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were considered. The first term [Re(wo, ,)) )
= 10 V] is the amount of energy the electron
gains when it enters the crystal (i.e. , the in-
ner potential). This was determined experi-
mentally by observing the energy shift of the
Bragg reflection peaks. Because of the sym-
metry of the fcc lattice, all coefficients zvp & ~
with "mixed" indices are zero. The remain-
ing coefficients were calculated by using the
method outlined in Ref. 5. The imaginary part
of the potential was assumed to be constant,
i.e., Im[W(r)] =2.5 V.

Figure 1 is a plot of I gf I „I' as a function
of / and m, on a plane (n = const) in reciprocal
space. The distance between the plane and the
center of the Ewald sphere is less than one re-
ciprocal lattice spacing. It is seen that jg& I „~'

) )
drops off very rapidly with increasing indices
l and m. Similar graphs are obtained for oth-
er sections through the Ewald sphere. Figure
2 shows the intensities of the (0, 0), (1, 1), and

(0, 2) beams as a function of electron energy.

V. Conclusions. —First, it has been demon-
strated that LEED intensities ean be calculat-
ed by using Bethe's theory. ' Second, the cal-
culated curves of intensity versus energy (Fig.
2) show the well-known (integer order) Bragg
reflection peaks as well as additional noninte-
ger order peaks, similar to the ones predict-
ed by McRae. ~ Third, it is found that, both
inside and outside the crystal, the expansion
of the wave function includes many terms whose
coefficients are of similar order of magnitude.
All these "waves" should be considered, and
the "two-beam" treatment appears to be unsat-
isfactory.
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Torque measurements on Type-II superconducting foils in nearly parallel applied mag-
netic fields H indicate that the torque above H&2 can provide a direct measure of the
magnetization. From the results above H~2 we deduce two magnetizations, My associat-
ed with the bulk sample, and Mq associated only with the superconducting sheath. The
measurements indicate that Mz is irreversible with H, contrary to prediction, and that
the sheath itself behaves as if it is multiply connected.

Since the theoretical prediction' and the ex-
perimental verification' of a sheath state in
Type-II superconductors above the critical
field H~2, there has been considerable exper-
imental effort' to characterize the properties
of the sheath state. In addition, recent theo-
retical work ' has led to a model of the cur-
rent distribution in the sheath which has met
with some success in explaining magnetization
measurements above 8~2. This model is shown
schematically in Figs. 1(a) and 1(b) for a su-
perconductor of rectangular cross section and
of unit length. (In the following discussion we
treat the currents in the superconducting sheath
as average line currents although of course
they have a finite spatial distribution. ) Clock-
wise and counterclockwise currents J, and J,

are predicted to flow perpendicular to the mag-
netic field H in a region extending a few coher-
ence lengths below the surface. According
to the theory, the direction of each current
remains fixed for a given applied field direc-
tion, while the magnitudes of J, and J, may
change continuously such that the difference
AJ= J,-J, can be positive or negative depend-
ing on whether the field is increasing [Fig.
l(a)] or decreasing [Fig. 1(b)].

In order to facilitate the following discussion
we designate the current J, which flows around
the inner path as J and denote the current J,
flowing around the outer surface as J+ ~J.
The current J+ h J encloses the total cross-
sectional area of the bulk, A, and the current
J encloses the inner area A-M, where M
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FIG. 1. Schematic cross sections of the supercon-
ducting foil (not to scale) perpendicular to the magnet-
ic field showing various current distributions above
II2. The shaded regions denote the superconducting
sheath. In (a) and (b) the theoretical current distribu-
tion is shown and the magnitudes of J~ and J2 are indi-
cated by the sizes of the arrows for increasing and de-
creasing field sweeps, respectively. The remaining
configurations are discussed in the text.

is the cross-sectional area of the sheath. The
total magnetic moment (per unit length), mtot,
of this current distribution may be written as

m =A~J+JM=-m +m,tot b s'

where the magnetic moment mb =A~J is asso-
ciated with the current AJ that flows around
the bulk, and the moment m~ =4M is related
to the current J that flows around the sheath
as shown schematically in Fig. 1(c). The cor-
responding bulk magnetization Mb and sheath

where Vb =A and V~ = M are the volumes (per
unit length) of the bulk and sheath, respectively.

