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The critical properties of a lattice of planar classical “spins,” which can be consid-
ered as a model for the A transition in a Bose fluid, are studied using high-tempera-
ture series expansions. It is conjectured that in three dimensions the critical exponents
(T>T,) for the specific heat and susceptibility of the model are a =0 (corresponding to
a logarithmic singularity) and y= 1756-, respectively.

In this Letter we report some results obtained
from a relatively simple model of the X tran-
sition in a Bose fluid proposed recently by
Vaks and Larkin.! These authors have shown
that close to the 1 point (where the long-wave
correlations dominate), the grand partition
function of a system of interacting bosons is
essentially equivalent to the partition function
of a lattice of planar classical “spins” in ze-
ro external magnetic field. We can write the
Hamiltonian for such a lattice of N sites, in
a magnetic field ﬁ, as

->

N

3=-2J)8.-5.~mH- 3 5., (1)
R

where §i is a two-dimensional unit vector,

m is the magnetic moment per spin, and the

first summation is taken over all nearest-neigh-

bor pairs in the lattice. The direction of the

magnetic field H is taken parallel to the planes

containing the spins. It is interesting to note

that in one and two dimensions the planar-spin

model has no spontaneous magnetization.? The

spontaneous magnetization is analogous to the

order parameter |¥| in a superfluid. This

suggests |¥] =0 in one and two dimensions.?

(In two dimensions a phase transition of the

type suggested by Stanley and Kaplan* would

not be excluded.)

The partition function and correlation func-
tions of the planar-spin model can be evaluat-
ed exactly in one dimension’s® provided H=0.

To study the properties of the model in high-
er dimensions we have derived the leading
coefficients in the high-temperature series
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expansions of the zero-field specific heat and
susceptibility. The techniques which were used
by the present authors to derive the high-tem-
perature series of the classical Heisenberg
model®~7 have been applied to the planar-spin
model.

The first eight coefficients of both the sus-
ceptibility (x,) series and the specific-heat
(C,) series have been obtained for a general
lattice in zero field. For the three cubic lat-
tices the values of the coefficients @, and b,,
defined by

Xo=(vm’/2%T) & a K" (2)
r=0"
and
C,=NE D brKr, (3)
¥ =2

with K =J/kT, are presented in Tables I and
II, respectively. The susceptibility series

Table I. High-temperature susceptibility coefficients.

a, a, a,
n (fee) (bce) (simple cubic)
0 1 1 1

1 12 8 6

2 132 56 30

3 1398 388 147

4 14496 2592 696

5 148294 17 230.667 3275

6 1503063 112 843.333 15171.5

7 15132 379.25 736 900.167 70009.125
8 151568185.167 4773 834.333 320513.25
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Table II. High-temperature specific-heat coefficients.

by, by by
n (fce) (bce) (simple cubic)
2 12 8 6
3 96 0 0
4 774 276 63
5 6240 0 0
6 50600 7453.333 970
7 418992 0 0
8 3543499.75 218919.167 13395.375
9 30446 813.333 0 0

Table IIl. Successive estimates for the high-tempera-
ture specific-heat critical exponent & (fcc lattice).

(67

n
n Ising spin-% Planar spin
3 0.4505 0.4881
4 0.3184 0.3434
5 0.1889 0.1789
6 0.0894 0.0439
7 0.0862 0.0091
8 0.1123 0.0141
9 0.1254 0.0169

have been analyzed for a singularity of the form
A(K,~K)~” using the ratio® and Padé-approx-
imant® methods. The final estimates obtained
were

Kc =0.103 67+ 0.000 06 (fcc lattice),
KC =0.16003 £ 0.000 07 (bcc lattice),
Kc =0.2265 +0.0008 (simple cubic lattice),

and
¥=1.312+0.0086,

where the uncertainties given are not rigorous
bounds but an indication of the apparent accu-
racy of the extrapolation procedures. The val-
ue obtained for y is lattice independent and
suggests that the exact result may be y=15.
In analyzing the specific heat series of the fcc
lattice for a singularity of the form B(K.-K)~2,
the estimate for K. obtained from the suscep-
tibility series has been used to form the sequence
a =nK b /b )-n+l (@ —aasn-—wx).
n c n n-1 n
This sequence and the equivalent one for the
spin-{ Ising model are presented in Table III.
It is evident that the critical exponent o of the
planar-spin model is considerably smaller than
that of the Ising model which is now established
as 3 with only a small uncertainty.’® From
Table III and other such sequences it may be
concluded that

Osasgzg.

The expected lattice independence of o has
not been verified because the series for the
loose-packed lattices (which have b9, +1=0)
are too short for accurate extrapolation.
Buckingham, Fairbank, and Kellers!! have

demonstrated that the specific heat of liquid

He* has a logarithmic singularity (a=qa’=0)

at the x point.'? The above estimate for the
critical exponent « of the planar-spin model

is therefore in good agreement with experiment.
It appears plausible that the exact result for

the planar-spin model is ¢« =0. However, fur-
ther terms in the series expansion of the spe-
cific heat are needed to exclude the possibil-

ity that ¢ is a small positive number. The
conjecture y =1& cannot be tested by experi-
ment with liquid He* since the analog of the
magnetic susceptibility for the Bose fluid is
nonphysical. It would be interesting if a mag-
netic system could be found which has a Ham-
iltonian similar to that of the planar-spin model.

