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The hypotheses of Khuri's theorem, which imply that asymptotes of Regge trajectories
cannot be infinite, are studied. We show that the residue function P(s } is expected to have
an essential singularity at infinity and that Q. (s } may wel:I. have complex branchpoints, mak-
ing Khuri's theorem consistent with infinite asymptotes.

Recently, there has been considerable inter-
est in the possibility that Regge-trajectory
functions n(s) behave asymptotically as

Re n(s)-+~,

s -+.
The behavior (1) differs from that predicted
by most models, for example, potential the-
ory, where o.{s)approaches the poles of the
Born approximation at negative integers as
s -+~. However, trajectories with the prop-
erties of {1)are strongly suggested by exper-
iment where a large number of high-energy
Regge recurrences have been found, and Re&
appears to be roughly linear over the range
of observable energies. '

Also, several parallel theoretical develop-
ments are beginning to confirm (1). Chu and
Tan, ' acting on a suggestion of Chew and Jones,
have given a simple bootstrap model for tra-
jectories that satisfy (1). The model is based
upon the importance at high energies of two-
body channels with high spin and relatively
low orbital angular momentum. Mandelstam~
has made a very plausible argument in poten-
tial theory that if the scattering particles are
composite, trajectories will have the behav-
ior (1). Also in a theory which possesses a
third double-spectral function, the present
authors4 have pointed out that because of the
presence of Regge-Mandelstam cuts, ' a(s)
may pass freely through fixed poles of the am-
plitude located in 4 at nonsense wrong-signa-
ture points.

Khuri has recently made an important con-
tribution to this subject by studying in a more
systematic way the consistency conditions irn-
posed by (1) on the analyticity and asymptot-
ic behavior of scattering amplitudes and Regge
functions. Khuri shows that the standard as-
sumptions concerning analyticity and asymp-
totic behavior of o(s) and P(s), the Regge-tra-
jectory and residue functions, are in contra-

diction to (1). In this note we examine in some
detail the properties of P(s) and a(s) and sug-
gest that the standard assumptions are prob-
ably wrong and that the behavior (1) is conse-
quently consistent.

The results of Khuri' require that if (1) holds,
at least one of the following statements (stan-
dard assumptions) be false:

(i) The amplitude A(s, t) is analytic in the
cut s plane and is bounded for fixed t by f(s)
=cexp(]s(a ~); (ii) A(s, z) is bounded by f(s)
for fixed z; (iii) the Sommerfeld-Watson trans-
formation of the partial-wave amplitude a(l, s)
exists, and a(l, s) is bounded by f(s) for fixed
l; and (iv) a(s) and P(s) are analytic with a
single cut from s =4 to s = ~, o(s) is polyno-
mial bounded, and p(s) is bounded by f(s).'

We now discuss the possibility that hypoth-
esis (iv) is not fulfilled and that (1) is valid. s

First we consider the asymptotic behavior
of P(s). While the bound f(s) in (iv) appears to
to be a generous one, it is, in fact, not plaus-
ible if n(-~) = -~. There are two reasons for
this: The first is the Mandelstam /-plane sym-
metry which states that'

a(l, s) =a(-1-1,s),
3 5
2 22j t

This symmetry was shown by Mandelstam for
potential scattering. Its truth in the relativ-
istic case has been freely conjectured. If it
is not true, then fixed negative half-integer
powers are introduced into the asymptotic be-
havior of the amplitude which would negate the
attractive idea that all asymptotic exponents
vary with momentum transfer. [The Mandel-
stam symmetry can be understood formally
in the Froissart-Gribov transformation for
a(l, s) from the symmetry of the Q functions,
Ql =Q l ll = —-I ~ I .]

The Mandelstam symmetry requires that
P(s) vanish for all negative s where n(s) equals
a negative half-odd integer less than ——,

' and
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for which there is no compensating trajectory
for the same value of s at J=-a,(s)-1. Thus,
if a (s) - -~ as s - -~, P(s) will have an infi-
nite accumulation of zeros at s = -~. Such a
function necessarily has an essential singular-
ity at infinity. We can establish immediately
a lower bound on P(s) as s - -~ in the left-half
plane by the following application of Carlson's
theorem. '

Consider P(s) as a function of a.(s). Then
P(a.) is analytic for Rea. sufficiently negative

3 5and possesses zeros for o. = -~, -&, and ~ ~ ~ .
If P(a.) is not identically 0, then by Carlson's
theorem, 'o

w[a. f

p(a:) & const e
Ql ~ ~OO

(4)

Hence, in order for P to have the behavior P
&f(s) and to satisfy the conditions of (iv), a.
must clearly decrease more slowly than -v-s
as s--~. However, Khuri shows' that if n
& ( vs ) as s —~, then Re a must approach +~
as s —-~ if it approaches +~ as s -+~.

