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U These may be taken as |3, |pyl, 0s, p, (the angle be-
tween § and By), |P;—p_il, and 8p,—p_,,s (the angle be-
tween § and Pi—p_,). -

12See H. Pilkuhn and B. E. Y. Svensson, Nuovo Cimen-
to 38, 518 (1965), who include references to earlier

work. The effects of absorption on correlation mo-
ments are discussed by B. E. Y. Svensson, Nuovo Ci-
mento 39, 667 (1965); J. T. Donohue, thesis, Universi-
ty of Illinois, 1967 (unpublished); and J. D. Jackson et
al., Phys. Rev. 139, B428 (1965).

7m PHASE-SHIFT ANALYSIS FROM 600 TO 1000 MeV*

Ernest Malamud and Peter E. Schlein
University of California, Los Angeles, California
(Received 16 August 1967)

A method! has been proposed (referred to
hereafter as I) for extracting the 77 elastic
scattering phase shifts from data on 7N - 77N.
It is shown in I that complete prior knowledge
of the helicity amplitudes is not necessary in
the analysis. Although some of these become
additional free parameters in fitting the data,

a large number of constraints remain which

test the validity of the model. We present here
an analysis of this type for 77 effective mass

0.6 <m;; <1.0 GeV and cosf; ,,, >0.9 (nucleon
momentum transfer ¢ <0.175 GeV?), using a
sample of data with beam momenta 2.1-3.2 GeV/
¢ compiled from several laboratories?:

T +p —-77—+7r++n (6740 events), (1)
7 +p—7m +7°+p (3656 events), (2)

where the numbers of events are those remain-
ing after the m,,; and Gc_m. selection. The de-
tailed analysis, described below, is concerned
mainly with Reaction (1), with Reaction (2) used
to obtain independent information on the 7'=2
s-wave interaction. Aside from demonstrating
that the data satisfy well the tests suggested

in I, the T=0 s-wave phase shift (680) is shown
to increase from ~60° to ~90° in the range 600
<Mg;; $T730. For 730 MeV <my;, 65° most like-
ly continues to increase, implying the existence
of a T=0 scalar meson ¢(730).

We show in Fig. 1 the spherical harmonic
moments (Y;°) of the 7 .~ angular distribution
in the 77 rest frame of Reaction (1) for 7 <10.
As explained in I, the coordinate system used
has its z axis along the direction of motion of
the nm system for reasons of simplifying the
extraction of the helicity amplitudes in the sub-
sequent analysis.® For both Reactions (1) and
(2) (similar to Fig. 1, but not shown), small
but significant (negative) moments exist for
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FIG. 1. Moments (¥;% of the outgoing 7~ in the 7
rest frame of 77p =7~ n with cosfc m,>0.9. The po-
lar axis is the helicity axis of the 7w system. The mo-
ments are separately given for 0.6 <m;;<0.9 and 0.9
<mgp<1.0 GeV.

! as high as 8. We take these to be due to 7N*
background® but henceforth ignore their pres-
ence compared with the large /=1, 2 moments.
As in earlier analyses,® we assume that only
s- and p -wave scattering need be considered
for the nm interaction in this region.

The moments N(Y,”) and N(Y,”) (N is the
7 effective-mass spectrum) evaluated® every
20 MeV for 600 <m,, <1000 MeV are given in
Fig. 2 for Reactions (1) and (2). As shown in
Eqgs. (3a)-(3f) of I, these quantities have a de-
pendence on the effective mr-scattering ampli-
tude functions which is determined only by I.
Thus, N(Y1")~{}Re(d;;5A7,F") and N(¥5™)
~{}A-£ 12, where the brackets { } denote
functions of the helicity-amplitude vectors (de-
fined in I) §,, B,, P—,;, and . To the extent
that these bracket quantities can be considered
independent of m ., the data in Fig. 2 direct-
ly display the m,, dependence of the scatter-
ing-amplitude functions shown; the more rapid-
ly varying the phase shifts, the better this ap-
proximation. Dirict tests of the fundamental
factorization and reality assumptions of the
formalism in I are that N(Y,°) and N(ReY,) have
the same w1, dependence and that N(Y,°) ~N(ReY,")
~N(ReY,?) ~ (p-wave Breit-Wigner). Applying
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FIG. 2. Mass histograms (N) and moments N {¥;") for (a) 7=n*n and (b) 7~7% data with cos0, y >0.9. Only
the moments N (Y1°) for 7~1% were used in the fits. The curves are calculated from the “Up-Up”’ solution; for the
three moments N{Y /), curves are those of a single Breit-Wigner function and differ only by multiplicative factors.
The curves on N and N{Y ;) have been drawn smoothly to remove structure due to the fluctuations in 65 seen in
Fig. 3(d). Above 900 MeV the curves are drawn dashed to reflect the fact that the over-all fit is poor in this region.

