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We report here what is believed to be the
first prediction of the evolution of a nonlinear
ion acoustic wave in a Vlasov plasma with the
electron temperature T, much larger than the
ion temperature T;. Considerable work,"?
both analytical and experimental, has already
been carried out for waves of small amplitude.

The principal result is that we may show
close mathematical similarity with the descrip-
tion of a nonlinear sound wave in a neutral gas.
Specifically, we may use the well-known Rie-
mann solution® for simple waves to prove that
large-amplitude compressive ion acoustic puls-
es steepen and develop discontinuities.

Such behavior often occurs in other situations
in which the corresponding linear wave motions
are of constant phase velocity.? For example,
the tendency of compressive hydromagnetic
pulses, propagating along a dc magnetic field,
to steepen in the nonlinear regime has been
demonstrated both theoretically® and experi-
mentally.® Nonlinear electron plasma oscil-
lations, on the other hand, exhibit no such
tendency.

Ideally, the calculation should proceed from
the Vlasov equations for the electrons and ions,
a formidable task. We proceed instead from
a two-fluid model which can, to a certain ex-
tent, be justified from a Vlasov description
and which correctly predicts the correspond-
ing linearized wave motions.

We ignore the ion temperature and consider,
for simplicity, only one-dimensional motions.
The ion and electron dynamics are given ex-
actly by the equations.
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The symbols «, n, m, and P stand for fluid
velocity, number density, particle mass, and
pressure, respectively, and the subscripts
i and e stand for ions and electrons. E is the
electric field, and the electronic charge is —e.
The two fluids each obey an equation of con-
tinuity an/8t+ B(njuj)/8x=0,j=i or e. The
system is so far exact, but not closed. What
is missing is an expression for the electron
pressure. We achieve closure by assuming
that the electrons respond adiabatically to chang-
es in the electrostatic potential ¢ [E=-~08¢p/08x].
That is, starting from a Maxwellian distribu-
tion, the electron distribution function remains
proportional to

exp{—(%mev?—ew)/KTe}.

This is a good approximation for potentials

¢ which change slowly on the time scale of the
electron plasma frequency”; and for potentials
which vary on the length and time scales of
ionic sound waves, it solves the electron Vla-
sov equation up to terms of the order of the
ratio of the ion-acoustic speed, (K7T,/m;)*?,
to the electron thermal speed. It follows im-
mediately that the electron pressure obeys the
equation of state
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For ¢’s which change slowly compared with
the electron plasma frequency, the approxima-
tion of quasi charge neutrality may be made:

lng—n;l/Ing 11, or ng =n;=n, say. Using
the continuity equation and imposing the bound-
ary condition that there be no net current at

x =z, one can show that u, =u; =u, say.

Noting that 7;/T, <1, and dropping terms
of O(m,/m;) relative to those retained, Eq.
(2) reduces to
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with the equation of state now being
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Equations (4) and (5) and the equation of con-
tinuity are now just the Euler equations for
an ideal fluid, and considerable information
exists concerning their solutions. The Riemann
solution for simple waves, specifically, is
well known® and need not be reproduced here.
The most noteworthy property of the solution
is that any compressive pulse will steepen as
it travels, and develop a vertical tangent in
a plot of # vs x in a time

ts=2/(ye+1)lau/8xlmax, (6)

where 10u/0x] .« is to be evaluated at #=0.
Whether the wave will develop a shock (as
in sound waves in an ordinary gas) or will break
(as in water waves) depends upon processes
which are omitted in Eqs. (4) and (5). In par-
ticular, the quasi charge neutrality will break
down when the pulse has steepened enough so
that ¢ changes over an electron Debye length.
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The electron Debye length may be conjectured
to be the length scale of whatever final state
is reached after f =t5. The dimensionless pa-
rameter which must be 2O(1) in order to see
the nonlinearities clearly is le(p/KTel. In the
wave trains excited in previous experiments,
this number has characteristically been $10~2,
The principal experimental limitation in see-
ing the above phenomenon will apparently be
getting stronger coupling between the exciting
grids and the ion acoustic wave. Potentials
of the order of several volts have been applied
in the past but have remained largely confined
to the sheath region around the grids. It may
be remarked that it is possible that the above
effect has been involved in measurements on
@ machines.®
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