If we assume the values a =0 and y =1 then,
using the scaling laws,'® we should expect to
find all the other critical exponents. Unfortu-
nately, for the isotropic planar-spin model
this procedure is not without difficulties since
the zero-field susceptibility may well be infi-
nite for T<T,.

We should like to thank Professor C. Domb
for his interest and Dr. M. F. Sykes for help-
ful suggestions. One of us (R.G.B.) is indebt-
ed to the Science Research Council for a re-
search award.

*This research has been supported in part by the
U. S. Army, through its European Research Office.

V. G. Vaks and A I. Larkin, Zh. Eksperim. i Teor.
Fiz. 49, 975 (1965) [translation: Soviet Phys.—JETP
22, 678 (1966)]. We are grateful to Dr. J. W. Essam
for bringing this paper to our attention.

This result can be established by following the meth-
od given by N. D. Mermin and H. Wagner, Phys. Rev.
Letters 17, 1133 (1966), for the isotropic Heisenberg
model.

SA rigorous proof of this result has been given by
P. C. Hohenberg, Phys. Rev. 158, 383 (1967).

‘H. E. Stanley and T. A. Kaplan, Phys. Rev. Letters

631



VoLUME 19, NUMBER 11

PHYSICAL REVIEW LETTERS

11 SEPTEMBER 1967

17, 913 (1966).
" 3G. S. Joyce, Phys. Rev. 155, 478 (1967).

8G. S. Joyce and R. G. Bowers, Proc. Phys. Soc.
(London) 88, 1053 (1966).

’G. 8. Joyce and R. G. Bowers, Proc. Phys. Soc.
(London) 89, 776 (1966).

8C. Domb and M. F. Sykes, J. Math. Phys. 2, 63
(1961).

’G. A. Baker, Phys. Rev. 124, 768 (1961).

0y, F. Sykes, J. L. Martin, and D. L. Hunter, Proc.
Phys. Soc. (London) 91, 671 (1967).

M. J. Buckingham and W. M. Fairbank, in Progress
in Low-Temperature Physics, edited by C. J. Gorter
(North-Holland Publishing Company, Amsterdam, The
Netherlands, 1961), Vol. 3, Chap. III; C. F. Kellers,
thesis, Duke University, 1960 (unpublished).

12For the definition of the exponents @ and o’ for the
case of a superfluid, see L. P. Kadanoff et al., Rev.
Mod. Phys. 39, 395 (1967).

3¢, Domb and D. L. Hunter, Proc. Phys. Soc. (Lon-
don) 86, 1147 (1965); C. Domb, Ann, Acad. Sci. Fenni-

cae, Ser. A VI, Physica 210, Helsinki (1966), and Ref. 12.

MORIN TRANSITION IN a-Fe, 0, MICROCYRSTALS*

D. Schroeerf and R. C. Nininger, Jr.
Department of Physics, University of North Carolina, Chapel Hill, North Carolina
(Received 3 August 1967)

Surface effects depress the Morin transition in microcrystals of a~Fe O3 by increas-
ing the lattice spacing homogeneously throughout the whole microcrystal volume.

We have investigated the Morin transition
in microcrystals of «-Fe,O, (hematite). Due
to surface effects the lattice spacing in these
microcrystals is larger than in bulk crystals.
The Morin transition temperature is found to
be depressed under this negative “equivalent
pressure” at a rate comparable with the increase
observed in bulk under hydrostatic pressures.
The sharpness of the transition indicates that
the change in the lattice spacing is homogeneous
throughout the whole volume of the microcrys-
tals.

Changes in the lattice spacing as a function
of particle size have been observed before,
for example, in gold microcrystals,’ where
they have been related® to observed increases®
in the Debye-Waller factor. We have investi-
gated this relationship quantitatively for a-Fe,Oq4
microcrystals. The microcrystals were pro-
duced either by the technique described by Kun-
dig et al.* using silica gel, or by heating nitrate
solutions at controlled temperatures for short
periods. To measure at the same time both
the particle size and the lattice parameter,
the various-sized crystallites were used as
targets in a Co x-ray spectrometer. The Bragg
peaks broaden with decreasing particle size,
and are displayed as the lattice spacing changes
from the bulk value. The change of lattice spac-
ing with microcrystalline size is shown in Fig. 1.
These results were obtained by evaluating sev-
eral Bragg lines for each sample following the
analysis of King and Alexander.® The lattice
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spacing increases with decreasing particle
size, and this increase is inversely proportion-
al to the particle diameter. This inverse pro-
portionality is similar (but opposite) to that
occurring in a liquid drop under surface ten-
sion; it can be expressed as a negative free
surface energy and is related to the modifica-
tion of covalent bonds.®»” Drickamer has stud-
ied the pressure dependence of the lattice spac-
ing in hematite.® At +180 kbar the volume change
is dV/V=-6.4%, which is equivalent in mag-
nitude to the lattice spacing change da/a=+2.1%
which we observe in 50-A-diam particles. So
we might say that 50-A particles are under
a pressure equivalent to minus 180 kbar.

Bulk a-Fe,O, undergoes a spin flip near 260°K,
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FIG. 1. Particle size versus fractional lattice-spac-
ing change da/a for various-sized samples of hematite
microcrystals.