these tests to the 77 "» data in Fig. 2(a), we
find acceptable ¥? confidence levels of 55 and
7% for the I=1 and I =2 tests, respectively.
For the 7% data, we find 98 and <0.01%,
respectively; excluding the N(ReY,?) data from
the /=2 test improves the fit to CL=2%. This
aspect of the 77 7% data suggests the presence
of two exchange components (7 and w) which
contribute differently to the m =0 and m =+1

p helicity states.

For purposes of fitting Eqs. (3) of I to the
data, the 77 ~n events were divided into three
regions of cosf, ., containing approximately
equal numbers of events (see Table II). There
are 3 X 20 x 6 =360 independent N(Y;") data points
between 600 and 1000 MeV, in addition to the
20 moments” N(Y,°) for the 7~7% events in Fig.

2(b). The 777~ elastic-scattering amplitudes
are assumed to have the form® An+ﬂ_s = %A(GSO)
+3A4(64%) and A+ -F=14 (8,), where A(5;T)
=exp(i5;T) sing;T. 5¢° 647, and b, were as-
sumed independent of ¢ (fits performed indepen-
dently for each of the cos6, ,, regions yield-

ed phase shifts which were compatible with one
another; thus the present data do not require

a t dependence of these phase shifts). 6.° was
assumed unknown at each of the 20 ., inter-
vals. 682 was assumed unknown at seven differ-
ent m_ . values. ép was given by a p-wave Breit-
Wigner amplitude® with coté =[mpz—m7m2][1
+(q/qp)z]/[ZmpPp(Q/qp)s], where ¢, and ¢ are
the 77 c.m. decay momenta for 77 systems of
mass m, and m,, respectively, and m, and

Pp are variables in the fit. The six indepen-
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FIG. 3. (a), (b) Schematic diagrams showing how ambiguities in 05 arise. dg is calculated from the moments
N{¥,% of Fig. 2(a) for the two indicated trial values of K in N¥{) =K Re(A %4, F%. The unitarity circles show
the projections of the complex S vectors on P at my;=750 MeV. For K =5.3 there exists poor separation between
the two 85 values at many m;, values, as demonstrated by the dotted lines. At 710 MeV the projection on P is 20
outside the circle. (c)-(e) Gso, o 2 and the helicity-amplitude vectors for the solutions discussed in the text.

dent helicity -amplitude quantities discussed

in I, namely |81, IB,!, 65,,5> I, -P-, !, 05,-B_,,5

and (I19,1%2+19_,1?), were assumed unknown

in each of the three cosf, ,,, regions, yield-
ing 18 additional free parameters. {§-glz =79
was also a free parameter.

To demonstrate the nature of the 630 ambi-
guities expected in the fits, we show in Figs.
3(a) and 3(b) the values of 6;° (we ignore 6.?
for this purpose) obtained from the N(Y,° da-
ta of Fig. 2(a) for two assumed trial values
of the multiplicative helicity amplitude factor
(call it K) in Eq. (3b) of I. The value K=5.3
used in Fig. 3(a) is close to the preferred val-
ue in the actual fits. We refer to the set of
larger 64 values for all m,_ . as the “Up-Up”
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branch and the set of smaller &g values as the
“Down-Down” branch; the proximity of the two
branches for small K also yields in this case
the cross-over branches “Up-Down” and “Down-
Up” as possible solutions.

