ' using a molecular field theory.

The transition from hydrodynamic to criti-
cal behavior aS the temperature approaches
Tc should be apparent in neutron diffraction
experiments. It is important to recognize,
however, that the temperature at which this
transition occurs depends entirely on the wave-

length under consideration. For example, the
critical slowing down of (staggered) spin fluc-
tuations predicted above (I",-$ ' ') o»y applies
to the hydrodynamic region above Tc, and for
any fixed k, the decrease of I'k with decreasing
temperature will eventually be interrupted (at
k)=1). Very close to Tc(ki)i»1), the char-
acteristic frequency will be temperature inde-
pendent ((uk —k''2).

In the case of the isotropic Heisenberg fer-
romagnet, the hydrodynamic theory" seems
more complicated. The phenomenological theory
of Landau and Lifshitz, "whose validity may
be questionable at temperatures of order T,
predicts spin waves in Region I with a real
frequency Xk', where k =pz/(S) ~ $

I+~/~ = i T
-Tc i3. Here p is again a stiffness constant
(p 0-$ i) and (S) ~(T -Tp is the total magne-
tization. According to the scaling principle,
the spin diffusion constant in Region III should
also vary as t T—T~I'"near the Curie point. '
At any fixed wave vector, of course, the tem-
perature dependence will stop when k$ =1,
and the characteristic frequency will vary as
k"' in the critical region. " The nmr linewidth
is predicted to go as iT —Tci( 'l)~ i = iT Tci. -

For the gas-liquid critical point the situation
is complicated by the fact that sound propaga-
tion and thermal diffusion seem rather close-
ly coupled, although some predictions do ap-
pear possible. " In any case, light-scattering
experiments" are essentially confined to the
hydrodynamic regions (ki) i«1), so that the
possibilities for direct experimental checks
on the scaling theory are much more limited
in the gas-liquid case, unless neutron-scatter-
ing experiments can be performed.

We are indebted to R. Nathans and M. Blume
for useful discussions.

*A preliminary version of this work was presented
at the Seminar on Phase Transitions, Western Re-
serve University, June 1967.
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