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P-P SCATTERING AT 90' AND HADRONIC STRUCTURE OF THE PROTON*

M. M. Islam) and Joe Rosenf.
Department of Physics, Brown University, Providence, Rhode Island

(H,eceived 16 May 1967)

We explain P-P differential scattering cross section at 90 and laboratory momentum
5-13.4 GeV/c in terms of two optical potentials and distorted-wave Born approximation
of the corresponding amplitudes. The radial dependence of these potentials indicates
two hadronic density distributions of the proton of root-mean-square radii 0.40 and

0.26 F.

Recently a sharp break in the P-P elastic
differential scattering cross section was ex-
perimentally observed, and it was conjectured
that this break might indicate the existence
of two different inner regions of the proton. '
Two theoretical explanations of the break have
been proposed, both on the basis of singular-
ities in the complex angular momentum plane. '~

In this note we propose a different explanation,
which, in fact, supports the original conjecture
regs, rding the structure of the proton. ' The
present explanation is based on an earlier work, ~

where it was pointed out from optical model
considerations, that the nucleon appears to
consist of a number of nucleon-matter (or had-
ronic) density distributions of increasing mean-
square radii and that the inner distributions,
which are associated with heavier quanta, dom-
inate the large-momentum-transfer scattering.

We use the relativisitc eikonal description
developed in I and assume that in the energy
region of our interest, three different inter-
actions are the most important. These inter-
actions are represented by complex energy-
dependent potentials. Of the three potentials,
one is responsible for diffraction scattering.
We do not explore the nature or form of this
potential but parametrize its contribution in
a standard way. The other two we take to be
of the form

V, (s, r) =g, (.s) exp[ V. ,(r'+ P,—'P'. 1/(r'+ .P,')'", .

(i =1,2).

The radial dependence of this potential can be
understood as due to a hadronic density dis-
tribution of the proton which interacts with a

similar distribution through a Yukawa poten-
tial exp( —pi r)/r and whose finite size is deter-
mined by the parameter Pi.

The scattering amplitude for all energies
and physical angles is represented by

1
~

V(s, r)rdr'(' "=-2k.', (~'b) I' (2)

If 5, (s, b) represents the contribution of the

diffraction potential to the phase-shift function,
then we can write

5 (s, b) = 5, (s, b) + 5,(s, b) + 5, (s, b ),

where

] f+ 00

5.(s, b) == V, [s, (b'+z')'~']dr
i ' 2k„ i

g.(s)
=- 2k- &0[~,.(b'+P,.')"'1, (4)

(i =1,2). One expects' the diffraction potential
to have an energy dependence such that b, (s, b)
is independent of s for large values of s. Fur-
ther, if p, iPi is much large than unity, then
because of the sharp fall of the modjfied Bes-
sel function K,(z), both 5, (s, b) and 52(s, b) are
going to be small quantities. Treating 5, (s, b)
and 52(s, b) as small, we obtain from (1), (3),
and (4)

f(s, b. ) =ik f bdb Zo(bb, )[l-e ' ], (1)

where k is the c.m. momentum, 4=2ksin&0
= ( i)'~' is t—he momentum transfer, and s is
the square of c.m. energy. The phase-shift
function 5(s, b) is related to the "optical poten-
tial" V(s, r) by

f(s, 6) =ik f bdb J~(bb, )[1-e 0 ]-g,(s)f bdb &~(b~)e 0 Ko[p, (b + P~ ) ]2i50(b) ~ 2i50(b) 2 2 2

0 0

-g2(s) f bdb J~(b4)e 0 Ko[pa(b + pn ) ]~

2i5, (b)
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The three terms on the right-hand side of Eq. (5) have simple physical interpretations. The first
term corresponds to the diffraction amplitude, which gives the exponential elastic diffraction peak
for small momentum transfer. The second and the third terms correspond to distorted-wave Born
approximation (DWBA) of the amplitudes due to potentials V, (s, r) and V, (s, r), respectively. ' ' The
factor exp[2ibo(b)] occurring in the latter terms represents the absorptive correction coming from
diffraction scattering.

