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Measurements of the electronic heat' of gad-
olinium indicate that the electronic density of
states at the Fermi surface is a factor of the
order of 8 times the free-electron value. Re-
cent band-structure calculations by Dimmock
and Freeman' show that the free-electron val-
ue is modified by a factor of 3. They suggest
that the remaining discrepancy can be account-
ed for by electron-phonon enhancement.

In this paper we suggest that electron-mag-
non enhancement can also be of the same or-
der of magnitude and could therefore be equal-
ly important in explaining the discrepancy.

We find also that for certain values of the cou-
pling constant there is also a strong nonlinear
dependence i)f the specific heat on temperature.

Gadolinium& consists of ions of spin + and a
conduction band of three electrons per atom
of a varied -"-d character.

The spin on the ions arises from the unfilled
4f shell. N~.utron-diff raction experiments'
show that the 4f electrons are highly localized,
the mean radius of the 4f shell being 0.35 A

0
compared with the ion spacing of about 5 A.
The interaction between the localized spins
and the concoction electrons is taken to be the
s finte raetio-n

=-—g exp[i(k-k') R ](S [a a, —a a, ]+S a a, +S a a, j,s N kk' n n k+ k'+ k- k' — &z k — k'+ n k+

where the a's and a 's are annihilation and crea-
tion operators for the conduction band and Sn
S„, and Sn are the spin operators for the
localized spin at the lattice site Rn.

As a consequence of this interaction three
main effects arise:

(i) The conduction electrons are polarized.
This effect is first order in J and since the
measured magnetic moment per ion for gad-
olinium is greater than that of the free ion,
we conclude that J is positive, i.e., a ferro-
magnetic interaction. The magnitude of J esti-

mated from these measurements is 0.08 eV,
which agrees well with the value calculated
for free electrons and localized 4f electrons. 2

(ii) The polarization of the conduction elec-
trons in turn. leads to an effective coupling be-
tween the lcicalized spins. This coupling is the
well-known Ruderman-Kittel- Yosida (RKY)
indirect ex(:hange coupling which is second
order in J. At low temperatures the normal
modes of the localized spins due to this cou-
pling are spin waves or magnons.
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(iii) The RKY interaction does not account
for the whole of the s fin-teraction and as a
consequence, one has scattering of conduction
electrons by spin waves. This effect is also
second order in J.

The electron-phonon enhancement arises
from the creation and annihilation of virtual
phonons; similarly, the electron-magnon en-
hancement arises from the creation and anni-
hilation of virtual magnons. However, there
are important differences between the two cases.

Firstly, because of the polarization of the
conduction electrons, the Fermi surface for
the spin-down electrons lies outside the Fermi
surface for spin-up electrons. (Direction of
quantization is in the —z direction. ) To create
a spin wave at zero temperature, an electron
on the spin-up Fermi surface has to be taken
to the spin-down Fermi surface. Because of
the gap between the Fermi surfaces, there
will be a minimum energy for the creation of
magnons by this process.

Secondly, because of the dispersion law for
long-wavelength magnons and also the polari-
zation effect, the lifetime of electrons in the
neighborhood of the Fermi energy is signifi-
cantly different from the lifetime because of
the electron-phonon interaction.

We have calculated the electron self-energy
part, using the pertubation theory developed
by Giovannini, Peter, and Koide. ' The result

is, for an electron of energy E,

2J(S ) f (e )

k-q a

where + indicate spin-up and spin-down elec-
trons. f+ is the Fermi function, f =1 f+,—and
ok+ = &k+ZS, where &k are the unperturbed
single-electron energies. ~q are the spin-wave
energies arising from the RKY interaction.
We have evaluated (1) using free-electron en-
ergies for the unperturbed states and a quad-
ratic dispersion law with a cutoff ("Debye ap-
proximation" ) for the spin waves:

=CJ2q', q ~q
q

' max'

3 J S 27TC=—
8e k max a '

F F

=0, q)q IQax'

and a is of the order of the mean lattice spacing.
A schematic representation of the real and

imaginary parts of the self-energy as functions
of E, at T = 0, is shown in Fig. 1 for k -k F.
The fact that the imaginary part vanishes at
E=EF+&I, where &I =cJ'(kF ——kF+)', is a
direct consequence of the polarization of the
electron sea. As J-O, &,-0, and it is this
property which leads to the strong temperature
dependence of the specific heat.

The entropy may be calculated from'

1 " afdS =—g der —5(e +Z -e)ReZ (e).T' „~ 8& k k k
(4)

This gives a low-temperature contribution to the specific heat:

Ac 9 ~m Bf
,

'a /T+x
dx n' —(kTx) ln g~A~yT+x (5)

Ae
V

lim = 3 ln
0 yo+

(6)

which appears to diverage as J-0; however,

where yoT is the unenhanced low-temperature
specific heat, and &2 arises from the maximum
spin-wave energy and is given by &2 —-cJ'q
The normal low-temperature expansion of (5)
gives

! the radius of convergence of the expansion de-
creases with J. In Fig. 2 we plot Eq. (5) as
a function of T for various values of J= (JS/
eF) . The appropriate value for gadolinium
is of the order of 0.01. For this case the spe-
cific heat is linear up to approximately 0.5'K.
There is also a maximum at T =1.5 K. The
experimental measurements are unreliable
because of the presence of gadolinium oxide
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