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cluded that the group as a whole represented AK+K -
events, with negligible contamination from the other
two final states, and the events were so assigned. The
sample of AK'K? fits presented here represents ~30%
of the AKK final state. The group as a whole is consis-
tent with being all AK'K? events, exhibiting properties
similar to the sample of AK *K— events, and they were
therefore assigned as such.
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Multichannel phase-shift analysis has been
performed on available experimental data for
all channels of K p and K,°) interactions in
the momentum region 0 to 550 MeV/c.! In this
analysis, the multichannel effective-range pa-
rametrization of Ross and Shaw? has been ap-
plied. The results on the S;, phase shift give
the mass and width of the KN bound state which
are, respectively, lower and larger than the
values obtained from the previous constant-
scattering-length analysis. The P,g phase shift
shows that Y, *(1385) is due mainly to strong
AT interaction and that its coupling to KN is
very weak. Also in this analysis, the Fermi-
Yang ambiguity in I =0 K*% phase shift of Stenger
et al.® can be resolved and the Yang set is de-
finitely favored.

Available experimental cross sections and
angular distributions from approximately 22 000
events of the following ten reactions below 550
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MeV/c have been analyzed:
K +p—=K +p,
K- +p—-K+n,
K +p—=Zt+nm—,
K- +p=Z"+7",
K™ +p=2%+1°
K +p—~A+1°
K +p=A+nten™,
KCl+p=~K'+p,
KL+p—=Z0+mt,
KL +p~A+7t,
The experimental results come mainly from

the following three experiments. The cross
sections and angular distributions from 0 to



VoLuME 19, NUMBER 18

PHYSICAL REVIEW LETTERS

280 MeV/c based on 10000 events for the first
six reactions were analyzed by Kim* in terms
of six s-wave constant-scattering-length param-
eters. Watson, Ferro-Luzzi, and Tripp® ob-
tained 10000 events between 250 and 550 MeV/c
for the first seven reactions, and they fitted
the results to a constant-scattering-length mod-
el using 30 parameters for s, p, and d partial
waves. Recently, Kadyk gt_gl_.6 carried out

an experiment on K, interaction from 100

to 500 MeV/c and obtained approximately 2000
events for the last three reactions. The angu-
lar distribution of K,°p — An* showed that a
substantial amount of p wave exists even at

160 MeV/c. The detailed angular distributions
for A7° channel were not available prior to this
K,°» experiment, because of an experimental
difficulty in separating =Z°7° and A7° channels.
The objective of this work was to make a first
over-all coupled-channel phase-shift analysis
of the above three experiments using the effec-
tive-range parametrization.

Dalitz and Tuan’ first formulated the K-ma-
trix analysis of KN interactions. Ross and Shaw?®
subsequently gave an effective-range param-
etrization of the K matrix. They defined the
M matrix and expanded it in the following ef-
fective-range form:

1-21 C

®-r %,

1
M(E)—M(E0)+26ijr ! 0

where % is the diagonal matrix of the center-

of-mass channel momenta, [ is the orbital an-

gular momentum, # is the diagonal effective-

range matrix, and C,=1 for s wave and C,

=-3 for p wave. They show that off-diagonal

ranges are an order of magnitude smaller than

the diagonal ranges. This matrix is related

to the scattering matrix T by

T=kzl/(M—z‘kzl+1). @)

The M matrix is essentially the inverse of the

K matrix, except that the centrifugal barrier

factor and the K matrix can be calculated from

k=ru (3)

The I =0 system has two coupled channels,

KN and Zw, whereas the I=1 system consists

of three coupled two-body channels, KN, Z,

and A7. From unitarity and time-reversal in-

variance,- both M and K matrices are real and

symmetric. Therefore, we have nine zero-

energy parameters and five ranges for each

partial wave. As s wave dominates the region
below 550 MeV/c, it is possible to determine
all 14 parameters for s wave within the present
statistical accuracy. Present data do not allow
the meaningful extraction of effective ranges
for P, P,,, and P,, partial waves because of
the small amount of these waves seen, main-
ly in the higher half of the energy region inves-
tigated. However, effective ranges have been
introduced for the P,; wave in order to take
care of the high-energy tail of Y,*(1385) seen
in K2°p-A7r+ data. The Breit-Wigner resonant
amplitude with energy-dependent width® has
been used for the Dy, channel for the Y,*(1520),
and the presence of a slight amount of D 4 wave
is treated by four constant-scattering-length
parameters. Therefore, we used altogether

44 parameters to make the over-all fit of avail-
able experimental data.

