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It is pointed out that the existence of secondary Regge trajectories with intercepts &(0)
which differ by integers from that of the leading trajectory at t =0, and residues which

are singular at that point, is a very general phenomenon which should occur both in the
scattering of particles with spin, and in the scattering of particles of unequal mass.
Rules are given for determining if such trajectories exist, and for determining their
properties. The case of nucleon-nucleon scattering is discussed as an example.

It was recognized recently by Freedman and
Wang' that the assumed analyticity of scatter-
ing amplitudes as functions of the energy and
momentum-transfer variables s and t impos-
es severe restrictions on the Regge-pole de-
scription of scattering processes in which the
masses of some of the external particles dif-
fer. In particular, if a t-channel Regge pole
is coupled to particles of unequal mass, it must
be accompanied by a set of secondary trajec-
tories'~2 ("daughters") with trajectory intercepts
o„(0) at t=0 spaced by integers, o.„(0)=el(0)
-n+1, n. =1, 2, ~ ~ ~ . Furthermore, the reduced
residues of the secondary poles are singular
at t=0, j3„~t ". Although the individual sin-
gularities cancel in the complete scattering
amplitude, the existence of the secondary tra-
jectories, and the cancellation mechanism,
are essential in obtaining the normal s~(0) var-
iation of the s-channel amplitude for s -~, t=0.

In the present note, we wish to point out that
the existence of secondary trajectories with

singular residues is a very general phenome-
non which can occur, for example, in the scat-
tering of equal-mass particles with nonzero
spin. e Our basic results are summarized in
the following rules:

(I) Sets of secondary poles with angular mo-
menta n~(0) spaced by integers at t =0, and

singular residues, will in general appear when-
ever the primary Regge pole is coupled to non-
conserved (tensor) currents.

(II) The amplitudes to which the secondary
trajectories contribute, the spacing rules for
the trajectory intercepts, and the degree of
singularity of the residues may be determined
by examining the behavior of the amplitude for
the exchange of elementary particles of arbi-

trary spin as the mass of that particle approach-
es zero.

The existence of such secondary poles appears
to have a number of important experimental
consequences which we shall mention later.

For definiteness, we will restrict our discus-
sion to nucleon-nucleon scattering. The gen-
eralizations necessary for other situations are
straightforward. The nucleon-nucleon scatter-
ing matrix may be expanded in terms of Dirac
covariants as

M=+.E.u(p )O.u(p )u(p )O.u(p ),

=S, P, V, A, T, 0 =1, 0 =4y
5P

O~='y, O~='y y, 0 =0

The coefficient functions E~ are known to be
free of kinematic singularities, and presum-
ably satisfy the Mandelstam representation.
With our conventions, the Mandelstam variables
s, t, and u are defined as

s = -(p, +p,)', t = -(p, —p,)', u =4m'-s-t. (2)

The contributions to the I z of the t-channel
Regge poles are obtained by considering the
crossed reaction 4+2 —1+3, expanding M in
terms of the t-channel helicity amplitudes fol-
lowing Jacob and Wick, ' and performing the
usual Sommerfeld-Watson transformation on
the resulting partial-wave series. For simplic-
ity, we will omit the final step, and consider
only the structure of the partial-wave series;
complete results will be published elsewhere.
After a lengthy but straightforward reduction,
it is found that the I'z can be expressed in terms

!

of the partial-wave helicity amplitudes for states
of definite parity as &'

E =p.(2j+l)p 2(a.p.(x)+c.xq. (x) 1 x7T. '(x) —[(t +4m )2/(2m'—t)]b. . wx. ( )x),S j t j j j j j j j j
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E =g.(2j+1)p '((4p '/t)e, p. (x) +d. [(4m'/t)7r. (x) +xr. '(x)]P j t t j j j j j
—c .[(4m'/t) v . '(x) + (4p '/t)xq(x) ], + (2m/v't) b.xv .(x)], (4)

E =Q .(2j + 1)p (c .q. (x)—d.v. '(x)-(2m/v't) b, v. (x)f,
V j t jj jj

Z =g, (2j pl)p '(-c,v. '(x)+d. q.(x)),A

=Q .(2j+ l)p '(c.q.(x) —d.v. '(x)-(t"'/2m)b. f .(x)j.T j t j j

(6)

In these equations, x is the cosine of the t-chan-
nel scattering angle, x = (u —s)/(t —4m ), and

pt is the three-momentum of the particles in

that system, pt = —,'(t-4m')'". The Legendre
functions are defined as

.(x) = .( )/[j(j+1)]'"=P.'( )/j(j+1),

g.(x) = (d/dx) [xn. (x)].

