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THREE-PHONON PROCESS AND THE PROPAGATION OF SOUND IN LIQUID HELIUM-4fY

B. M. Abraham, Y. Eckstein, J. B. Ketterson, and M. Kuchnir
Argonne National Laboratory, Argonne, Illinois
(Received 28 June 1967)

The current theoretical formulations of the three-phonon mechanism for the velocity
dispersion and for the attenuation of sound in liquid He-4 are shown to be incompatible

with new experimental data presented here.

An acoustic wave propagated through liquid
He* is a powerful probe for studying the in-
teractions between elementary excitations.
Recently published measurements® of the at-
tenuation of sound in liquid He* showed that,
in the temperature range 200-500 mdeg, the
attenuation varied nearly as 7%, as required
for a three-phonon mechanism. The agreement
with theory was only qualitative, however,
since the calculated attenuation was approxi-
mately a factor of 3 too low.?

According to the theories of Pethick and ter
Haar® and of Kwok, Martin, and Miller,* the
attenuation, o, due to'the three-phonon process
is given by

2 2 4
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and the change in velocity, Ac, by
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where the symbols are defined as follows: p
is the density; ¢, the velocity of sound; %, the
Boltzmann constant; #, the Grineisen constant
(p/c)(8c/®p); w, the angular frequency; T,
the thermal phonon lifetime; y defined through
the energy-momentum relation ech[l—'ypz];
and p =3kT/c.® Similar expressions for the
attenuation and velocity change were derived
by Khalatnikov and Andreev,® Khalatnikov and
Chernikova,” Ron,® Eckstein,® and Disatnik.®
The earlier measurements of attenuation
at 30, 90, and 150 MHz have now been extend-
ed to include an additional seven frequencies,
12, 36, 60, 84, 108, 132, and 204 MHz. A
least-squares fit to the data as a function of
frequency was made at several temperatures
from which the best value for # was found to
be 5.30 in lieu of the accepted value 2.65.7
Furthermore; 3yp°T had the value (2.7X1071)/
T, which implies that 7 varies as T and not
as T7° as is expected from theory.” Thus Eq.
(1) provides only a qualitative description of
the data.
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Since the velocity and the attenuation are,
respectively, the real and the imaginary parts
of the same self-energy diagrams, velocity
changes as a function of temperature and fre-
quency were made along with the attenuation
measurements at 12, 36, 60, and 84 MHz in
order to provide a more thorough test of the
theories. It was hoped that internal consisten-
cy could be achieved and that values for 7 and
v could be extracted from the measurements.
However, the velocity changes are in complete
disagreement with the theoretical predictions
for the dispersion and temperature dependence
and cast serious doubt on the validity of cur-
rent theoretical formulations for the three-
phonon process.

The sonic cell, refrigeration technique, and
the electronics were the same as those previous-
ly described’»®»!* with the exception that a cal-
ibrated variable delay line was inserted into
the reference channel. Velocity measurements
were made by matching the amplitude of a ref-
erence signal to the signal from the helium
and adjusting the phase of the reference with
the delay line to null the signal from the heli-
um; both pulses were obtained from the same
oscillator operated in cw mode. Measurements
of attenuation and of velocity were made at
increments of 0.17 starting from the lowest tem-
perature. Once the frequency was chosen, care
was exercised to stay within 10 Hz of the ini-
tial frequency with the aid of an electronic count-
er. The measured phase shift of the attenua-
tor was less than 0.1°/10 dB which corresponds
to 0.02 nsec/10 dB, thereby introducing a ne-
gligible error.

This technique yields only a value for the
change in transit time, Af, through the heli-

‘um, i.e.,

e A )
c(w,T,) c¢(w,T,) D’

where c¢(w, T;) is the velocity at angular fre-
quency w and temperature 7;, and D is the
acoustic path length. Equation (3) can be re-
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FIG. 1. Velocity changes in liquid helium-4 as a
function of temperature and frequency. (Points are ex-
perimental; solid curves are theoretical.)

written as

Ac ¢, T)-c(w,0) c(w,0)at (4)
c(w,0)” c(w,0) - D

where c(w, 0) is the velocity of sound at the
absolute zero of temperature. If Af is zero,
then Ac is also zero. In the temperature in-
terval 35-175 mdeg, no change in transit time
was observed for any of the four frequencies
within the precision of 0.1 nsec; therefore,

Ac in this temperature interval was zero with-
in a precision of 4.8X1072 cm/sec. Theore-
tically, one finds that the velocity changes go
to zero as T*; experimentally, one finds that
the velocity changes go to zero as T3, in the
low-temperature limit. Therefore, the exper-
imental values for Ac/c(w,0), calculated from
Eq. (4), represent actual changes from the
zero-temperature velocity within the precision
of two parts in 10%. The value for ¢(w,0) in
Eq. (4) was taken from Whitney and Chase,*?
2.3827%X10* cm/sec. It should be emphasized
at this point that any change in the value for
¢(w, 0) will in no way alter the conclusions in

this communication.

