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FIG. 2. Experimentally measured potential~energy
gradients F versus applied electric fields E_. The sol~
id line represents F =eE, for a particle having the iner-
tial mass of the electron.

agrees with the theoretical calculation of Schiff
and Barnhill.'? We conclude that the force of
gravity on electrons inside a metal is the same
as that on electrons in a vacuum.
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METHOD FOR nm OR Km PHASE-SHIFT ANALYSIS*

Peter E. Schlein
University of California, Los Angeles, California
(Received 5 July 1967)

Based on the assumed dominance of one-pi-
on exchange in the reaction

77_+p—-7r_+n++n, (1)

several analyses have been reported! in which
the T=0 s-wave nm elastic-scattering phase
shift (64°) was obtained over a range of 77 mass
in the p region. These analyses generally fall
into two classes: (i) those in which the effects
of absorption are taken account of incomplete-
ly (or not at all), and (ii) those in which the
analyses depend on the detailed validity of a
theoretical treatment of the absorption. It is
the purpose here to point out that the 77 phase
shifts may be extracted from the data (at least
in the region of the p resonance) without com-
plete prior knowledge of the helicity amplitudes
in Reaction (1), using therefore only a subset
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of the assumptions used in the absorption mod-
el,? all of which have observable consequenc-

es and which may be subjected to test. Further-
more, it is shown below that for data in a suf-
ficiently narrow band of total center-of-mass
energy £* and production angle 8 (or momen-
tum transfer £ to the nucleon) in Reaction (1),
empirical values of the helicity amplitudes

may be extracted from the data. The arguments
contained herein should apply equally to the
reaction 7*p ~ 77~ N*** and to the determin-
ation of the K7 phase shifts [at least in the K*(890)
region] if the 7-exchange dominated reaction
K p ~Ktr—N*** is used.

The fundamental assumption common to the
one-pion-exchange models with and without
absorption is that the amplitude, to reach the
final state in (1) with given 77 relative orbital
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angular momentum /, can be factored into two
parts, one of which is the amplitude for I/-wave
77 scattering® A;;! ~exp(id;) sind;. Thus we
write Az;/M; M as the amplitude® to reach

a final state containing a 77 system with inter-
nal angular momentum ! and helicity u and a
nucleon with helicity A from an initial state

with nucleon helicity A’. The helicity amplitudes
M; M are in general functions of £*, ¢, and
the effective mass myq of the 77 system. In

the case of the one-pion-exchange Born ampli-
tude without absorption, the M A are well- |

IR z;M M

A1 i

in which we assume production from an unpo-
larized target and sum over the final-state nu-
cleon variable, and where the argument of the
spherical harmonic Y;H(7qyt) is the outgoing
7~ unit vector expressed in the 77 rest frame.
Selecting a coordinate system in the 77 rest
frame such that the y axis is along the normal
to the production plane n ~7j, X€,, where &,

is a unit vector along the z axis which is tak-
en to be the direction of motion of the 77 sys-
tem, the consequence of parity conservation
on the hehc1ty amplitudes is the relation

My _ =X A S (1) AR My, A’ valid for
any 1.> This reduces the number of independent ‘

P2 . 2 L. 2
!{lpll +1py 1+

N Y =adm) ERe(a_Sa
177 T mh

N(ReYll) = (477)-% Re(Am

0, -1 P
N(Y2 ) =2(20m) IATm

N{(Re Yzl) =

2, _ H
N(ReY2 Yy =(6/20m) !Am

Y MG

1

2 P

2
(3/20m) IAM

defined, relatively real functions of these var-
iables. The absorption model consists essen-
tially of the detailed prescription for modify-
ing the M; M’ from these well-known Born
amplitudes. In the analysis proposed here,
however, we consider the M; M’ as unknown
parameters to be determined in fitting the da-
ta. We make only the tentative assumption
(as in the absorption model) that their relative
phases are not altered by the absorption; this
point is discussed further below. The final-
state 77 angular distribution in its rest frame
can be written as

7 )lzdtdm dQi. (2)
out T w

out

l helicity amplitudes for each ! from 4(27 +1)
to 2(27 +1).

The =0 and 1 expansion of Eq. (2), appro-
priate to the experimental data' in the p region,
can be simply expressed by considering the
forms of the measurable Y; M moments of D(7qyt).
In writing these out, we consider the nucleon
helicity-nonflip and -flip amplitudes for a giv-
en 77 helicity as the x and y components of a
vector. Thus: (M,,**, Mm,,~%) =5, (M,_*,
M1—1_+) =Py, (M10++: M10_+) = 50’ and (Moo++:
My,~*)=8. With this notation the measured
moments for data in the jth 77 mass bin have
the forms

B_, M+ 1a s 2, (32)
g, -3h (30)

4 Hg-6,-5_)h (3¢c)
s, P-25, 2+ 15_, P}, (34)
5, - ®,~5_) (3¢)
PR, -5}, (30)
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where N is the intensity (77 mass spectrum),
and where we have suppressed the £* and ¢
dependence of the p; and § vectors. Equations
(3) are generalizations of the quantities® 4;
used in conventional two-body scattering ex-
periments and can be obtained experimental-
ly for a discrete sample of events by evaluat-
ing’