Starting values for the x2-minimization search
program!® were chosen to correspond to the
possible classes of solutions illustrated in Figs.
3(a) and 3(b) for a large range of K. These
choices excluded rapid changes of 630 with m .
which would result from jumping back and forth
between the branches. Three of the four pos-
sible branches are obtained as convergence
points (the “Down-Down” solution is never found).
The resulting fits are summarized in Table
I and the phase shifts and helicity-amplitude
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Table I. Phase-shift solutions.

mo dependence of |;|2, |;i

2
|

Change, Confidence

m . range 0.6-1.0 GeV level mp 0
Solution (GeV) Form® (%) x2 Constraints %) (MeV) (MeV)
""Down-Up"' 0.6 - 0.9 constant 240 244 56 7673 1527
0.6 - 1.0 constant 378 332 4 767+3 1507
1-0.2A-0.1A2 -8 378 330 3 76915 14918
"Up-Up" 0.6 - 0.9 constantb 232 244 70 767+2 149+5
0.6 - 1.0 constant 372 332 6 7662 15345
1-0.3A-A2 -16 370 330 6 769+3 1577
""Up-Down"' 0.6 - 0.9 constant 258 244 26 762+2 139+6
0.6 - 1.0 constant 441 332 <0.01 7612 13616
1-A-2.64% -47 389 330 1 77154 153%7

AA =m 1 —0.75 GeV.

bAccepting the validity of the “Up-Up” solution, the parameters of this fit should be the most reliable determina-

tion.

vectors for the best confidence limit fits for
600-1000 MeV shown in Figs. 3(c)-3(e) (confi-
dence limits 4, 6, and 1%, respectively). It
is important to note, however, that for all three
solutions, neither the &g values nor the vectors
P;, § obtained in the 600- to 900-MeV fits are
significantly altered when the 900- to 1000-MeV
data are added to the fit. However, the confi-
dence limits decrease considerably, indicat-
ing that the formalism may be showing signs
of breaking down when the fits are extended
over the full 600- to 1000-MeV range. The
“Down-Up” and “Up-Up” solutions are found
to be extremely insensitive to the inclusion
of the quadratic m,, dependence of |31% and
IP;1? (shown in Table I) in the fit, whereas the
confidence limit for the “Up-Down” solution
improves from <0.01 to 1%; neither the phase-
shifts nor the helicity-amplitude vectors change
significantly in this process, however.

As shown in Figs. 3(c)-3(e), the three solu-
tions have in common that §,°~90° in the re-
gion m . ~150 MeV, a result which is thus in-

dependent of the following discussion. The “Down-

Up” and “Up-Up” solutions differ essentially
in their 64° values for my; <750 MeV and in
their helicity amplitudes. The smaller aver-
age contribution to the mass spectrum of the
“Down-Up” solution in this m,,; range causes
18] to be larger, resulting in 6, ~45° in or-

der to retain approximately the same value for
D,°S. Since the absorption model predicts the
ratio of nucleon helicity-flip/nonflip amplitudes
to be the same for production of a zero-helic-
ity 77 system of any ! wave,!! the “Up-Up” so-
lution is preferred over the “Down-Up” solu-
tion on this basis.

The “Up-Up” and “Up-Down” solutions are
nearly identical for mm5790 MeV. Above this
energy 680 increases fairly rapidly for the for-
mer solution while for the latter solution it re-
mains near 90° up to 1000 MeV. Since for 6.°
slowly varying, the results of a fit are most
sensitive to false assumptions concerning the
mqy dependence of |P;1% and 1512, it may be
unreliable to rule out the “Up-Down” solution
either on the basis of the large 6, in Fig.
3(e) or because of the seemingly excessive fall-
off of the m,, dependence of IiSitz and |$12 shown
in Table I for this solution. However, a rela-
tively constant s-wave 77 cross section from
600 to 1000 MeV is not compatible with the ex-
perimental results of Corbett et al. !? Strugal-
ski et al.,!® and Wahlig et al.,” who present
7979 mass spectra all of which show a signifi-
cant drop-off in this region (although Wahlig
et al. point out that uncertain background con-
tributions may be in part responsible for their
results).

