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Combining these with the new measurements
of li)«I, we obtain the further entries in Table I.

It is clear from these discussions that the
largest errors reside in those of the angles
of g+ and g~. More accurate measurements
of g+, and measurements of happ or happ

or Rem, would serve to narrow the degree of
uncertainty.

It is interesting to notice that

Im~ ~3.2x10A

Ap

Comparing this with the corresponding K+ de-
cay rate

A,+
= 0.055,

p

one sees that it is likely that ImA, /ReA, -10
In other words" the ~Mt& 2 amplitude seems
still largely CP conserving.

We would like to thank Professor C. N. Yang
for suggesting this investigation and for his
continuous guidance.
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TESTS FOR CP NONINVABIANCE WITH l,&T I
& p IN THE PARTIAL BATES

FOR K -7t +7t AND K —y+n +v
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CP noninvariance with I AT I &2 and CPT invarisnce implies that the partial rates, r+,
for Z+ vro+w+, and also the partial rates, r~ for K+ yaw +x, will be unequal. An

0

approximate phenomenological analysis is formulated, and suggests the possibility of
I 1 (r /r+) I —= 10 —3 and (r ~/r+~) = 3.

The recent discovery'~' that the rate for KL'
-2nP is significantly larger than one-half of
the rate for Kl —m++v implies that CP-non-
conserving nonleptonic decay amplitudes occur
which violate the nonleptonic (AT )

= —,
' rule. ~~4

The origin of such relatively small amplitudes
may be instrinsic to the weak interaction, 3~4

or they may arise from an electromagnetic cor-

rection to the weak interaction, ' if the electro-
magnetic interaction is not CP -invariant. s~'

Of cours e, ordinary ele ctromagnetic interac-
tions must give rise to small corrections to
weak interactions which violate the nonlepton-
ic lb, T I

=-,' rule. '
The decays K+-~ +m~ must, of course, pro-

ceed into a pure T=2 state with h Tl = 2, —,.

515



VOLUME 18, +UMBER 1) PHYSICAL REVIEW LETTERS 27 MARcH 1967

With CP noninvariance these partial rates for
the K and K need not be equal. However,
from CPT invariance and to lowest order in
the weak interaction, it is known ~" that

actance matrix, K, 4 given by

(b a]
+ 0 n + 0 +

~ (K -v +~ )+Q ~ (K -n+y+vr +7T )+ n +

0
(K -v +n )

with

6 = (~'~' IK I ~'~'),

b = (ym'n+ IK I m'~+),

a = (y~'~' I K I
y~'~+)

n 0+Q ~ (K -n+y+m +n ), (1)

where x+ and ~+n denote the respective partial
rates for K+ and K, and the sum extends over
any number of photons. Limiting the sum to
a single photon gives

'Y 1 1
+ — — +

We simplify the treatment further by (1) neglect-
ing the three-particle scattering matrix element

a, which is proportional to the v -7T P-wave
scattering amplitude at total energies below

mK, and (2) by approximating the production
matrix element b by an "average" matrix el-
ement b, as follows:

Equation (2) limits the difference in partial
rates for the two-pion decays of K+ to be of
order n, the fine-structure constant, assum-
ing CPT invariance. Since essentially nothing
is known experimentally about x ', and the er-
rors on the present determination of x are
large, "~"it remains an important experimen-
tal problem to verify the implication of Eq. (2).

The purpose of this note is to give a simple,
but approximate, phenomenological analysis
of the origin of the possible differences in x+
and in x+', in order to delineate the circumstanc-
es under which these differences would be anom-
alously small, and to note that, at present,
there is no reason to believe that the quantity

I 1-(x /x+) I may not be of order of the CP-non-
conserving effects that experimentalists have
become accustomed to search for in many ex-
periments, namely of order of a tenth of a per-
cent, while a gross difference between x+' and

