
VOLUME 19, NUMBER 9 P H YSI CAI. I E VI K%' I.KTTKRS 28 AUGUST 1967

SCATTERING OF 750-MeV ELECTRONS BY CALCIUM ISOTOPES*

J. B. Bellicard, t P. Bounin, R. F. Frosch, f. R. Hofstadter, J. S. McCarthy,
F. J. Uhrhane, and M. R. Yearian

Department of Physics and High Energy Physics Laboratory, Stanford University, Stanford, California

and

B. C. Clark and R. Herman
Research Laboratories, General Motors Corporation, %arren, Michigan

D. G. Ravenhall
Department of Physics, University of Illinois, Urbana, Illinois

(Received 3 August 1967)

We report experimental differential cross
sections for the scattering of electrons by cal-
cium-40 and by calcium-48 at 750 MeV. We
have thereby examined the possible energy de-
pendence of the phenomenological charge distri-
bution in terms of which previous data at 250
MeV have been analyzed, ' and also have explored
larger values of the recoil momentum q than
was possible at that energy. We find that while
there is good agreement over the range of q
measured at 250 MeV, the larger q results
are significantly different from those predict-
ed by the phenomenological charge distribution.
A method is presented and used for determin-
ing directly, from the experimental data at
large q, the modification needed by the charge
distribution so that it gives agreement at large
q while preserving the good fit at smaller q
values. What emerges is an oscillating modu-
lation in the charge distribution which resem-
bles qualitatively an effect obtained using the
shell model. The effects are surprisingly sim-
ilar for the two isotopes.

Experimental results are given in Fig. 1 for
both Ca4 and Ca~ . They are compared with
the cross sections predicted from the charge
distribution p, (r) whose parameters were ob-.

tained from the 250-MeV data. (Details are
given in the caption to Fig. 1.) An adjustment
of +1lo has been made in the incident energy,
consistent with the possible uncertainty in en-
ergy selection that the steering magnets had
at the time the data were taken. With no fur-
ther adjustment except this one, which makes
the incident energy 757.5 MeV, the agreement
of the 250-MeV prediction with the experiment-
al results is remarkably good out to 35, the
angle at which the recoil momentum q = 2Eo sin28
is the same as at the largest measured angle
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FIG. 1. Experimental and theoretical diff erential
cross sections at 757.5 MeV. The nominal energy
was 750 MeV, and a 1% adjustment was made to im-
prove the fit at low q. The dashed curves are the best
fits to earlier 250-MeV data. The charge distributions
which yield them are parabolic Fermi (three-param-
eter) shapes [see Eq. (3) of Ref. 1] with the following
parameter values: Ca4, c =3.6685 F, z =0.5839 F,
ce 0 1017~ Ca48~ e=3.7369 F, a=0.5245 F, m=-0.0300.
The solid curves, obtained by the method described
in this Letter, come from charge distributions with an
added Ap(r), and parameter values P =0.5 F Q'p

=3.0 F, andA(Ca4) =0.5x10, A(Ca )=0.8x10
The cross section for Ca4 has been multiplied by 10
and that for Ca48 by 10
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(125') at 25Q MeV. To an extent limited by
the above adjustment, the description of the
scattering process in terms of an energy-in-
dependent p, (r) is thus consistent with exper-
iment over the energy range 250 to 750 MeV. '
There is, however, a systematic difference
betweeri the 250-MeV prediction and experiment
at larger angles, around the third diffraction
maximum, and it occurs in a similar way for
both isotopes. This may indicate that a basic
modification of our present description of scat-
tering, in which the nucleus is described by
a static p(r), is required. It is possible, how-
ever, to avoid such a drastic step, and, by
slightly altering p, (r), to regain a good fit over
the entire angular range at 750 MeV, as we
shall now show. We recognize, of course, that
this is not the only possible explanation of the
discrepancy, and that further experiments at
900 and 1000 MeV, now in progress, will be
helpful in deciding what the correct explanation
1s.