Theoretical calculations4~' of the quantities
Mb and M av in ica e tha Mb&M above
H~2, but for the large specimens used in the
present experiment, where Vb» Vz, one cal-
culates that rub» m~. Magnetic-moment mea-
surements of the type reported by Sandiford
and Schweitzer' and Barnes and Fink' which
determine the total magnetic moment mtot ef-
fectively measure mb. No measurements of
mz or M~ have as yet been reported.

In this paper we interpret the torque 7 exert-
ed by an applied magnetic field H on a Type-
II superconducting foil above B~2 as providing
direct measures of the two magnetizations M~
and Mb.

We briefly derive a relation for the torque
as a function of H &H~1 which makes a small
angle 0«1'with the plane of a long flat super-
conducting ellipsoid. If the axes of the ellip-
soid are a» b» c, the components of the B
field perpendicular and parallel to the plane
of the ellipsoid are

B -H =4&M -N M =4&(1 N/4-tr)MJ J

= 4~(c/a)M,

8 -H = 4&(l N/47r)M -= 4m(1-c/a)M, (3b)
Il ll jl ll'

where the demagnetization coefficients N~ and
N

ll
are calculated by Osborne. ' The torque

in this case is

(B -H ) B -H ( By-H8 f y
Q=™~~V[MH -M H j=v

I& 4 / )Hll 4 (1- /' ))H =v
4 /

H =n(B g-H)H, (4)

y = 4m~HM.

For the rectangular parallelepiped foil used

(5)

where Bz = ~y', 8& &~~ H
il

&' B
ll

O' The
angles y and 8 are between the plane of the el-
lipsoid and the directions of B and H, respec-
tively; V is the volume; and n =a'b8/24 is in-
dependent of the thickness c. In Eq. (4) the term
due to M llH~ can be neglected when c/a «1.
In the Meissner state, 8 =0 and Eq. (4) becomes

in this experiment having a length a width
b, and thickness c (where a»b»c), n=a2bg/
4&. Using this value for a in Eq. (5), we have
found that by measuring the absolute values
of T and H, M=H/4v can be measured absolute-
ly to within 25 P&. We have also verified that
Eq. (5) is independent (within 3%) of the thick-
ness in the range 0.3 p. &c &150 p, .

If below H~1 some flux density 8, is trapped
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T = u(B, -H)H

=4rnHM (6a)

T/H = n(BO-H)

= 4vnM. (6b)

So far we have limited the above discussion
to fields below Hcl. Assuming that Eq. (6) holds
also above H 2, we expect the following to oc-
cur: (1) Since 7. is independent of the thickness
c, the fact that superconductivity occurs only
at the surface should not appreciably affect
the amplitude of T. Therefore, if the current
J is as large as theoretically predicted, ' we
can expect the torque above H~2 to be compar-
able with that near Hcl ~ (2) We should also
expect that above H~2, along the sections of
minor hysteresis paths where B, is constant,
T/H vs H would be a straight line having a slope
predicted by Eq. (6b) which is also the sa.me
as that predicted by Eq. (5) in the Meissner
state. (3) This straight line should intersect
the H axis at H =B,. Knowing B„one can de-
duce a value for M which is equivalent to that
calculated from the absolute values of T, n,
and H.

In Fig. 2, we show torque data for a Type-
II superconducting foil (2.0 x 0.5 && 0.01 cm')
of Pb+ 5% Tl at 4.2'K situated in a nearly pa-
rallel (8=0.2') field. Curves I and II are for
increasing and decreasing field sweeps, respec-
tively. Below H~~, curve I is quadratic in H
and obeys Eq. (5). In all of our specimens the
values for Hc1 (defined experimentally as the
point at which r has the steepest decrease)
agreed with those of Bon Mardion, Goodman,
and Lacaze. " Between H~1 and H~2 both curves
are complicated. Discussion of this region
does not pertain to the main theme of this manu-
script, and will be deferred to a later paper.
We mention only that the negative torques ob-
tained in this region can be attributed to the
manner in which vortices align themselves
relative to H and the plane of the sample.