The results are presented in Fig. 1, where
the size of the points represents the experimen-
tal error. The solid curves were calculated
from the theory of Pethick and ter Haar,® Eq. (2).
The calculations according to the theory of
Khalatnikov and Chernikova® contain extra con-
tributions which would result in lowering the
theoretical curves by about 10%. In order to
avoid confusion the theoretical curves only at
the frequency extremes (12 and 84 MHz) are
plotted. The points with the vertical error
bars are recent measurements of Whitney and
Chase!® at 11.9 MHz which agree with these
data within the error limits. Since we made
no measurements below 12 MHz, a compari-
son with the Whitney and Chase data at 1 and
4 MHz cannot be made; however, their data
show an inverse frequency dependence from
those presented here. Because of the inade-
quacies of the theories no further comment
about their data can be made. It is immediate-
ly apparent from Fig. 1 that experiment does
not agree with theory: First, changes in the
velocity are smaller than expected theoretical-
ly, second, for small changes the temperature
dependence starts as 72 and then goes over
to T® where the theory predicts T*; third, the
frequency dependence is much greater than
expected from theory and is in the opposite
direction; i.e., experimentally, the higher
the frequency, the smaller the velocity change.
Whereas it was possible to bring the attenua-
tion measurements into accord with theory by
changing # and the temperature dependence
of 7, this is not possible with the velocity changes.
If one employs the value for # found from the
attenuation, then the disagreement in magni-
tude between theory and experiment becomes
greater; for u has to be increased because
the theoretical value for the attenuation was
too low, but the theoretical value for the ve-
locity change is too high. The situation with
respect to frequency dependence is worse;
there is no way to invert the frequency depen-
dence of the equations. It is concluded, there-
fore, that the current formulations for the three-
phonon process in liquid He* are incorrect.

We wish to thank S. G. Eckstein and W. Mass-
ey for numerous illuminating discussions.

tBased on work performed under the auspices of the
U. S. Atomic Energy Commission.
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SHALLOW IMPURITY SURFACE STATES IN SILICON

D. Schechter
TRW Systems, Redondo Beach, California
(Received 8 August 1967)

Levine! has proposed an effective-mass mod-
el for shallow donors on semiconductor surfac-
es. His potential is V= —e2/kr in the interior
of the crystal, where « is the dielectric con-
stant, and V =+ exterior to the crystal. The
exterior potential is taken to be at +w due to
the high electron affinity of the crystal. How-
ever, two very important contributions to the
potential have been omitted in his model. Be-
cause of the dielectric discontinuity of the sur-
face, the potential®> due to the impurity center
is e2/7 reduced by the average of the exterior
and interior dielectric constants rather than
by just the interior k, and there is also a po-
tential? caused by the image charge of the ex-
cess electron. In a recent paper,® Petukhov,
Pokrovskii, and Chaplik have used the same
Hamiltonian that we use. They have made an
error in that their image potential is too small
by a factor of 2. They do not solve the exact
Hamiltonian, but rather obtain solutions to an
approximate hydrogenic Hamiltonian and then
use first-order perturbation theory to account
for the image potential, which has cylindrical
symmetry.

Using our potential in the case of a high-di-
electric-constant material with a clean surface,
the effective dielectric constant for the impu-
rity center is halved, and the image charge
produces a repulsive potential in the interior
which reduces the total potential up to 25% and
reduces the symmetry from hemispherical to
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cylindrical. The resulting impurity states are
somewhat deeper than those calculated from
Levine’s results. We have calculated the ground
state and the four lowest optically excited states
for a shallow donor in Si using an isotropic
effective mass.

Our potential is

_ —2e? e%(k-1) -
(k+ 1)'}"+2KZ(K+ 1) >0, (1a)
V=40 2z<0, (1b)

with k=12.0, m*=0.309m,.* The surface is
taken to be at z=0, where z is distance perpen-
dicular to the surface. Since V=+ew outside

the crystal, the boundary condition on the wave
function is ¥(0)=0. This requires that only
those spherical harmonics may appear which
satisfy

(I +m)=o0dd. ()

Since our potential (1) has cylindrical symme-
try, the azimuthal quantum number m is a con-
stant of the motion. We used the following vari-
ational functions for a given m:

+1,_ L
m+1 r/a 5

¥ =Ny Y 3)

a )
I=m+1 Im™ Im
where all the I’s are either even or odd in or-
der to satisfy (2). The ground state is the low-
est m =0 state, since this state contains the
lowest order Y7, permitted by (2), namely,