For the preferred “Up-Up” solution, 6g° pass-
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es through 90° at m;,~ 730 MeV implying the
existence of a scalar meson ¢(730). The “Up-
Up” solution for 600 <m;; <900 MeV is not well
fitted by a Breit-Wigner distribution, however,
but requires cotdg® to be a more complex func-
tion of m,, with d cotd/dm,, increasing as 04°
passes through 90° (the slope at the 90° point
corresponds to '~ 150 MeV). This fact, our
large value (~60°) of 6,° at 600 MeV, the val-
ue of 5,°-6,2=+(66<+ 13)° at the K-meson mass
deduced from K - 27 decay,'® 8 plus the absence
of structure observed in mm mass spectra be-
tween 400 and 600 MeV together suggest that
6° is large (~60°-90° or so) throughout this
region, perhaps being due to the simultaneous
existence of the ¢(~400) meson.

The measured helicity amplitude quantities
are shown in Table II for the preferred “Up-
Up” solution, normalized to unit cosf, ,, in-
terval, such that

dzo/dm d cosf
T c.m

- IAWSIZ{I§!2}+AWP!2{EZ.I§Z.I2} 1ub/MeV. (3)

In evaluating these numbers we use an approx-
imate track length for the event sample of 5.3
events/ub (+10% possible systematic uncertain-
ty). Thus the 1512 values of Table II can be
used to predict dzo/dmmd cosb, ,, =(1812/18)
X | sinbg° exp(i64%) -sindg® exp(i6s%) I ub/MeV
for the reaction 77p — %% near ~2.7 GeV/c,
the average 7~ beam momentum for our sample.
As discussed in I, the quantities in columns
4-7 of Table II may be compared with the ra-
tios 1:3:v3:3 expected for a real particle plane-
wave initial state scattering experiment. The
entries in columns 4-6 are seen to agree fair-
ly well with these ratios, which is remarkable
in view of the possible distortions due to absorp-

tion and the virtual nature of the exchanged pi-
on. The similarity between the 54° solutions
presented here and those of earlier analyses®
which ignored the effects of absorption must

be related to this agreement. |15,1-3(15,)12+ 15_,1%)
is most strongly affected by the absorption;

the last column shows how the intensity ratio

of p helicity states (m =+1)/(m =0) varies with
momentum transfer. A 77 phase-shift analy-
sis¥ using the reaction 77p — 7t "N**" yields
the same three 64° solutions presented in this
paper and therefore lends great support to the
assumption that we are actually measuring prop-
erties of the 77 system rather than properties

of the reaction as a whole.

We wish to express our appreciation to the
groups who permitted us to use their data in
this analysis and particularly to L. Jacobs,

J. Kirz, and D. Miller (Berkeley); W. Selove
(Pennsylvania-Saclay); F. Loeffler, D. Miller,
and G. Tautfest (Purdue); and W. A. Cooper
(Argonne-Toronto-Wisconsin) for their help.

*Work supported in part by the U.S. Atomic Energy
Commission.

!Peter E. Schlein, preceding Letter [Phys. Rev. Let-
ters 19, 1052 (1967)].

’The following laboratories and collaborations have
generously contributed their data to this analysis: Ar-
gonne-Toronto-Wisconsin [D. R. Clear et al., Nuovo
Cimento 49A, 399 (1967)], Pennsylvania-Saclay [V. Ha-
gopian et al., Phys. Rev. 145, 1128 (1966); V. Hagopi-
an and Y. Pan, Phys. Rev. 152, 1183 (1966)], Purdue
[D. H. Miller et al., Phys. Rev. 153, 1423 (1967)], and
Lawrence Radiation Laboratory [L. Jacobs, University
of California Radiation Laboratory Report No. UCRL-
16877, 1966 (unpublished)]. The average beam momen-
tum for the entire sample is 2.69 GeV/c.

3The v axis is taken, as usual, to lie along the nor-
mal to the production plane # ~ &, ™ X8 5.

4The z-direction cogine of ﬁout‘— in the coordinate
system used is identical to the “longitudinal decay co-

Table II. Helicity quantities for the “Up-Up” solution.

