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All of the observations above refer to mea-
surements made on the same sample of InSb
and for one polarity of the applied electric field.
When the polarity was reversed, the only sig-
nificant change was in the over-all power lev-
el of the continuum radiation. Changes as high
as 5 dB were noted. Different samples exhib-
ited variations of power level by as much as
8 dB. The separation between spikes from
sample to sample varied, however, less than

Threshold characteristics similar to those
shown in Fig. 2 can be deduced"~'~ from lin-
ear instability theory based on the model that
the observed emission comes from the exci-
tation of longitudinal phonons by electrons drift-
ing along Bo. We assume that there is both
deformation potential and pi.ezoelectric coupling
between the electron and phonon systems. '
The associated electric field excites transverse
electromagnetic waves at the surface of the
sample. Since the magnitude of the phonon
propagation constant q is much greater than
that of the electromagnetic wave (e/c), the
observed fields must be mainly due to phonons
that travel almost perpendicular to Bo. In the
range of experimental parameters Eo, B„and
w, the principal mechanism for generation
of phonons propagating almost across Bo is
found to be inverse Landau damping (Landau
growth). We point out, however, that the res-
onant spikes observed at 4.2'K (Fig. 3) are

at present unexplained.
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MEASUREMENT OF RECOMBINATION LIFETIMES IN SUPERCONDUCTORS

Allen Rothwarf and B. N. Taylor
RCA Laboratories, Princeton, New Jersey

(Received 1 June 1967)

It is shown that the experimentally measured quasiparticle recombination lifetime in

a superconductor is not the same as the previously calculated theoretical lifetime. A

simple expression relating the two is derived.

Over the past few years, several experiments
have been carried out to measure the quasipar-
ticle recombination lifetime in a superconduc-
tor, ' ' i.e. , the time &~ required for a quasi-
particle at the gap edge to recombine with a
thermally excited quasiparticle, thereby form-
ing a Cooper pair and becoming part of the
superfluid. In each of these experiments, a
double-tunnel- junction structure was arranged

so that one junction could be used to inject quasi-
particles into a superconducting film and the
second junction could be used to detect the re-
sulting increase in the density of quasiparti-
cles in the film (see Fig. I). In calculating
&& from the experimental data, it is assumed
that the steady-state density of injected quasi-
particles &N is small compared with NT, the
thermal number present, and that the phonons
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ly t =0.3. Thus, for small t and/or large in-
jection currents, the steady state density of
injected quasiparticles can easily exceed the
thermally generated density.

The calculations and experimental determi-
nations of the lifetime of the injected quasipar-
ticles' are based essentially on the existence
of a differential equation for the excess quasi-
particle density of the form'o

dAN/dt = I DN/-7

FIG. 1. Quasiparticle E-vs-k diagrams showing the
double-junction structure used to determine 7~ experi-
mentally. The extra tunnel current M which flows
from film II to III when a tunnel current I~ flows from
film I to II is a measure of the increased number of
quasiparticles 4N in II and, in principle, rg i,n film II.

arising from the recombination of the inject-
ed quasiparticles can be ignored. Both of these
assumptions are also implicit in the several
theoretical calculations of &~.' ' In this I et-
ter, we (1) point out that experimentally, the
assumption of small &N can easily be invalid
depending upon the injection levels and temper-
atures used, (2) show that even if the small-
4N assumption is satisfied, the recombination
phonons can in general never be ignored, and
(3) derive a simple expression valid for both
large and small ~N which takes into account
the effects of the phonons and gives the rela-
tionship between the lifetimes calculated the-
oretically and those measured experimental-
ly. The temperature dependence expected for
the experimentally measured lifetimes is al-
so discussed.

Injection current densities used in such ex-
periments may typically be on the order of
5 & 10 ' A/cm', corresponding to a quasipar-
ticle injection rate of 3.1 x10"/sec cm'. Since
a typical middle-film thickness is about 3 & 10
cm, the density of injected carriers is -10"/
cm3 sec. For aluminum, the primary super-
conductor used in the experiments, the theo-
retically calculated recombination lifetime at
a reduced temperature t = T/Te of 0.3 is on
the order of 10 ' sec.e As a result, the steady
state density of injected quasiparticles is ex-
pected to be on the order of 10"/cm'. The ther-
mal equilibrium number of quasiparticles NY
goes as tl/2e( 1 / ) at low reduced temper-
atures and for Al falls below 10'~/cm~ at rough-

with the steady state solution

AN=I 7 (2)

and

dN BN N

dt
—

2
-~

2 -(N~-N~r'y

where N is the total number of quasiparticles,
8 is the recombination coefficient, N~, is the
total number of phonons with energy @co &2~,
P is the transition probability for the breaking
of pairs by such phonons, and 7&

' is the net
transition probability for phonons to be lost
out of the energy range @~&2& by processes
other than pair excitation. The factors of &

in Eq. (4) arise because one phonon creates
two quasiparticles. The term (N~ N~T)&&-
takes into account the fact that when N~ =N~Z,
the equilibrium number of phonons, there is
no net loss or gain of phonons to the energy
range in question. In obtaining Eqs. (3) and

where I, is the number of quasiparticles inject-
ed per cm' per sec and &~ is the recombina-
tion lifetime (or equivalently, 7R is the tran-
sition probability that a quasiparticle injected
at the gap edge will combine with a thermally
excited quasiparticle). Equations (1) and (2)
would be appropriate if the number of inject-
ed quasiparticles were much smaller than the
thermal number and if the lifetime of the emit-
ted phonons were zero. As indicated above,
the first of these conditions may not be satis-
fied over a wide range of temperatures and
injection currents, while the second is never
satisfied.