N
M, M
nyr = 2 v My e,

M, \ M
6(NJ.<YL )j) _Nj6<YL >j

~ M,2 M, 2.1
=2, ™) -Nj<YL

for the N; events in the jth mg; bin. If we were
performing a real-particle 77 scattering exper-
iment describable by a plane-wave initial state
e®Z | the bracketed { } coefficients of IA _— 52
and IAWP 2 in Eq. (3a) and of Re(4,,54 ,”TP )
and |A;,F (2 in Egs. (3b) and (3d) occur in the
ratios of 1:3:v3:3, respectively. In addition,
(YLM) 0 for M;eO Here, however, all these

coefficients are treated as unknown parameters.

Owing to the fact that the helicity amplitudes
occur quadratically in the moment expressions
for the quantities N(YLM), averaging over E*
or t in any analysis destroys the relationships
between the moments implied in the equations.
Let us first consider an analysis in which such
averages are made. It is expected that the he-
licity amplitudes depend very weakly on m
compared, say, with the dependence on m;
of the resonant p-wave amplitude Amp . Hence
in the p region, or in general for a sufficient-
ly small range of m,, helicity amplitudes
may be assumed constant. (We consider be-
low, however, how a moderate energy depen-
dence may be allowed for and included in an
analysis.) With this assumptmn the entire
mygp dependences of the N(YL ) reside in the
mm scattering amplitudes. In this case, the
following conditions result on the measurable
N(YLM> quantities of Egs. (3): (a) N(Y,%),
N(Re(Y,')), and N(Re(Y,?)) should have the same
dependence on my;;. (b) N(Y,% and N(Re(Y,"))
should have the same dependence on mg;;. Note
that (a) must be true even if the helicity ampli-
tudes are not relatively real® and therefore
tests the basic factorization assumption direct-
ly. However, (b) requires, in addition to the
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factorization assumption, that p,-3 and §-(5,-p_,)
be real. Thus, the success of (b) may be thought
of as simultaneously testing both the factori-
zation and the reality assumptions.

Agreement of experimental data with require-
ments (a) and (b) implies knowledge of the mm;
dependences of K1 Ay, F 2, Ko Re(Ay;5AF),
and K3 |A P2 +K41A; S |2 where K,, K,, K,,
and K, are unknown constants. Selection of a
trial value for K, determines A ;£ as a functlon
of myy.° (Note that in the p region K1 AL 2
should have the dependence of a Breit-Wigner
distribution without background and should pro-
vide a more reliable determination of the p
parameters than a fit to the mass spectrum.)
Subsequent selection of a trial value for K,
then gives A S as a function of m;;.'° K, and
K, are determmed by the requirement that some
lmear combination of these IAWP 2 and | [A;7512
fit the mass spectrum. In other words, for
data at @ different 77 mass values, the deter-
mination of 65 and 0, at these @ energies is
a (@—4)-constraint problem. The resultant
x2 probability is a test of the validity of the
assumptions used. In the p region, an alter-
native fitting procedure could involve assum-
ing a Breit-Wigner form for the p with £, and
r,as free parameters. This would be a (2
—6)-constraint fit. With the large number of
constraints possible with even moderate sta-
tistics, it would also be possible to assume
a second- (or even third-) order dependence
of the multiplicative functions {B;, §} on my;.
Thus, the fit could be extended over a larger
range of m .

Let us now consider that the experimental
moments (3) have been obtained with sufficient-
ly narrow £* and ¢ selections so that use may
be made of the explicit functional dependence
of the bracketed quantities in Eq. (3) and the
helicity amplitude quantities P; and § extract-
ed from the data. Consider for purposes of
illustration that ép and 64 have been previous-
ly obtained from an analysis using E*- and ¢-
averaged data; in practice, however, they may
also be variables in the fit along with the quan-
tities p; and § and any possible ¢ dependence
of &5 and g could be studied. Note that the
functional form of the brackets in Eq. (3) is
such that only dot products of the vectors oc-
cur. Thus the equations are invariant under
rotations and reflections in the plane of the
vectors and no generality is lost if we assume

=(181,0). In addition, the equations are in-
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variant under the transformation —p, —p_,.
These invariances are due to the fact that no
polarizations are measured in the type of ex-
periment discussed here. The following sev-
en quantities may be obtained from the exper-
imental N(YLM) moments: |81, P!, Dy-5,
Iﬁl_f’—“, (51—5—1) ‘§, |(§1—§—1)—§0|; and (151 P
+|P_, ). There are seen to be five indepen-
dent variables'! which determine the first six
experimental quantities and thus one constraint
exists between the experimental quantities.
The quantity |P, B+ |p_, P simply requires the
vectors P, and p_, to originate at an arbitrary
point on a circle whose center is at the mid-
point of the vector p,-p_,. Subject to the am-
biguity in P, and P, and the stated rotation
and reflection invariances, the helicity ampli-
tudes can be obtained as functions of £* and

t, thereby allowing comparison with various
theoretical models.

