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2 and 3). They lead to the positive structure
in the velocity autocorrelation function which
extends to about 20 collision times. An effort
to find an explanation of this long memory ef-
fect (long compared to the relaxation time of
1.5 collision times) is underway. An attempt
was made to associate the positive correlation
with an initially energetic particle which cre-
ates a hot and low-density region which persists
for a long time. More details must be worked
out in order to verify this mechanism.

At still higher densities the particles surround-

FIG. 3. The difference between the computed velocity
autocorrelation function and an exponential one accord-
ing to the Enskog theory versus the number of mean col-
lision times for 108 particles at V/Vo of 20, 8, arid 1.6.

ing any one particle are more densely packed.
The major effect of these neighbors is there-
fore to reflect the particles, leading to the neg-
ative structure in the autocorrela, tion function
discovered earlier' and discussed recently in
terms of backscattering' (see Fig. 3). This
negative correlation increases with increasing
density and ultimately results in the vanishing
of the diffusion coefficient in the crystalline
pha, se.
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In a previous paper, ' the relaxation techniques
developed by Zwanzig' and Fano' were used
to study the broadening of spectral lines orig-
inating from neutral atoms in a plasma. In
the relaxation theory, the plasma is represent-
ed by three weakly coupled subsystems. ' an
excited atom, a gas of N ions, and a gas of
N electrons. In Ref. 1 a calculation of the Ly-
man-alpha line was made, treating the electron
subsystem as an ideal gas of electrons. The
purpose of this paper is to present the results
of the correction of this ideal-gas approximation.

As in most line-broadening theories, the ions

are regarded as infinitely massive classical
particles over the time of interest (static-ion
a,pproximation). The weak coupling interaction
between the atom and its thermal bath of ions
and electrons is taken to be a dipole-field in-
teraction which ha.s the form eR (h'e + Sf), where
R is the position of the atomic electron while

Se and Sz represent the electric fields produced
by the electrons and ions, respectively. It is
further assumed that the three subsystems are
statistically independent and the plasma den-
sity matrix is given by a product of density
matrices for the atom, the electrons, and the
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ions, ~ p(~)p(e)p(i). With these assumptions it is
found that the line shape for dipole radiation is'

I((u) = fQ(S)J((u, S)d'S,

where Q(S) is the probability of finding an ion
field S at the atom and J(e, S) is the line shape
resulting from the electron-atom interaction
in the presence of the static electric field S.
In the relaxation theory, e is a complex vari-
able, ~ = &+i&, whose real part 2 is the true
frequency and whose imaginary part e is tak-
en to be the natural half-width for the line un-
der consideration.

The microfield function Q(S) is known4 and

J(&u, S) is evaluated by the Zwanzig-Pano re-
laxation techniques. In Ref. 1, J(&o, S) is giv-
en by

Z((u, S) =-~ Im Tr (d [u)-Z((u)] (p d)}, (2)

where d is the atomic-dipole operator, 2(u)
is an effective Liouville operator for the atom,

and the trace is over states of the atom.
The Hamiltonian which is used in the pres-

ent evaluation of J(&u, S) ha.s the form

a=a +a +eR (S +S),a e e

where Ha is the Hamiltonian for an unperturbed
atom, He is an electron Hamiltonian which con-
sists of a kinetic energy term plus an effective
electron potential function, ' and S is a vector
having the same magnitude and direction as
the ion field. In Ref. 1, Z(u) is expanded in
a perturbation series based on an unperturbed
Liouville operator I.„which corresponds to
the Hamiltonian (Il~+ae), and a perturbation L„
which corresponds to the interaction eR ~ (Se+ S).

The eigenstates (a), ~b), and )c) of a~ will
be used in evaluating the trace in Eq. (2); the
energy difference between the states ia) and

Ib), divided by &, is called ~~b and a variable
Away = w-~ay is defined. Denoting the z com-
ponent of R by R~, a second-order evaluation
of [~-Z(~)] gives'

[~-Z(~)], , =~~ 6,6, (eS/n)(If-, b,-a, b, )-~ (L (a~-L ) I. )

where (~) denotes Tre(Mp( )j which is an operator in the atomic subsystem. After considerable
algebra one finds

(L (Sv-L ) 'L ), , =-(2ine'/3)(8am/kT)" (Q [&bb,a A, G(b~ .)

+6,R, ~ R bG(-&(u )]-8, &b,b[G(~~ b,) + G(-~~,b)]aa' b'c cb ac aa' b'b ab' a'b

where I and n are the mass and density of the
electrons and G(b,a) is an integral discussed
below.

The right-hand side of Eq. (5) represents a
second-order electron-atom interaction. The
integral G(au&) represents a frequency depen-
dence which is a result of the time dependence
in a quadratic Stark interaction between the
atom and the time-varying electron field. (See
Sec. 58 of Ref. 1 for a more detailed discus-
sion of this point. ) It has been found that the
difference between the calculations made with
an ideal gas of electrons and the corrected cal-

culations reported in this Letter lies entirely
in the G integral.