The differential equations which more cor-
rectly describe the experimental situation are

dN/dt =I + PN RN, —
0
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PN I(P
N= +—ll+ —T

R R 2 y! (5)

From the equilibrium condition with no injec-
tion current (I, =dN/dt =0) and the reasonable
assumption that R and P are independent of the
number of injected quasiparticles, we have,
from Eq. (3), NT'=PN~T/R. When this is sub-
stituted into Eq. (5) with &N=N-NT, we obtain

(N
0

I 2RN 4N y] I (6)

In the limit of Ty-= and I, -O, Eq. (6) reduces
to Eq. (2) with &~

' = 2RNT. Therefore we
can write

where 7exp is the lifetime that one would cal-
culate from the experimental data assuming
BN=I0Te~. Solving Eq. (7) for 7'R in terms
fe g'-

IO
ll+ -'~

R exp ( 2 N 1 4N y
(8)

Equation (8) is the one which should be used
to compare theory with experiment.

The fact that the measured lifetime depends
critically upon Ty persists for all eases. In
the limit b, N/NT «1 (small injection current)

(4), we have neglected the quasiparticle tun-
neling current which leaves the film since it
is orders of magnitude smaller than the injec-
tion current. We have also assumed that the
number of pair s is much gr eater than the num-

ber of quasiparticles and remains essential-
ly unchanged by the injection process. Near
T, this assumption will break down. Addition-

ally, we have ignored possible spatial varia-
tions in the density of the injected quasiparti-
cles since the junction geometries and film
thicknesses used in the experiments of Refs.
2 and 3 seem to preclude any such effects.

The steady state solution is obtained by set-
ting Eqs. (3) and (4) equal to zero. The result
is

one has simply

(1+~T P)=w +(N /4N )v,
exp R y R T xT y'

while for the opposite extreme, &N/NT»1
(large injection current), one has

N ( N
=2 —l~+

exp I ( R 4N y)

(9)

To see the relative magnitudes of 7R and the
phonon contribution, consider Al. At low re-
duced temperatures the theoretical value' for

is 1.25&&10 ' t 1/ el 76/I while from sta-R
tistics, NT/4N~T =1.47x 10t /2e .76/ Thus,
for 7y = 8.5x10 '2 sec, 7R and the Phonon con-
tribution would be equal. The smallest value
of Ty is expected to arise from the phonons
simply leaving the film. For this decay mode,

is given by d/2s = 5x10 " sec, where d
. y
is the film thickness (-300 A) and s is the ve-
locity of sound (-3&&10' cm/sec). This value
is already comparable with that required for
the two contributions to be equal. More real-
istically, a significant fraction of the phonons
will be reflected because of the acoustic mis-
match between the film and substrate (or bath);
a crude estimate indicates that the effective
transmission coefficient is less than one half.
It is thus likely that the phonon effects will
completely dominate, and the experiment will
determine Ty rather than T&." This dominance
will hold over nearly the entire temperature
range since &R and the phonon contribution to
7 exp have the same te mp er atur e dep endene e;
the low t expressions for wR and NT/4N~T
given above show this explicitly, while Eq. (9)
shows it more generally, since P depends only
weakly on temperature through its dependence
on the number of Cooper pairs. ' However,
since 7y is expected to depend on the thickness
of the center film, measurements on films
of different thicknesses could perhaps be used
to separate the two contributions.

The temperature dependence observed for
will be markedly different for the two

limiting cases [Eqs. (9) and (10)1. From Eq.
(9) one finds a strong dePendence, 7'e~- &R
-t-1/2el 76/t, while from Eq. (10), one finds
that &e is independent of t since NT-t /
e-1 76K It is also evident from Eq. (10) that

Texp will depend on the magnitude of the injec-
tion current, varying as Io 'i (A decrease.
in 7 as Io was increased has been noted in
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Ref. 3.)
In closing, we note that the important role

played by the recombination phonons stems
from the fact that they are generated at a great
rate, i.e. , of order I» and that P is relative-
ly large and comparable with ~& '. As a re-
sult, the phonons produced by the recombina-
tion of the injected quasiparticles will them-
selves create quasiparticles at a rate compar-
able with Ip On the other hand, it may be pos-
sible to minimize the effects of the phonons

by carrying out a pulse experiment. For times
small compared with Tg, the number of recom-
bination phonons will be negligible and thus
the initial decay rate of a pulse of injected quasi-
particles will be determined solely by &p.

We should like to thank M. A. Lampert for
an illuminating discussion, and B. I. Miller
and A. H. Dayem for helpful discussions and
a preprint of their paper prior to publication.
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A compact expression for the energy shift and inverse lifetime (energy width) of spin
waves in a Heisenberg ferromagnet at low temperatures is given. The two-particle bound

states are observable via the resonance they cause in the self-energy of spin waves.

The purpose of this brief note is to report
calculations of the transverse component of
the generalized wave-vector and frequency-
dependent susceptibility y+ (k, ~) for the Hei-
senberg ferromagnet at low temperatures.
These calculations show that at short wavelengths
the two-particle bound states' influence the
single-particle spin-wave excitations in a dom-
inant and nonperturbative way.

We use the Dyson-Ma, leev transformation'

S = (2S)' '(1-a a/2S)a; S =(2S)~'ma '

ak ' 6a a'2 k

xa —'k + X —'k-X —'k +,a,k „(2)
where

=J S(1-y ),z
(3a)

to write the Heisenberg Hamiltonian in terms
of boson operators as

S =S-a a in the usual notation. The susceptibility is
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