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VELOCITY AUTOCORRELATIONS FOR HARD SPHERES*

B. J. Alder and T. E. Wainwright
Lawrence Radiation Laboratory, University of California, Livermore, California
(Received 1 May 1967)

A study of the velocity autocorrelation function for hard spheres over the entire fluid
density region shows that deviations from exponential behavior are small. At very low
density a small positive deviation is found which is accounted for in the Boltzmann theo-
ry of the self-diffusion coefficient. At higher densities the principal non-Markovian pro-
cess is identified with a surprisingly long persistence of velocity currents. At still high-
er densities, near solidification, anticorrelating backscattering events predominate.

The principal difficulty in calculating trans-
port coefficients concerns the estimation of
the contribution of various correlated or non-
Markovian events. An effort to evaluate these
systematically as a function of increasing den-
sity has led in recent years to the unexpected
conclusion that the transport coefficients, un-
like the thermodynamic properties, cannot be
represented by a power series in the density;
terms in the logarithm of the density appear
as well.! Since the magnitude of these logarith-
mic terms is not yet known from theoretical
calculations, their quantitative significance
remains in doubt. This Letter describes an
attempt to evaluate these terms for a hard-sphere
system by a molecular dynamics study? in which
the structure of the velocity autocorrelation
function is examined at a series of densities.

Before studying the density dependence of
the transport coefficients, it is necessary to
establish that the method to be employed is
able to give the correct low-density behavior
as predicted by the Boltzmann equation. Doubt
about the accuracy of the molecular dynamic
method concerns only how well a finite number
of particles can represent an infinite system.
This doubt has been dispelled in the usual em-
pirical fashion by studying both a 108- and a
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500-particle system with the same periodic
boundary conditions and finding only a slight-
ly different behavior, that is Dy ~De(1-2/N),
where N is the number of particles and Dy the
corresponding diffusion coefficient.

Calculations of the velocity autocorrelation
function at a density so low (100 times the close-
packed volume V,) that the third virial coeffi-
cient contributes only about 1 % as much as
the second reveals a small positive deviation
from exponential behavior (see Fig. 1). The
diffusion coefficient obtained after the 1/N cor-
rection has been made is in good agreement
with the one obtained from the Boltzmann equa-
tion® (see Fig. 2). This agreement represents
an independent, numerical verification of the
Boltzmann equation.

A purely exponentially decaying autocorre-
lation function leads to a value of the self-dif-
fusion coefficient equal to the one calculated
from the Boltzmann equation to zeroth order
in the Sonine polynomial expansion.* Since the
complete Sonine polynomial solution leads on-
ly to a 1.9% increase in the diffusion coefficient,
it is clear that at low densities a small posi-
tive deviation from exponential behavior is to
be expected. The velocity autocorrelation func-
tion itself has apparently not yet been theoret-
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FIG. 1. The velocity autocorrelation function versus
the number of mean collision times for 108 particles
at V/Vo =100. The nearly exponential behavior is illus-
trated by the comparison of the computer data (dots)
with the theoretically determined exponential (straight
line).

ically evaluated in the Boltzmann limit; how-
ever, a calculation of the initial second deriv-
ative with respect to time leads to a value larg-
er than that predicted by an exponential decay
by a factor of [6m +27V3]/64 or 2.5%. The phys-
ical origin of this positive deviation arises prin-
cipally from the smaller collision rates and
hence longer relaxation times of the slower
particles relative to the energetic particles
present in the Maxwell-Boltzmann distribution.
The density dependence of the diffusion coef-
ficient over the entire fluid range, as shown
in Fig. 2, is represented with a maximum er-
ror of about 20 % by the Enskog theory.®* That
theory assumes a velocity autocorrelation func-
tion of the Boltzmann form but scaled in time
by the ratio of the actual collision rate to the
low-density one, or, as can be shown rigorous-
ly,® by the ratio of the value of PV/NET-1 to
its low-density value, namely the second viri-
al coefficient. The latter ratio can easily be
expanded in powers of the density and its co-
efficients represent the major contribution to
the density expansion of the diffusion coefficient.
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FIG. 2. The ratio of the computed diffusion coeffi-
cient to the one calculated from an exponential velocity
autocorrelation function according to the Enskog theory
versus the volume relative to the close-packed volume.
The dots represent the 108-particle results, and the
star at V/V,=20, a 500-particle result. The heavy line
corresponds to a 2/N extrapolation to the infinite-parti-
cle results with a slope parallel to the one for 108 par-
ticles. The intercept at infinite dilution of 1.019 corre-
sponds to the Boltzmann result with the Sonine polyno-
mial correction.

This is illustrated by the initial density-depen-
dent term for the ratio of the actual diffusion
coefficient to its Boltzmann value (corrected

by the Sonine polynomials) which, according

to the Enskog theory, is —1.85V,/V, while the
computer data yield a value of ~1.5V,/V. The
small difference represents the effect of cor-
related three-particle events. Under these
circumstances the accuracy of the data does
not permit detection of the logarithmic term,
which, according to theory, is next in impor-
tance beyond the one given above. Perhaps
in the two-dimensional systems to be investi-
gated next, this logarithmic term will be de-
tectable, because it is the leading term in the
density expansion.

The positively correlated events make their
maximum contribution to the diffusion coeffi-
cient as a density of about V/V,=3 (see Figs.
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FIG. 3. The difference between the computed velocity
autocorrelation function and an exponential one accord-

ing to the Enskog theory versus the number of mean col-

lision times for 108 particles at V/V, of 20, 3, and 1.6.

2 and 3). They lead to the positive structure
in the velocity autocorrelation function which
extends to about 20 collision times. An effort
to find an explanation of this long memory ef-
fect (long compared to the relaxation time of
1.5 collision times) is underway. An attempt
was made to associate the positive correlation
with an initially energetic particle which cre-
ates a hot and low-density region which persists
for a long time. More details must be worked
out in order to verify this mechanism.

At still higher densities the particles surround-

ing any one particle are more densely packed.
The major effect of these neighbors is there-
fore to reflect the particles, leading to the neg-
ative structure in the autocorrelation function
discovered earlier’” and discussed recently in
terms of backscattering® (see Fig. 3). This
negative correlation increases with increasing
density and ultimately results in the vanishing
of the diffusion coefficient in the crystalline
phase.

*Work performed under the auspices of the U. S.
Atomic Energy Commission.
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In a previous paper,® the relaxation techniques
developed by Zwanzig? and Fano® were used
to study the broadening of spectral lines orig-
inating from neutral atoms in a plasma. In
the relaxation theory, the plasma is represent-
ed by three weakly coupled subsystems: an
excited atom, a gas of N ions, and a gas of
N electrons. In Ref. 1 a calculation of the Ly-
man-alpha line was made, treating the electron
subsystem as an ideal gas of electrons. The
purpose of this paper is to present the results
of the correction of this ideal-gas approximation.
As in most line-broadening theories, the ions
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are regarded as infinitely massive classical
particles over the time of interest (static-ion
approximation). The weak coupling interaction
between the atom and its thermal bath of ions
and electrons is taken to be a dipole-field in-
teraction which has the form eR- (&, + &;), where
R is the_»position of the atomic electron while

_é?e and &; represent the electric fields produced
by the electrons and ions, respectively. It is
further assumed that the three subsystems are
statistically independent and the plasma den-
sity matrix is given by a product of density
matrices for the atom, the electrons, and the