The integral which appears in the ideal gas
case, referred to as G» is given by'

G,(a~) = f exp(islam/k T)(s'+is) "'ds. (6)

When electron correlations are considered,

it is found that a correction term is added to
the integrand in Eq. (6). The evaluation of this
correction term requires the use of a radial
distribution function', the linearized Debye-Huck-
el function' was used for this purpose, and the

resulting G is

G(Aw) = f e px(ishh&u k/T[(]s+is) 'I' w'I'a exp-( (as' is+)]Erf {c(sa' is+)'~'j] sd,
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a~at&1 (8)

to infer that correlations will be important on-
ly for lh&u i&up.

The most striking feature of the integrand
in Eq. (7) is the rapidity with which it vanish-
es as s increases. For times shorter than 1/~~
the ideal-gas term is strongly dominant, but
for times on the order of I/&up and larger, the
correlation term increases rapidly and "cuts
off" the ideal-gas term. In the impact theories,
the collisions of long duration are said to be
unimportant because they are distant and there-
fore shielded because of the electron correla-
tions,' in these theories, the influence of long-
duration collisions is approximated by means
of an impact-parameter cutoff at the Debye
length. While the cut-off behavior of the inte-
grand in Eq. (7) is by no means as sharp as
the impact-parameter cutoff used in the impact
theories, it does verify that such a cutoff should

provide a good approximation to the effects of

electron correlations.
Since G(h~) is a complex function of the com-

plex variable Am, it is convenient to write

where Erfc is the complementary error func-
tion. The parameter a is given by y/2&'~'AD,

where ~D and A. are the Debye length' and the
thermal wavelength k/(2vmk T)'" for electrons.
Since the ratio A/gD is a measure of the impor-
tance of particle correlations, we expect the
electron correlations to be totally negligible
in the limit n -0. Taking this limit in Eq. (8),
the term in brackets becomes (s'+is)
hence G(a~) reduces to the ideal gas result
G, (au)).

It is interesting to note that, for any finite
o., the ideal-gas term, (s'+is) "', will always
dominate the Erfc term for small values of s.
That is, correlations are negligible for short
times or large Au. We note further that (s'+is)
is the large-s asymptote of the Erfc term. This
implies that the electron correlations will al-
ways be important for very long times, or small

Further analysis shows that the Erfc term
begins to be important for values of s on the
order of I/n; since n =hap/kT, where &up is
the plasma frequency, we may use the well-
known property of Fourier transforms,

In the impact theories, the Lewis cutoff is used
for values of Ibm I larger than vav/AD, where

vav is the average electron velocity. For IBI
smaller than vav/AD, one expects the usual
binary-collision impact theories to be valid.
In this range, Gz(b, u) has the form

G (A&a) = -Inn-const.
y'

(10)

The corresponding integral in the impact the-
ories is given by Eq. (30) of Ref. 8; noting that
the parameter ymin used in that paper is just
10.7n, we have

1 exp( —y)
dy = -inn-1. 47.

2J&'min

While Eqs. (10) and (11) agree qualitatively,
it is not possible to make a definitive quanti-
tative comparison without additional analysis
of the function Gz(AR). Work is now in prog-
ress on this point and will be reported in a fu-
ture paper.

The change in the line shape due to the cor-
rection for electron correlations is illustrat-
ed in Fig. 1 which plots the Lyman-n line for

I i 1 i I i I

T = 2.04x IO

n = 5.60xlO l7

There is no analog for G2 in the impact theo-
ries for hydrogen lines, hence we can use on-

ly G~ when comparing with these theories.
Since electron correlations are relatively

unimportant in the line wings, it is not surpris-
ing that, as before, ' G~ resembles the results
obtained by Lewis'~' in this region,

G (A2) - -0.577-ln(khan/4k T).r

G(a(u) = G (a(u)-iG. (aZ&),r 2
—I.O -0.5 0 0.5 I.O

where A~ is the frequency separation from the
center of the natural line and both G~ and G2

are real functions of the real variable A~.

b, k ln Angstrorns

FIG. 1. An illustration of the influence of electron
correlations on Lyman-0. profiles calculated by the
relaxation theory.
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hydrogen as calculated by the relaxation theo-
ry. The unphysical dip which appeared in the
ideal-gas calculations is removed, as antici-
pated by Griem, ' when the correlations are
included. From Fig. 1 it is clear that the elec-
tron correlations produce an observable alter-
ation of the line only in the region I b,g I & Mp,
where Age is related to the plasma frequency
by &up = 2~c Mp/~0' and A., is the unperturbed
Lyman- Q. wavelength.

In Fig. 2, the corrected relaxation profile
is compared with a profile calculated by the
impact theory. For IAA, I larger than 0.5 A,
the relaxation profile shows a small asymme-
try favoring the red wing; this asymmetry is
due to the induced dipole nature of the electron-
atom interaction as discussed in Ref. 1.