In the search of these parameters, we used
the general minimizing program MINFUN writ-
ten by Humphrey.® The results of parameters
determined in this analysis are given in Ta-
ble I. The s-wave parameters are well deter-
mined and are unique. However, only the best
parameters with the lowest x2 value for high-
er partial waves have been listed. It is impor-
tant to point out that these parameters give
phase shifts not only for KN—KN, but also for
mY - 7Y scatterings. This is one of the impor-
tant features of the K-matrix approach.

Figures 1(a)-1(d) present some of the exper-
imental cross sections compared with the cal-
culated values from the fitted parameters. The
fit is very good in general, and there are no
systematic deviations even at the highest mo-
mentum treated in this analysis. It is interest-
ing to point out that there are definite indica-
tions of deviations due to the neglect of effec-
tive ranges in the separate analyses of the two
experiments reported in Refs. 4 and 5. The
experimental ratio R shown in Fig. 1(e) can
be used to solve the Fermi-Yang ambiguity
of K*n phase shifts for the I=0 channel from
Stenger et al.® The parameters given in Table
I combined with the Yang set give good agree-
ment with the data, but the Fermi set can be
excluded. This good agreement with the ratio
can also be used as a check on the present anal-
ysis since the curves shown are not fitted val-
ues, but are just predicted values from the
parameters. This ratio has been very useful
in distinguishing a correct solution from oth-
ers (as shown by Ref. 6) because the strong

1075

30 OCTOBER 1967



VoLUME 19, NUMBER 18

PHYSICAL REVIEW LETTERS

30 OCTOBER 1967

Table I. Multichannel effective-range parameters. M4 BI is the M-matrix ele-
ment, where I indicates isospin, A and B indicate the initial and the final channel.
’VCI is diagonal range, where I denotes isospin and C denotes channel. M is in

units of F—(21+1)

and 7 is in F. a; and b, are the real and imaginary parts of the

scattering length. ey is the ratio o(2m)/Ao(=7) +o(Amm)}, @y is the phase angle for
KN—3Zm, and X is the inverse of the interaction radius.

S Pl P3 D3 (units)
M3, -0.00£0.02 17.5¢16.4 10.9+0.9 a, 0.006x0.003 (£m>)
Mes  -1.11#0.04  -10.6#4.5 =-1.4+0.2 b 0.002+0.001 (£m>)
0 e
MO, 2.0410.10 11.4+4.8  5.640.5 <. 0.060+0.040
Mb, -3.60£0.02 -18.130.7  5.2t1.0 @ -4.08£1.50 (rad)
ML -2.86£0.03 7.241.1 -13.8+1.6 E, 1518.8+0.7  (MeV)
Mllm 2.08+0.07 4.740.4 -11.9+1.6 T 16.2+1.0 (Mev)
1 e -

ML -1.40£0.06  -0.3#l.1 15.8+0.9 T 5.140.4  (MeV)
1 - - MeVv
M, 1.81:0.04 6.8+1.0 13.6+0.2 T 8.8+0.8  (MeV )
M, -2.3120.11  -3.4#1.3  -16.3:2.0 X 0.5430.05 (£m 1)

rp  0.5430.08

2 -0.89+0.31

Z —

rp  -0.13+0.07 -0.66+0.20
rl  -0.7840.23 0.27+0.05
ri -1.2240.45 0.31+0.13

2

x“= 580.0 for 565 degrees of freedom

interference between S=-1 and S=1 amplitudes
appears in a very sensitive manner.