in the specimen, an absolute value for M can-
not be deduced from torque measurements un-
less the angle y is known. Intuitively one would
think that y = 8. We found that this is indeed
the case by comparing torque results with those
of the standard magnetic-moment measurements'
on the same foils. In the case that y=0, we
then have

Above H 2 the results are indeed striking.
T along the diamagnetic curve I and the para-
magnetic curve II is comparable with ~ near
H &. By contrast, in the standard magnetic-
moment measurement, the moment near 8~2
is in fact negligible when compared with that
near H~1. The observation of large torques
above Hc2 is consistent with Eq. (6), assum-
ing that M is of the order of magnitude of that
given by theory. '

Now consider a minor hysteresis path as
shown by the dashed curve I'QBS. Along the
initial portion PQ, w exhibits a rapid change
(~T)~Q over a field increment (~)~Q =9 G,
followed by a slower change between Q and H

as H is further increased by (~)QH. Over
the increment QA, T/H vs H is nearly a straight
line having the Meissner slope predicted by
Eq. (6b). This linear behavior indicates that
B is nearly constant and that B0 H=(l'H)-QH
=400 G is a measure of the magnetization at
the point Q. Since this value is two orders
of magnitude larger than the experimentally
determined value for 4wMf, (see below), we
tentatively associate it with 4rM and hence
the current J.

An additional contribution to 7 must be due
to AJ and hence 4rMy. Since 4rMy is expect-
ed' to be only about 4 G, T/H vs H associated
with 4~My should be linear over field measure-
ment of about 8 G as H is increased along the
path PR. The only structure that occurs over

FIG. 2. Torque versus H for a Type-II superconduct-
ing foil of Pb+5% Tl at 4.2'K, with the magnetic field
nearly parallel to the plane of the foil.
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this increment is the rapid change (b,r)PQ.
From its corresponding field increment, a
value 4mMb = —,'(~)PQ =4.5 G is obtained which
is in good agreement with that obtained by
Barnes and Fink. ' Since one cannot reliably
test for the linearity of T/H vs H over the path
PQ, we calculate the change (bT)PQ for the
dashed curve by taking the differentials of Eq.
(6a) and then substitute the respective values
Bp associated with the currents J and 6J. We
then have

(Ag ) = ~ [(B -2H) ~] + n [(B -2H) ~]
= o.(1400-2H)~+ a(4.5-2H) ~.

The calculated ratio [(&T)PQ]caic/[(&r)PQ]exp
=0.9 which indicates that Eg. (6) is approxi-
mately valid over the curve PQ.

To test further the assignment of (ddt)PQ
to 4wMf, and (~)qR to 4wMs we plated a small
portion of the surface of the foil with chromi-
um metal to quench the surface superconduc-
tivity in this region. The current AJ is now

prevented from circulating around the sample
whereas the current 4 may still flow around
the sheath in the manner illustrated in Fig.
1(d). If the above assignment is correct we
would expect Mf, and hence (hr)PQ to vanish
since AJ'would be zero, while (dZI)QR and r
should not change appreciably. Experimental-
ly, we find that (~)QR changes only slightly
while (~~)PQ vanishes, and the amplitude of
T decreases by an added amount proportional
to the fraction of the surface that was coated.
We therefore conclude that the above assign-
ments are correct. From the family of curves
PQRS obtained from different starting points
on curve II, Fig. 2, we deduce values of 4~M~
as a function of field above H~2. Values for
4m Ms/H vs H/Hc2 are plotted in Fig. 3 for a
number of samples and are compared with the
predictions of Fink and Kessinger. The agree-
ment is considered good in view of the fact
that there exists some variation from sample
to sample depending on the surface condition.
It is interesting to note that near H~2 the mag-
netization M~ is nearly equal to the bulk mag-
netization at H~y and the corresponding crit-
ical current J=10(~)QR/4m=320 A/cm is
about the same as the Meissner currents at
Hc

Torque measurements have also been used
to illustrate that flux pinning takes place in
the sheath. We have found experimentally that

Egs. (5) and (6) apply equally well below Hcl
whether H is varied at constant 8, or 0 is var-
ied (by rotating the magnet) at constant field
value. Above H~2, on the other hand, these
equations are valid for a changing field at con-
stant 0, but if 0 = 0.2' is increased by as much
as 1' at constant H unusually large torques
are observed. This behavior suggests that
the internal field is pinned at y = 0.2' while
8 has changed by 1'.