Although in precise work of the kind report-
ed here the connection between p(r) and the
differential cross section must always be made
by a complete partial-wave analysis, the sim-
ple connection given by the Born approximation
through the square of the Fourier transform
of p(v) is qualitatively very useful. The Fou-
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FIG. 2. The form factor Eo(q) of the charge density
po(&) for Ca . Parameter values are given in the cap-
tion of Fig. 1. In order to display this oscillating yet
rapidly decreasing function, successive parts have
been scaled by the factors indicated. The modification,
~(q), is shown for Ca

rier transform Eo(q) of po(r), obtained numeri-
cally for convenience, is shown in Fig. 2. The
diffraction minima correspond to the zeros
of E,(q), and the maxima to either the maxima
or minima of Eo(q). The difference between
the theoretical curves and the data at large
angles could be reduced if the third zero of
E,(q) were shifted to a larger q, and if the sub-
sequent minimum were reduced in magnitude.
We can achieve this by adding to E,(q) the small
contribution AE(q) indicated in Fig. 2, or by
adding to p, (r) the corresponding (inverse) Four-
ier transform b,p(r). For computational con-
venience we took bE(q) =A exp[(q-q, )'/P'], so
that

3
2 2

b,p(~) = (ZeApq, /2m ')[sin(q, r)/qy'

2 2+ (p /2q, ) cosq,r] e

With the parameters chosen to give the fits
illustrated in Fig. 1, the resulting charge den-
sities p, (r), Ap(r) are displayed in Fig. 3. What
has been added to p, (r) is an oscillation. Yet,
as the partial-wave calculation which gives
the cross sections of Fig. 1 shows, the cross
section resulting from p(r) = p, (r)+Ap(r) agrees
with that from po(r) out to about 35', and from
then on does what we wanted. We emphasize
that the Fourier transforms have been used
only as a guide, and no approximation is involved
in obtaining the differential cross sections from
the new p(r).

The modification involved three additional
parameters. The requirements are that the
third diffraction minimum be shifted the right
amount, that the subsequent maximum be suit-
ably reduced, without affecting Eo(q) appreci-
ably at smaller q, and that Ap(r) decrease suf-
ficiently rapidly with r that it does not domi-
nate p, (r). These are sufficient to fix the three
parameters. There are ambiguities in our hp(v)
associated with the particular analytic form
chosen for bE(q), and with our lack of knowl-
edge of E(q) for even larger q than those ob-
served. The fact that the effect entered at a
certain q„however, fixes the wavelength of
oscillation in Ap at h/q„and the size of the
effect there fixes the amplitude. Thus there
is less ambiguity than appears at first sight,
although this point needs further study. s

It is remarkable that the hp's needed for
Ca' and Ca ' are very similar. In the crude
fitting reported here they differ only in mag-
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mains a small fluctuation, coming from the
oscillations in the radial wave functions of the
proton orbitals. 4~' In Fig. 3 we show a typical
case, 4 and it is suggestive that qualitatively
the fluctuation is similar in amplitude and wave-
length to that we have obtained from the data.
We have not been able to adjust the simple shell
model so as to give as close a fit to the exper-
imental cross section as the phenomenological
p(r) does. The fact that the fluctuation given

by the shell model is in fact larger than the
phenomenological one may indicate that a shell
model with a local potential gives too large
a fluctuation. We should emphasize that the
explanation advanced for the 750-MeV large-
angle results is not unique, and it needs cor-
roboration by scattering experiments at high-
er energies.

FIG. 3. Charge distributions, plotted in various
ways, arising from the present analysis and from pre-
vious work. The full lines are the new charge distri-
butions for Ca4 and Ca (referred to the left ordinate)
and r2 times the change Ap(r) (right ordinate). The
dashed curves are the 250-MeV fits whose parameters
are given in the caption to Fig. 1, and r2 times the iso-
topic difference Ca ~-Ca . The dotted curves are a
Ca charge distribution calculated from the shell mod-
el (L. R. Mather, J. M. McKinley, and D. G. Raven-
hall, unpublished calculations). The Woods-Saxon po-
tential used had a depth of 55.2 MeV, a radius of
1.269A~ 3 F, a surface thickness of 0.78 F, and a ra-
tio of spin-orbit to central potential characterized by
X=37.2. Also displayed is &2 times the difference
between this charge distribution and the 250-MeV fit.

nitude, and it seems clear from the experimen-
tal data that the same effect is occurring in
both isotopes. For comparison, we give in
Fig. 3 also the isotopic difference in charge
distributions (Ca"-Ca4a) &&r' obtained from
our earlier analysis. ' The effects on each p(r)
that we now find are considerably smaller than
those isotopic differences, and thus our ear-
lier conclusions are not affected very much.

As regards a possible explanation of this
result, we observe that the charge distribution
calculated using the nuclear shell model can
be made to agree with the phenomenological
p, (r) quite closely, but that there always re-
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