The detailed interpretations of both Y *(1405)
and Y,*(1385) resonances will be made next
using the K-matrix elements obtained for the
first time in this analysis. Dalitz'® defines
a resonance energy E; for a multichannel sys-
tem when one of eigenphases passes through
a 37 at that energy. The K matrix for 7Y sys-
tem below the KN threshold is called a reduced
K matrix, and it can be expressed in terms
of complete K-matrix elements above KN thresh-
old in the following form, using Dalitz’s nota-
tion'!:

KR yonB(1 + k) kg, (@)
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where KR is the reduced K matrix and the eigen-
values of k2KRkZ give eigenphases tand;. He
classifies resonances into two types: (a) the
complete K-matrix elements o, B8, and ¥ may
have a pole at the same energy E,; (b) a, 8,
and Yy may vary smoothly, but KR may have

a pole at E, when the factor 1 +ka becomes
zero. The first type is a scattering resonance
and the second type is a virtual bound-state
resonance. It is shown below that Y,*(1385)
belongs to the (a) class and Y,*(1405) belongs
to the (b) class.

In Fig. 2(a), the large value of o indicates
that the KN channel interaction is strong and
the small value of ¥ shows that the 72 channel
interaction is weak for the S,, system. How-
ever, the reduced K matrix KEER for the 72
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FIG. 1. (a)~(d) Total cross sections for the reactions
specified. The solid curve is the expected value from
the solution of Table I. (e) The solid curve is expected
from the Yang set and the dashed line is from the Fer-
mi set.

system has a pole at 1403 MeV which is caused
by the factor 1 +ka. Since a is large and neg-
ative, this term can become zero at the prop-
er energy, and it causes the pole in the 7Z chan-
nel. At the pole, the 72 scattering phase goes
through 37 as shown in Fig. 2(b). This type

of resonance belongs to Class (b) and it is an
s-wave KN virtual bound state. In order to
compare this bound state with the Y,*(1405),
the 7Z production cross section as a function

of total center-of-mass energy according to
Watson’s theorem?? is calculated and shown

in Fig. 2(c) in arbitrary units. The mass and
the width obtained from the effective-range
parameters for this resonance are, respective-
ly, lower and wider than the values from con-
stant-scattering-length analyses,'® and these
are

E_=1403:3 MeV, T'=505 MeV.

These values are in good agreement with the
parameters of Y,*(1405). The equally impor-
tant agreement is in the asymmetric shape with
the sharp fall on the high-mass side. Thus,
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FIG. 2. (a) o and vy are the diagonal elements of the
K matrix and KZER is the reduced K matrix for the =
system for Sy wave. (b) 7 scattering phase shift. (c)
I production cross section in arbitrary units for Sy
wave. (d) ag, vgy, andy,, are the diagonal ele-
ments of K matrix for P;3 wave. (e) Am scattering ei~
genphase shift. (f) Ar production cross section in arbi-
trary units.
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this analysis presents a much more comprehen-
sive and detailed interpretation of Y *(1405)
as an s-wave KN bound state.

The diagonal elements of the K matrix for
P, are shown in Fig. 2(d). All K-matrix ele-
ments have a pole at the same energy. The
interaction for the mA channel is very strong,
and the 72-channel interaction is weak. The
interaction for the KN channel is negligible.
Figure 2(e) shows the 7A scattering eigenphase
which goes through 37 at the location of the pole.
This resonance belongs to Class (a), and it
can be identified with the Y,*(1385). In the
final fitting of parameters given in Table I,
the location of this resonance has been fitted
to 1382 MeV, as the present data do not allow
the exact prediction of this mass, mainly be-
cause of statistical limitations. The 7A pro-
duction cross sections calculated from Watson’s
theorem and the parameters of Table I are shown
in Fig. 2(f). The width shown is 32 MeV, which
is in good agreement with the Y,*(1385). The
symmetric shape of the resonance is also in
agreement with the production data of ¥,*(1385).
Therefore, Y,*(1385) is mainly a mA scatter-
ing resonance, and its coupling to the KN chan-
nel is very weak. It is definitely not a p-wave
KN bound state.
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