Although the theoretical and experimental
values for M~ are in fair agreement, the the-
oretical model ~' of the current distribution
in the sheath is inconsistent with two major
features of our data. First of all, the theoret-
ical current distribution above H~2 would lead
to a reversible 7 vs H for the partially plat-
ed foil and secondly, it does not account for
the flux pinning discussed in the preceding para-
graph. The observations that curve I is always

diamagnetic while curve II is always paramag-
netic (Fig. 2) and that negligible flux trapping
occurs below H~y suggest that the sheath itself
is multiply connected, and that the current
4 can change its direction from clockwise to
counterclockwise flow depending on the direc-
tion of the field sweep. In other words, the
sheath behaves as if it had a normal core as
shown schematically in Fig. 1(e). It is not clear
whether such a situation by itself would lead
to flux pinning or whether a "vortexlike" struc-
ture as schematized in Fig. 1(f) would be re

l. 2 l.3 l.4
H/Hcp

1.5 l.6

FIG. 3. Plots of 4wMs/H vs H for a number of super-
conducting foils. The solid lines are predicted by theo-
ry and the points are the experimental values deduced
from the torque measurements above H~2.
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quired. If a vortexlike structure exists in the
sheath, the "vortices" should necessarily be
aligned nearly parallel to the plane of the foil
and not perpendicular as was suggested by
Hart and Swartz. " If they are pinned nearly
normal to the plane of the foil and hence near-
ly normal to the field, then upon changing the
angle by 1' as described in the previous para-
graph, large torques are not expected to oc-
cur since the effective angle of the vortices
is changed to 90 + 1'. Qn the other hand, if
these vortices are parallel to H, a change of
1' is indeed considerable and large torques
would occur.

We summarize the results as follows: (1) Equa-
tion (6) is consistent with the observed large
torques above H~2, the straight-line relation
of v/H vs 8. along the minor hysteresis paths,
and the correct calculation of (AT)~q and Mf, .
(2) The partially plated sample did exhibit a
vanishing (br)&q. Using Eq. (6) we deduce
for the first time values for Ms and 4 and a
new model for the current distribution above

H~2. In this model the sheath contains either
a normal core or.a "vortexlike" structure pa-

ra, llel to the plane of the foil.
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It is proved that the spin of the ground state of a magnetic atom having exchange inter-
action with a nonmagnetic host metal is & + 2, where + = spin of noninteracting magnetic
atom, the upper sign is appropriate to antiferromagnetic coupling, and the lower, to
ferromagnetic coupling. This result is generalized to any number of conduction bands
and to nonpointlike impurities, provided that the exchange interactions with the number
of conduction bands, or with the various partial waves, are all of the same sign. For
p such bands or partial waves, the result is that the ground-state spin=

~ sv~

The present paper concerns the ground state
of a magnetic atom in a nonmagnetic host metal.
We use the s-d exchange Hamiltonian to de-
scribe this situation, the exchange perturba-
tion having been first shown by Kondo' to re-
sult in a logarithmic singularity in third and

higher orders of perturbation theory. It is
not known, in fact, whether the perturbation
series converges when carried out to all orders,
despite reasonable results of various methods
of partial series summations which have been
carried out to infinite order' in the coupling
constant J. Indeed, Silverstein and Duke' have

demonstrated that even methods which agree
to within logarithmic accuracy above the Kon-
do temperature will disagree below it, and
potentially can result in a plethora of predict-
ed ground-state properties. However, recent
variational solutions, some of which are based
on the assumption that the ground state is a
nonmagnetic singlet state, have circumvent-
ed the difficulties of perturbation theory, al-
though the problem is far from an exact solu-
tion at the present time. For this reason it
might be useful to have some exact theorems,
and in the present work we shall prove that
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