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This paper summarizes the main features
of the exact solution of the model discussed
by Yang,! which is the last of a series of gen-
eralizations?® of Lieb’s solution* of the ice
problem.

Integral equation.—We can choose

6>0, (1)

i.e., 7 =1 without loss of generality.

To find the partition function, one first con-
siders (Y7). The solution of this equation is
such that as N -, the points z; =Hexp(z'pj)
= exp(ip]-") (7=1,2,+++,m) arrange themselves
along a smooth curve C in the complex z plane.
The curve C is symmetrical with respect to
the transformation z ~——z*. Denote the two ends
of the curve C by Z and Z* with Z in the upper-
half complex plane. The number of z;’s in any
interval dz along C is Np(p°)dp°. Let f be such
that along C,

dar/ap°=p(p°) (2)
with =0 at the midpoint of C. Then
p°= (=il +20)~[ 0(°,4°)p(@)da® ()

where © is a function defined by Yang and Yang.®
Notice that (3) reduces to (II 3) of Ref. 5 when
H=1.

Equation (3) defines f as a function of p° when
z is continued analytically away from C. Dif-
ferentiation with respect to p° gives

2np=1+ [ [(00/2 9)(p°,4°)p(a°)da°, (4)

which is identical in form with the integral
equation (II 6a), except for the difference of
the path of integration.
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For given end points Z and Z*, (4) in gener-
al has a unique solution. Substitution of the
solution into (3) yields the function g, where

21g =2nf—iInH. (5)

The value of g at the end point Z is known since
that of f is known at that point. We have, in
fact,

21g(Z)=3m(1-y)—iInH, (6)

which is the generalization of (II 6b).
The Curve C is defined by those points z at
which

-Im27g = InH (7)

between the end points Z and Z*.
The integral equation (4) and the relation
(6) are best studied after a transformation p,
-« which was explicitly given in (I21) for the
cases A <—-1 (X region), A=-1, and -1<A <1
(1 region). [One writes p, for all p in (121).]
For the present problem, we need similar trans-
formations in the additional cases of A =+1
and 1<A. For

1+2i0 |

A=+1, exp(ip®)= 1290 (8a)
eV—e —ia

1<A, exp(pp®)=————— A =coshy v>0. (8b)
I

The end points Z and Z* are mapped in the
complex o plane into (b +:®) and (-b +i®).

For given b and ¢, the integral equation (4)
then becomes a nonsingular Fredholm equation.
Evaluation of p, and then g from (3), yield through
(6) the values of y and H. Thus y and H are
real functions of the real variables b and &.
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FIG. 1. Schematic diagram of constant-x and -y contours in b-® plane. Dotted lines are constant-x contours
with x values given. Solid lines are constant-y contours with y values given in circles. In the A and p regions
all values of x,y satisfying —1<x<1,0<y <1 are attained in the 5-® diagram shown. In the v region, only those
values of x and y satisfying the further condition y =x are attained in the 5~& diagram shown. The diagram for
=—1 is similar to that of the j region, except that the label & at the corner should be changed to read ®=%. The

diagram for A=+1 is similar to that of the v region, except that the label v at the corner should be changed to
read ® =3 and the wavy left-side boundary should be pushed to b =—=,

The region of b and ® of interest is shown in two terms of (Y6) can be separately evaluated.
Fig. 1 with some important special points lo- It can be proved that the bigger of the two is
cated. given by an integration along a path D which
Evaluation of the ' thermodynamic function.— The ‘ is not necessarily C, giving
~F, /N*%RT=%Inn+3 +f L S PP

where D starts from Z*, ends at Z, and passes the real axis in the z plane at a point z=2z,>7n"".

Results — Detailed investigation of (4), (3), (6), and (9) leads to the complete thermodynamical
properties of the model. We summarize the most important features below:

(A) The thermodynamic function F,, (T,x,y) is defined for all T on the square -1sx <1, —-1<y <1.
It satisfies the symmetry conditions (Y18). It is a continuous function of 7', x, and y and concaves
upwards in the double variables x and y. The horizontal and vertical fields # and v are the deriva-
tives of ny: N~2dFyy = -sdT +hdx +vdy (Y15).

(B) Near y =1, x#+1, ny can be expanded and the first two terms are as exhibited in the follow-
ing equation:

N“zny = —3x8+kT(1~y){~3—3 Inf +5 In[37(1-y)]-3 Incoszma}+ -« +. (10)

Thus as y = 1, x =fixed #+1, v —+ logarithmically.