The partial-wave amplitudes aj, bj, and cj de-
scribe the scattering in the states with parity
(-1)& [the coupled triplet states of the NN sys-
tem]; the amplitudes d& and ej, the scattering
in the states with parity —(-1)j [the uncoupled
triplet and the singlet states, respectively]. 7

The analyticity of the I'z imposes some re-
strictions on the partial-wave amplitudes. Near

pt =0, aj, b&, and c& have the normal thresh-
old behavior pt2j-2, subject to the restrictions
b -[j/(j +1)]'"c&, aj-[j/(j +1)]cj, pt-0, while

d& and e vary as pt2&.' It is readily checked
that the Reggeized amplitudes are nonsingular
at pt =0 if these conditions are satisfied.

The restrictions of primary interest occur
at t=0. It is evident from the appearance of
factors t ~~ and t ' in Eqs. (3)-(5) that the
partial-wave amplitudes cannot be complete-
ly arbitrary at this point. In fact, it is easily
seen that b must be proportional to t'" for t
-0, hence, from the factorization theorem for
the Regge residues, ajcj = bj ~t at a t =0 Regge
pole. The remaining restriction arises from
the analyticity of MP for t -0. There are two

possibilities. Either (A) c&, d&, and e& are all
proportional to t for t -0, or (g) a cancellation
occurs such that the complete amplitude is reg-
ular despite singularities in the individual terms.
Only the first possibility was considered by
Sharp and Wagner' in their parametrization
of the nucleon-nucleon scattering amplitude.
The second possibility, considered some time
ago by Volkov and Gribov, ' was rediscovered

recently by Gell-Mann and Leader, ' and by
the author. Unfortunately, the specific cancel-
lation mechanism discussed in Ref. 9 does not
appear to be correct.

To clarify the situation, it is useful to con-
sider the structure of the partial-wave series
which result from the exchange in the t chan-
nel of elementary particles of arbitrary spin

j, as we expect this structure to be preserved
in the Sommerfeld-Watson interpolation. This
construction requires the general form of the
propagator for a spin-j boson, "

P. ' ' ' V] P. ' ' ' V

(g)

In this expression,

(10)

where q& is the four-momentum of the boson,
t = -q', and p is its mass. The bracket ( ~ ~ j
is a product of j 5 symbols, completely sym-
metrized with respect to either the right or
left indices, after which, in r distinct pairs
of 6 symbols, the left index of one symbol is
interchanged with the right index of the other,

The vertex factors for the
coupling of the nucleon-antinucleon system to
the particle exchanged are linear combinations
of P ~ ~ Pziy& and P . .PcP& (j factors in
each term) for the coupled triplet states with

parity (-1)~, P ~ ~ ~ P iy y& for the uncoupled
triplet states with parity -(—1)j, and P ~ ~ ~ Pc
xP iy5 for the singlet states with parity -(-1)~.

In these expressions, P&=(p3-pl)& at the 1, 3
vertex, and P& =(P2 —P4) at the 2, 4 vertex.

The construction of the amplitudes for ele-
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with

= (2j+1)(4m'/p' )[(t I')/I '. tJ-d ~ (~)t j j
=Z (2j-4 -I)e'. P (),j-2r-1 j-2r-1

e. 2, , '=[(2j+ I)h(j+1)][(t-t ')/~'«

x (4m'/p ')d.
t jl

represents the contribution to Fp of a set of
singlet terms with t ' singularities necessary
to cancel the t ' singularity in the uncoupled
triplet term for t-O.