An important test of the correctness of the
method of &¢ and 3, determinations suggest-
ed here is whether or not independent analy-
ses at different £* regions and in different
reactions will yield the same results. In par-
ticular, the reaction 77p —7Tr~N*** will be
of great interest in this respect, as it is known
that this reaction is dominated by p°N*** pro-
duction via 7 exchange. This reaction is also
of interest in connection with the possibility
of utilizing the correlations'? between the scat-
tering angular distributions at the 77 vertex
and the p7t vertex. It is straightforward to
write down the joint distribution function start-
ing from a form analogous to Eq. (2). Parity
conservation allows only correlation moments
of the form MRe(Y7M)Re(YrM)) or MIm(YM)
xIm(Yg™")) to occur in this joint distribution
function. There are 16 such independent mo-
ments all of which must have the m . depen-
dence of |A;;P (2 and ten independent moments
which must have the m;; dependence of Re(A7rnS
XAqP¥). These arguments apply equally to
the use of the production reaction K*p — K*N*++
and the study of K7 scattering.

Part of this work was done while the author
was a visitor at the Centre d’Etudes Nucléaires
de Saclay. He is grateful to J. Meyer for the
hospitality extended. Helpful comments by

J. D. Jackson and M. Jacob are also appreciated.
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10Actually, knowledge of Re(AmTSAﬂ- *) and Amr
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should be resolved in the fit to the mass spectrum.
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7m PHASE-SHIFT ANALYSIS FROM 600 TO 1000 MeV*
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A method! has been proposed (referred to
hereafter as I) for extracting the 77 elastic
scattering phase shifts from data on 7N - 77N.
It is shown in I that complete prior knowledge
of the helicity amplitudes is not necessary in
the analysis. Although some of these become
additional free parameters in fitting the data,

a large number of constraints remain which

test the validity of the model. We present here
an analysis of this type for 77 effective mass

0.6 <m;; <1.0 GeV and cosf; ,,, >0.9 (nucleon
momentum transfer ¢ <0.175 GeV?), using a
sample of data with beam momenta 2.1-3.2 GeV/
¢ compiled from several laboratories?:

T +p —-77—+7r++n (6740 events), (1)
7 +p—7m +7°+p (3656 events), (2)

where the numbers of events are those remain-
ing after the m,,; and Gc_m. selection. The de-
tailed analysis, described below, is concerned
mainly with Reaction (1), with Reaction (2) used
to obtain independent information on the 7'=2
s-wave interaction. Aside from demonstrating
that the data satisfy well the tests suggested

in I, the T=0 s-wave phase shift (680) is shown
to increase from ~60° to ~90° in the range 600
<Mg;; $T730. For 730 MeV <my;, 65° most like-
ly continues to increase, implying the existence
of a T=0 scalar meson ¢(730).

We show in Fig. 1 the spherical harmonic
moments (Y;°) of the 7 .~ angular distribution
in the 77 rest frame of Reaction (1) for 7 <10.
As explained in I, the coordinate system used
has its z axis along the direction of motion of
the nm system for reasons of simplifying the
extraction of the helicity amplitudes in the sub-
sequent analysis.® For both Reactions (1) and
(2) (similar to Fig. 1, but not shown), small
but significant (negative) moments exist for
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FIG. 1. Moments (¥;% of the outgoing 7~ in the 7
rest frame of 77p =7~ n with cosfc m,>0.9. The po-
lar axis is the helicity axis of the 7w system. The mo-
ments are separately given for 0.6 <m;;<0.9 and 0.9
<mgp<1.0 GeV.

! as high as 8. We take these to be due to 7N*
background® but henceforth ignore their pres-
ence compared with the large /=1, 2 moments.
As in earlier analyses,® we assume that only
s- and p -wave scattering need be considered
for the nm interaction in this region.

The moments N(Y,”) and N(Y,”) (N is the
7 effective-mass spectrum) evaluated® every
20 MeV for 600 <m,, <1000 MeV are given in
Fig. 2 for Reactions (1) and (2). As shown in
Eqgs. (3a)-(3f) of I, these quantities have a de-
pendence on the effective mr-scattering ampli-
tude functions which is determined only by I.
Thus, N(Y1")~{}Re(d;;5A7,F") and N(¥5™)
~{}A-£ 12, where the brackets { } denote
functions of the helicity-amplitude vectors (de-
fined in I) §,, B,, P—,;, and . To the extent
that these bracket quantities can be considered
independent of m ., the data in Fig. 2 direct-
ly display the m,, dependence of the scatter-
ing-amplitude functions shown; the more rapid-
ly varying the phase shifts, the better this ap-
proximation. Dirict tests of the fundamental
factorization and reality assumptions of the
formalism in I are that N(Y,°) and N(ReY,) have
the same w1, dependence and that N(Y,°) ~N(ReY,")
~N(ReY,?) ~ (p-wave Breit-Wigner). Applying