Near the center of the line, the relaxation
theory produces a broader profile than the im-
pact theory. Some, but not all, of this broad-
ening is due to a difference in the microfield
functions used in averaging over ion fields.
The impact-theory profile in Fig. 2 was calcu-
lated with a modification of Ecker's microfield
function while the more recent Mozer-Barang-
er4 functions have been used in the relaxation-
theory calculations. The author has recalculat-
ed the impact-theory profile using the Mozer-
Baranger functions and it is found that the pro-
file should be somewhat wider between 0.2 and

01.0 A. Since the Mozer-Baranger microfield
functions provide a better description of the
ion correlations than do Ecker's functions, and
since correlations are important for the weak-

T = 2.04
ImPact Theory n = P 60

I \
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I
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—I 0 -05 0 05 I.O
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FIG. 2. A comparison of Lyman-n profiles obtained
by the corrected relaxation theory and by the impact
theory.

er interactions, it is not surprising that the
line profile is altered in the line center where
weak perturbations dominate the broadening.

After the impact-theory profile is recalcu-
lated with the Mozer-Baranger microfield func-
tion, it is found that the relaxation-theory pro-
file is still somewhat broader near the line
center and the intensity at the center is lower
than that obtained by the impact theory. This
may again be traced to the difference in the
treatment of the weaker electron-atom inter-
actions. In the impact theory, electron corre-
lations are approximated by means of an im-
pact-parameter cutoff at the Debye length while
the smoother "cutoff" in the relaxation theory
allows the weak collisions to produce a small
amount of additional broadening.

In Fig. 2, the intensity at the center of the
impact-theory profile is about twice that ob-
tained by the relaxation theory. Although this
is a rather large difference, it must be noted
that the Lyman-n line has a strong central com-
ponent which is dominated by electron broad-
ening and the half-width of this line is much
smaller than the plasma frequency. This ef-
fect should be considerably reduced in the Ly-
man-P line which is dominated by ion broaden-
ing in the center. In the Balmer series, the
half-widths are larger than the plasma frequen-
cy and the electron correlations should again
be less significant. It nevertheless seems like-
ly that the relaxation theory will produce an
intensity slightly lower than that obtained by
the impact theory at the centers of all neutral-
hydrogen lines; recent experiments'&' indicate
that this could provide a better agreement be-
tween theory and experiment.

It should also be noted that the relaxation
profile in Fig. 2 shows a small shift of the line
center which is not observed in the impact the-
ory (for hydrogen). For the temperature and

density stated, this shift is about 0.03 A toward
the longer wavelengths. In an experimental
study of this line, ' a shift of about 0.2 A was
observed. Although the observed shift is some-
what larger, it does provide an indication that
the theoretical shift is at least qualitatively
correct.

In conclusion it may be said that the correc-
tion of the relaxation theory for electron cor-
relations has altered the Lyman-n profile in
a wholly predictable way,' the dip in the center
of previous ideal-gas profiles has been removed
and a closer agreement with the impact theo-
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ry has been obtained. While the impact and
relaxation theories agree rather well over most
of the Lyman-n profile, apart from asymme-
tries, there is a significant difference in in-
tensity at the line center. This disparity should
be decreased considerably in other neutral-
hydrogen lines although the relaxation theory
may give a slightly lower intensity at the cen-
ter of these lines.
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search Corporation, New York, New York, and the
National Aeronautics and Space Administration.
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The electron-spin-resonance g factor for a spin-& impurity in a dilute alloy is predict-
ed to be logarithmically divergent at low temperatures.

Recently a number of authors working both
with a localized-impurity model' and with the
Anderson model' have shown that the Curie-
like susceptibility for a dilute alloy in the lim-
it of low concentration of magnetic impurities
contains a logarithmically divergent factor
of the type found by Kondo in his theory~ of the
resistance-minimum phenomenon. In this Let-
ter we show for a spin-z localized-impurity
model that this logarithmic divergence is close-
ly related to a logarithmic shift of the electron-
spin-resonance frequency, i.e., of the g fac-
tor for the impurity, and discuss the possibil-
ity of observation of this g shift in dilute alloys.

The result is derived using a drone-fermi-
on repre sentation4 for the spin- z operator s
S for the localized impurity:

S =cy,

S =c c—p,
1

p =d+d

in which both the spin deviation "c-on" oper-
ators and the drone "d-on" operators mutual-

ly anticommute, fc, c ) = 1, fd, d~ J = 1 and (c, dj
=0, etc. (1) provides a double representation
of the spin-& commutation rules based on the
orthogonal pair of spin-down states I&) = 10)
and ~4) =dtl0); however, thermodynamic av-
erages may be calculated by taking a trace over
both sets of states without the complications
which arise with other fermion representations. '
Using this representation, Wick's theorem for
fermions applies in its usual form to time-
or temperature-ordered products of spin-&
operators. We use ik; to investigate the frequen-
cy-dependent susceptibility of a system of ran-
domly spaced local moment bearing impurities
coupled to the conduction electrons in a metal.

It is shown below that in practical cases,
coupling between impurities is important even
in very dilute alloys. However, we first give
the results for the local-moment transverse
susceptibility;

X (f) =fo(t)([S (t), S (0)])

for a, single localized impurity (i.e., in the
dilute limit) in external magnetic field X inter-
acting with conduction electrons, creation op-
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