If the denominator (Iu'-t) in Eq. (9) is inter-
preted as the leading term in the expansion

mentary particle exchange is now straightfor-
ward. The tensor currents for the coupled trip-
let states are conserved for equal-mass exter-
nal particles, and the 6&&I ~ ~ can therefore
be replaced by 5&&I ~ ~ in Eq. (9) in dealing
with the corresponding amplitudes. %hen the
coupled triplet amplitudes are expressed in

terms of the covariants in Eq. (1), the results
for the a-, b-, and c-dependent terms in Eqs.
(3)-(7) are reproduced as expected. Since the

reduction of the amplitudes to standard form
does not introduce any factors of t ' or t
it is clear from the foregoing construction that
the coupled triplet contributions to the I'i are
nonsingular at t=0, and in particular, that b&

o:Kt as noted previously, and cj~t. The am-
plitude aj remains finite at t =0, as implied

by the factorization theorem. " A similar ar-
gument for the normal singlet amplitudes indi-
cates that ej cct for t-0.

The situation is quite different for the uncou-
pled triplet amplitudes. The tensor currents
in this case are not conserved because of the
factors iy&y5. As a result, the momentum de-
pendent terms in the & symbols cannot be ne-
glected, and lead, in fact, to a contribution
to F~ proportional to 4m'/p, '. Furthermore,
the d-dependent term with the coefficient 4m'/
t in Fp is missing. " The results of Eqs. (3)-
(7) are otherwise reproduced correctly, with

finite for t- 0. The elementary exchange
results have the correct analyticity properties
at t= 0. On the other hand, if dj remains finite
for t-0, Fp as given by Eq. (4) is singular
at that point. The difference between the two

results for a fixed j,
[F (elementary)-F (Eq. 4)].

of j—n(t) for o.'(t)-j, the elementary-particle-
exchange amplitude for the uncoupled triplet
channel may be shown to Reggeize in the usu-
al fashion. From the foregoing discussion,
we would expect each Regge pole in that chan-
nel to be accompanied by a set of secondary
poles of opposite signature in the singlet chan-
nel with the following properties. "

(i) The angular momenta nz(0) associated
with the secondary poles at t= 0 differ from
the triplet intercept o.'(0) by integers,

o. (0)= o (0)-2~-1, ~ = 0, 1, . . . . (13)

(ii) The residues of the secondary poles di-
verge as t ' for t-0,

8'(o' )- -t '02o'(0)+ I]/o'(0)[o'(0)+1]J

x (4m /pt )d(n(0)).

Despite the singularities in the individual terms,
the complete amplitude Fp is finite at t=0.
It appears unlikely that possibility A for insur-
ing that I"~ is nonsingular at t= 0 is realized,
there being no apparent reason why dj should
vanish for t-0.

It is not clear that the secondary poles move
with t: The analyticity of the scattering ampli-
tude at t= 0 requires only that the secondary
terms appear as poles in the j plane, hence
contribute along with the leading Regge poles
to the Sommerfeld-Watson transformation.
If the factor (p'-t) in the numerators of Eqs.
(11) and (12) is associated as above with j-n,
the secondary terms are nonsingular at j = n,
and do not contribute as poles in the transfor-
mation. This suggests strongly that the secon-
dary poles are fixed at the positions j = n~(0)
given in Eq. (13). If this interpretation is cor-
rect, the secondary poles may contribute to
scattering amplitudes, but would not appear
as resonances. Such a result would appear
more plausible physically than the speculations
in Refs. 1 and 2, as the theory would than not
contain particles which could not couple to equal-
mass particles or conserved currents. It is
important that this question be investigated
using more powerful techniques.