Approximate No. of events Coefficients in d4c/dm dcosf _dQ,._ > 2. 2
nrdos0cd%- 3,215,
. > 2 > 2 > > > 2 1.~ > 2 [ .
cosb_ t interval  600-1000 MeV Is] Z]pi| Py"S ]po| - —2-(lpl|2+|p_1| ) ‘;o|2
interval (Gev?) (600-900 MeV) (ub/MeV)
0.900-0.957 0.090-0.175 2225 (1894) 38+ 5 132+ 4 54% 4 51+ 4 0.69+0.05
0.957-0.983 0.045-0.090 2224 (1940) 101+11 28711 146+ 9 174£10 0.35+0.03
0.983-1.000 0.010-0.045 2291 (2003) 166%21 448%18 246%16 324%16 0.23+0.03
0.900-1.000 0.010-0.175 6740 (5837) 76 S 226% 5 110 4 129+ 4 0.40%0.03
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sine” which scales linearly along a line of constant 77
mass on a Dalitz plot. Background due to crossing N*
bands will appear as localized distortions of the distri-
bution due to 77 scattering alone. This situation be-
comes aggravated when several discrete beam momen-
ta are used and can lead to the appearance of higher or-
der moments.

5See Ref. 1 of the preceding Letter. L. Jacobs has a
more complete summary of work on this subject. See
also A. Rosenfeld et al., Rev. Mod. Phys. 39, 1 (1967).

8In the evaluation of these moments, we use the for—
mula

N
my m A
N<Yl >—z.§1yl M out i

and 6[N vy ={[ 23 (¥;™)2-N {¥;"™)2][1+(2/z N)V 21} V2,
We thank Derek Hudson for valuable discussions con-
cerning this error expression. In evaluating the mo-
ments we find no evidence for the presence of any ille-
gal moments {Im¥;"™).

"The decision to use N(¥;% and not N(ReY,!) for this
purpose was based on the assumption that w exchange
would contribute less to m =0 helicity states of the p
than to the m =+1 states. The observed good compati-
bility between the moments (¥, and (ReY,!) for
1~ 7% somewhat obscures the wisdom of this choice,
however.

8See Refs. 4 and 5 of the preceding Letter.

%J. D. Jackson, Nuovo Cimento 34, 1644 (1964).

0Note that in constructing the x?, the strongly corre-
lated quantities N (¥;™) are not used, but rather the

quantities N and <Y1m>. The searches were performed
using the Berkeley program MINFUN; see W. E. Hum-
phrey, Alverez Group Programmers Note No. P-6,
1962 (unpublished).

ye thank E. Abers and M. Parkinson for helpful dis-
cussions concerning this point.
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16552 is determined to be small throughout the region
considered in our analysis because of the characteris-
tic interference with the p shown in Fig. 2(b) for m— 1%,
although it should be commented that the fits are rath-
er insensitive to its inclusion; the absence of any ex-
plicit constraint on {§* Y)O }7,—7,01, in the fits implies
that the quoted errors on 632 in Fig. 3 may be some-
what underestimated.
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many, 1967 (to be published).

IS THE POMERANCHON A FIXED POLE?

Jerome Finkelstein and Chung-I Tan
Lawrence Radiation Laboratory, University of California, Berkeley, California

(Received 21 August 1967)

It is shown that the Mandelstam cut mechanism, which allows the existence of fixed
poles at negative values of angular momentum, is not sufficient to allow the Pomeran-
chon to have zero slope. It is suggested that this fact makes it unlikely that the Pomer-

anchon is a fixed pole.

The Pomeranchuk trajectory has had a rath-
er interesting history. Some time ago it was
thought to be a trajectory much like any oth-
er, giving rise to the f° when it went through
spin 2, and having a slope similar to the oth-
er trajectories.! More recently, the observed
nonshrinkage of diffraction peaks has indicat-
ed that the Pomeranchon has an anomalously
small slope, so that at present it is the only
trajectory generally accepted by Regge phenom-
enologists which has no particles assigned to
it. It is understood that, in the absence of any
cuts in the angular-momentum plane, no tra-
jectory can be flat (i.e., a fixed pole); howev-

er, the realization that cuts can and probably
do allow flat trajectories at negative values

of  has led to speculation that the Pomeran-
chon is also flat. This possibility has been
suggested in a recent paper by Oehme,? who
pointed out that it would provide a simple way
to construct a model having both nonshrinking
diffraction peaks and asymptotically constant
cross sections. It would also eliminate the
unpleasant feature, present if the Pomeranchon
is not flat, of the amplitude having an infinite
number of branch points, corresponding to

the exchange of all numbers of Pomeranchuk
poles, converging at J=1 in the forward direc-
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