For the diffraction amplitude, we now use the parametrization that 6,(b) is completely imaginary
and

2i b, (b) d 2 -2b'/R'-'T '
where oT is the total cross section due to diffraction scattering and R is the optical model radius.
Inserting this formula in Eq. (5), we have

iko d

x(., ~) = —,
' em(--.'R'&')- g g (~) 9. &1[p. (&'+.I .')"'](&'+ I .') "'+ R;

&& f bdbZ (bg) exp( 2b2/Rm)~ [g (b2p p 2)»2]]
o 0 0 i i (6)

The elastic differential cross section' is given
by

d0 2 dcT 7T

dt k2 dQ k

There are ten parameters occurring in (6);

IO
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namely, oT, R, p, &, pi, Reg~, 1m'(i=1, 2).
We have ignored the energy dependence of g,
and g, and have considered R as approximate-
ly known. Using Eq. (6), we have made a fit
to the 90' fixed-angle elastic differential cross-
section data of Akerlof et al. ' Our calculated
cross section is shown by the solid curve in
Fig. 1 together with experimental points. The
elastic differential cross sections which we
obtain separately from the i =1 term (dash curve)
and i = 2 term (dot-dash curve) in Eq. (6) are
also shown. We find the diffraction contribu-
tion, i.e. , the first term on the right-hand side
in (6), completely negligible. The values of
the parameters obtained by us are given in
Table I. The calculated curve follows the ex-
perimental points throughout the whole ener-
gy region, and the quantitative agreement is
quite reasonable. We also find that the two
amplitudes i =1 and i = 2 in (6) interfere strong-
ly and destructively throughout the whole range
of k'. The inteference is strongest near the
region of experimental break where the two
amplitudes as well as their sum have nearly
the same magnitudes. The possibility that such
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4
k [(Ge v/c ) ]
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FIG. 1. Solid curve represents the calculated elastic
differential cross sections. The circles are the exper-
imental points of Akerlof et al. (H,ef. 1). Da,sh line {dot-
dash line) represents the elastic differential cross sec-
tions we obtained from the i=1 (i=2) term in Eq. (6).

p, i
(GeV)

pi
(F)

H,egi &mgi vT
(GeV/c) (GeVjc) (mb) (F )

1 0.712 0.485
1.559 0.400

15.01
-9.80

—2.90 36.2 1.1
—11.78

Table I. Calculated values of the parameters.
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a strong destructive interferenee occurs in
this region was noticed by Akerlof et al. ' The
need for destructive interference indicates that
models where the amplitude is completely imag-
inary" will not produce a sharp break, even
if the impact parameter amplitude [1-e~~6(si ~)5

is taken as a sum of Gaussian functions in b .
When 4 becomes very large, because of the

oseillations of the Bessel function, the main
contribution to the integrals in Eci. (6) will come
from small values of b, and so, as a good ap-
proximation, we can put the Guassian factors
inside the integrals equal to unity. In that case
the scattering amplitudes due to potentials V, (s, r)
and U, (s, r) become

—g.(s)(1+o /mR )P.K
d

'L T

x[P (a + p)5'./(A + p, )', i=1,2,
2 2- 2 22

i.e., exactly the same as the Born amplitudes
except for a multiplicative factor. We now note
that for & sufficiently large, the amplitude will
behave as" -b. "'exp(-P, A) and, therefore,
will obey the Cerulus-Martin bound. " On the
other hand, as noted in Ref. 1, Gaussian source
functions will mean do/dt-e cs and thus vio-
lation of this analyticity bound.

Figure 1 indicates that for small k' the am-
plitude due to potential V, (s, r) dominates, while
for large k' that due to V, (s, r) dominates. "
From our values of pf's and Pz's we find that
the rms radii of the hadronie density distribu-
tions corresponding to the two potentials are
((r'))'~' = 0.40 and 0.26 F, respectively. Fol-
lowing I, this will imply that for small k' the
elastic scattering is dominated by a hadronic
density distribution of the proton of rms radi-
us 0.40 F, which interacts by exchanging a
meson of mass -700 MeV; for large k' the scat-
tering is dominated by a second hadronic den-
sity distribution" of the proton of rms radius
0.26 F, which interacts by exchanging a much
heavier meson of mass -1500 MeV.
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