The generalization of the present argument
to other situations is straightforward; the re-
sults for general external spins and masses
are summarized in rules I and II noted above.
In particular, for spinless particles of unequal
mass, the present argument leads at once to
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the results of Freedman and +lang. '~

The existence of secondary Regge trajector-
ies with singular residues- appears to have a
number of important experimental consequenc-
es. An example within the context of nucleon-
nucleon scattering is provided by the neutron-
proton charge-exchange reaction n+P -P +n.
This reaction is characterized by an extreme-
ly sharp forward peak, with a width -mz' in

Although it is natural to ascribe this peak
to pion exchange, such an explanation is not
possible using the standard parametrization
of the Regge-pole model': The pion contribu-
tion to the scattering amplitude, and other sin-
glet channel contributions with which it could
interfere, all vanish at t= 0. Alternative ex-
planations in terms of p or A. , exchange do not
appear to be tenable. This difficulty has been
a matter of some embarrassment, as simple
dynamical calculations using the single-pion
exchange model modified by re scattering cor-
rections in the initial and final state give re-
markably good results for the cross section
in the peak region. " It appears, in fact, that
the peak can be ascribed in the Regge-pole
model to interference between the rapidly vary-
ing contribution of the normal pion Regge tra-
jectory and less rapidly varying contributions
from the singlet trajectories secondary to the

traj ectory. Because of the factor t ' in the
residues of the latter, their contribution to
the scattering amplitude is nonzero at 1=0.
If o.'(0) & 0 for the A, trajectory, a result con-
sistent with the mass of the A, meson and the
general slope of the known Regge trajectories,
the pion and the secondary A. , terms interfere
destructively for «0, producing a sharp for-
ward peak in the scattering amplitude, hence,
in the charge exchange cross section. Details
of this analysis will be discussed elsewhere.
Important effects may also appear in such re-
actions as r+N —p+N, r+N- p+N*, and N
+N -N*+N*.

*Work supported, in part, by the University of Wis-
consin Research Committee with funds granted by the
Wisconsin Alumni Research Foundation, and in part
by the U.S. Atomic Energy Commission under Contract
No. AT(11-1}-881,No. COO-881-90.
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The K p and K d total cross sections have
been measured between 600 and 1400 MeV/c,
at intervals of about 25 MeV/c, with a statis-
tical accuracy typically of +0.3 rnb and with
a momentum resolution of +0.6%. In addition
to the well-known resonances, a Y,* resonance
with a mass of 16984 5 MeV/c' is observed,
and evidence is found for a Y,*(1905), confirm-
ing an observation by Cool et al. '

The total cross sections have been measured
by the conventional transmission technique us-
ing 55-cm-long targets of liquid hydrogen and
deuterium. The targets, transmission coun-
ters, and electronics were similar to those
used in a previous experiment on nucleon-nu-
cleon total cross sections. '

Measurements were made in a 19-m unsep-
arated beam, produced from an external tar-
get at Nimrod. The K meson flux ranged from
20 to 500 per 1.5x10" extracted protons, while
the total beam varied between 1.6x10' and 2.0
x10'. The K mesons were identified by a
DISC3 differential Cherenkov counter, using
5-cm thick liquid radiators and nine RCA 8575
photomultipliers in coincidence. The efficien-
cy for K detection was over 90'%%uo and the rejec-
tion of unwanted particles was better than 2

x10 '. The beam contamination was thus in-

significant at all momenta.
Accidental coincidences between particles

in the beam were reduced to a negligible lev-
el by means of an electronic system' which
vetoed, with efficiency better than 98%%uo, any
particle accompanied within the resolving time
of the transmission counters by one or more
others. Randoms arising from background par-
ticles not from the beam were also negligible.

Measurements at a given momentum consist-
ed of several runs with each of the three tar-
gets (hydrogen, deuterium, and vacuum), and
the runs were checked for consistency before
averaging. Corrections made for additional
decay, due to energy loss in the hydrogen and
deuterium targets, varied between 4.0 mb at
600 MeV/c and 0.4 mb at 1400 MeV/c. Correc-
tions were also made for Coulomb scattering,
but no allowance has yet been made for Coulomb-
nuclear interference. This correction will be
small (a0.5 mb) and its principal effect is to
decrease by 1 or 2 MeV/c' the apparent mass-
es of all peaks in the total cross section.

Figures 1(a) and 1(b) show o(K p) and a'(K d).
For the sake of clarity, earlier results are
omitted. Above 1 GeV/c, our results are in
agreement with the recent accurate experiment
of Cool et al. ' At lower momenta the present
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