(o) Fiy is analytic in 7, x, and y everywhere in the open square 0 <7 <o, ~1<x <1, ~1<y<]1,
except for (i) the points

x=y, A=21; (11)
(ii) the points
x=y=0, -1sA<]; (12)
and (iii) the points
x=y=0, A<-1. (13)
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(D) The value of N"zny at the singular points (11)-(13) is

-2 =_1 <A-
N ny(x,x) 36, 1sA; (14)
- _ 1. kT [* da cosha—cos(2u-%,)
2 S Q - .
N ny(0,0) 2 8u -oocosh(na/zlz)ln{ cosha —cos®, » Tl<ac<y (15)
N_zny(0,0)=—%G—kTZ(—l)n1n[(nn+n—1)(n17+n+1)-1], A=-1; (16)
1

N"2F (0 0)=—15—kT;1x--1-<1> +§w:e_msmh[”("'q’°)]l A<-1 (1)
xy 2 27 270 n coshn )’ ’
1

In these formulas A and u are defined as in I, and @ is defined so that a =i®, corresponds to exp(ip°)
=p=1

e, 1+
eo=T o<, <) (18a)
e +n
L o
d 1+
o=, o< <y (18b)
e +n
14
3 -1
e 0=I’.e_v’ vsd,; (18¢)
n-—e
19-1
<1>0=-2-Z+1, for A=-1, 0<&,<3; (18d)
1n+1
<1>0=§;’_1, for A=+1, 1<, (18e)

Notice that in (18¢), it follows from 2 coshv=7n+1/n-¢ that n>e?.
(E) For 1<A, along the line x =y, the function N=2F, has the constant value -36. In the neigh-
borhood of this line F,., has one tangent plane for x =y +0 and a different one for x =y -0, so that

Xy
h=~v=13kTv (19)

at x=y+0. The line x =y is thus a groove for the function ny.

(F) For -1<A <1, the function N‘zny (x,y) has a singularity only at x =y =0, if at all. In the neigh-
borhood of this point,

T—4

-2 — Ar—2
N ny(x,y) N ny(o’0)+4cos(<1>07r/2u)

[x2+y2-2xy sin(<1>07r/2u)] +higher order terms. (20)

Higher derivatives than the second with respect to x and y sometimes become +~ as x and y - 0.

(G) For A <-1, the function N‘zny (x,y) has a conical singularity at x =y =0, at which Fiy does
not have a unique tangent plane. In fact the single point x =y =0 corresponds to a region in the z-v
plane. The region is bounded by the closed curve (-2x <& <21):

h=-kTZ(®), (21)
v=RTZ(A-®,+®), (22)
where Z(®) is an odd function of &, analytic for all real &, and

2N (-1)" sintwed

1
Z(@)=3%+ 7 coshn

, =A<d <. (23)
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It is easy to prove that

ZA-®)=Z(x+d), (24)
Z(@+4))=Z(®), (25)

and
dZ /d® = const X the elliptic function nd(constX &). (26)

(H) The singularity discussed in (E) appears in N“thU(h, v) as two plane segments: (i) For k+v >0,

[-1+nexp(2h/kT)|[-1+nexp(2v/kT)]=nE, N—2F, =-2716-h-v.
hv

(ii) For h+v <0,

[-1+nexp(-2n/RT)|[-1+nexp(-2v/kT)] = n¢, N‘thv =215+ +v,

The remaining two parts of the z#-v plane have a functional value for N~2Fy,, forming curved F-k-v
surfaces. The complete Fy, vs k-v surface is thus like a roof with two plane parts joined by two
curved ends.

(I) The singularity discussed in (G) appears in the N=2F}, vs k-v surface as a flat bottom bound-
ed by the curve (21)-(22). The whole surface is in the shape of an infinite bowl with a flat bottom.

(J) The special case A =0 (i.e., u=37) is simply solvable since the function © is zero. The result
gives

2h

2 sinhk—T—= - <n—-11;> sin%ﬂy + <n+%> cos%ny tan;—wx, 2 sinh

_2.2)—=

p7 - same with x ~—y. 27)

Previous models.— The F model and the KDP model solved??® by Lieb and Sutherland correspond
to the cases n=1and n=£71) respectively. Wu’s model® corresponds to taking the following limit
in our considerations:

A=0, m—=wo, h+v=0, h+e=negative constant.
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