To see roughly what is involved, suppose
that

a(s) = -(-s),s ~~00

where p is some real positive power. Then
clearly

P(s) = const/I'(a. (s)——,').
Khuri demonstrates that statements (i)-(iii)
imply

lim tP(s)& (z) l &f(s),
~ op

fixed z.
In Eq. (4), we are using the fixed-z limit re-

(7)

(8)

a, (s) = -(s) [coswp-i sin~p].
S -+~

Thus, unless p& —,', Rea(s) approaches the same
limit as s -+~. Thus if Hen is to behave as
(1) and be polynomial bounded with only a right-
hand cut, it must approach +~ faster than vs

and (iv) is violated.
We proceed to show, by taking a simple ex-

ample for P(s), that none of Khuri's hypothe-
ses other than (iv) are obviously violated' if
n approaches +~ faster than vs. Consider,
as a simple example of a P(s) having the re-
quired properties,

quired by (ii) which is harder to satisfy than
the fixed-t limit. (See Ref. 7.) Condition (8)
is impossible to satisfy if (1) and also (iv) are
true. [The essential reason is that if (P(s) I

&f(s), then a theorem of Boas" shows that
IP(s) ( must be bounded below by exp(-e(s)'"/
lns). ] However, if (7) is true, the requirement
of (8) can be easily met if a.(s) - ~ as s -~,
since

p(s) — = const e
-a.(s) lns

and

IP (z)f & e

where b&0.
We see from (9) that (8) is true even if a(s)

approaches + faster than s'" as s -~. [The
restrictions of the Boas theorem no longer
apply, since tP(s) l &f(s).] Thus, a P given
by (7) is consistent with the condition (8), which
was implied by (i)-(iii).

A second point which can be made in connec-
tion with the asymptotic behavior of P(s) con-
cerns the possibility of P(s) having an infinite
number of poles which accumulate at infinity.
It has been shown that a(l, s) has fixed poles
at nonsense wrong-signature values of l. Such
poles depending upon dynamics may be man-
ifested in P(s) at values of s such that a.(s) is
a nonsense wrong-signature value. " Such be-
havior undoubtedly also contributes to the bound
in (iv) becoming worse.

These two arguments suggest that in the pres-
ence of the behavior (1), the bound (iv) on P(s)
is invalid and must be replaced by (4). This
latter behavior is not in contradiction with any
known, more basic, truths. It does, howev-
er, raise (but not settle) the question of the
existence Of partial-wave dispersion relations
for a(I, s) or, at least, the uniformity in I of
its polynomial boundedness in s.' It also in-
vites comparison with the f(s) bound on form
factors proven by Jaffe is However~ the gen
eral relation between form factors and Regge
residue functions is unknown, while in weak
processes, form factors have shown to be re-
lated, not directly to Regge residues but to
associated fixed J-plane pole residues. '4

*Work supported in part through funds provided by
the U. S. Atomic Energy Commission under Contract
No. At(30-1)-2098.
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It is shown that a parity-doubled {at t = 0), I = 1, odd-signature trajectory is favored by
a simple dynamical mechanism. A set of experiments is described whereby one could
settle decisively the question of which (if any) of the possible 0(4) conspiracies at t = 0
is realized.

(1) There has been considerable interest re-
cently in the possibility that the exchange of
a pion Regge trajectory could give rise to a
forward peak in reactions such as n+p-p+n,
y+N-m+¹' Such a contribution of an odd-
parity trajectory to forward processes must
necessarily involve conspiracy between trajec-
tories degenerate at t ~0, of the kind predicted
by O(4) symmetry. ' ' If one of the leading con-
spirators is to be the pion trajectory, the con-
spiracy must be of class III, in the terminol-
ogy of Ref. 8. This is the parity-doubled class,
in which the pion [G =P = (-1) +1] conspires
with a trajectory for which G ~ P= (-1) +-1

(at the same leading point, 8= n).
However there is a grave theoretical difficul-

ty with this idea, as can be seen from the sim-
plest O(4) consideration. The two angular mo-
menta (j„ja)which characterize class III dif-
fer by unity. (j,+j,=P, the index in which the
amplitude is to be analytically continued; Ij,
-j a') =M, which is to remain fixed. '&') For M
=1, the minimum physical angular momentum

in a representation is unity. Thus, if the pion
trajectory were bound with J=0 at zero mass
and were in class ID, we would necessarily
conclude that the pion was unobservable. Of
course, away from zero energy the T matrix
will no longer be diagonal in the O(4) labels,
but the pion mass is so small that the class-ID
trajectory should be nonsense choosing at 4=0.

(2) It may nevertheless be of great interest
to look at the possibility that a class-III, I= 1
conspira. cy does exist, with intercept n(0) =0,
but giving rise to no 4= 0 particles. We would
then speculate about possible J=1 or 7=2 in-
tersections, depending on the signature. Note
that which of the possible meson pairs can cou-
ple to the trajectories depends on the signature.
Remembering that the distinctive feature of
class-III exchange in forward scattering is the
fact that the s& contribution is pure spin dou-
ble flip, m we see that observing which (if eith-
er) of the forward reactions m+N-p+N or m

+N- v+ N shows large spin double flip would
indicate the signature of the trajectory. "