' may exist.
In order to discuss possible differences in

x+ and in x~' it is necessary to consider the
coupling between the T=2, S-wave m'-z~ state
with total energy equal to mK, the K-meson
mass, and the states of y-m -m . We do this
in the following model. We consider the sim-
plest allowed y-v -z+ configuration, that with
two pions in a relative P state and an electric-
dipole photon. We assume that, at this ener-
gy, all of the matrix elements of the T matrix
for the coupled system are small, and we ap-
proximate the T matrix by its leading term,
the real, symmetric (assuming time-reversal
invariance for this part of the problem's) re-

where

(4)

with

(cosA —sink)
~sink cosX ~!

ftanb, O ) (6, 0)
!0 tan5, ) (0

(6a)

(6b)

tan2A = -2b/5= 2A for small A. . (Gc)

The (small) real phases, 5, and 5„are the scat-
tering eigenphases corresponding to the two
eigenstates of the coupled system, which are
given by

I 1) = cosA I m'7T+) -sink. I ym'm ~)

I 2) = sin' I vox+) + cosh I ym Om+).

Consider now the matrix elements for the
decays of K+ into the (incoming-wave) eigen-
states, with possible CP noninvariance in the

(7)

In Eq. (4), q is the center-of-mass momentun
of the m'-m system at total energy mK, and

a denotes the total production cross section
at mK. With the normalization of matrix ele-
ments implied by Eq. (4), we have simply

/
5)2 da

(w'+ 71+ -~'+ ~+),
q2 dQ

i.e., 5 is the (assumed small) T= 2, 8-wave
m -z phase shift at mK. The approximate K ma-
trix can be diagonalized by the orthogonal trans-
formation U,
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effective Hamiltonian, H (and with ei x, 2 = 1
+ i6, ,):

((-)1}HIK ) =—IA, I (1+ i5, )e

((—)2}HIK )= IA2}(1+Ã, )e

In Eq. (8), the positive sign in the exponent goes
with K, the negative sign with K, and CP
noninvariance is contained in the real phases,
h, and/or h2, different from 0 or rr. The phys-
ical decay matrix elements can be explicitly
constructed from Eqs. (7) and (8):

0 + + z',Q
(( )rr —rr IHIK )=n =nexp(+zh )=—exp(+zh )(1+i@ )IA I( cosA+p si nA(1+z5) e+ 1 1

(9a)

o + +zQ
(( )yrr—7r IHIK )= p = pexp(+ih )= exp(+ih )(1+i@ ) IA I(—sinA. +pcosA. (1+M)e j,r 1 1 1 (9b)

with

5 = 52-6, = -5 for small X,

2 1P

p= IA I/IA I
= lip /n }exp(ih )+A exp(ih )) for small A and Ip /or I

«1.
2 1 + + + + (9c)

For small ~, the CP-nonconserving eigenphases, 6, and 4„are given approximately in terms of
the CP-nonconserving phases of the physical amplitudes, A~ and 6&, by

sinh —A Ip /n isinh
7T + +

taM, =
cosh -A I p /n I cosh+ +

(10a)

Asinh + Ip /or Isinh
77 + +

taM2 =—

A cosh + ip /o. Icosh
7t + + r

(10b)

lsinh I
=— Ih I = Ip /n I lh, —h I/p for small h a.nd h+ + 7T r 7r y

(loc)

The matrix element p+ again represents an "average" over the three-particle phase space; we have
4m ip+}2=Rate(K+-y+rro+7r+, El)= r+' and —also In+}2=dr~/dQ (K -rro+rr+). From Eqs. (9a)-(9b)
we can compute the CP -nonconserving observables

2 I I o.~ I' —I o. I'I I 2p 5 sin2A. siM I

rr } or+ I + I n }2 x+ ((cosA+ p sinA cosh)'+ (p sinA. sinh)2+ (p5 sinA. cosh)2)' (11a,)

2 I IP+ I'-IP I'I 2 }1-(x '/~+') I I 2p 5 sin2A sink )

y I p+ I + I p I 1+ (r '/x+') ((—sinA. + p cosA cosh)'+ (p cosA sinh)'+ (p5 cosA. cosh)'j'

From Eqs. (lla)-(lib) we note the essential results of this analysis that are independent of the mod-
el. The CP-nonconserving observables will vanish in any one of the following circumstances: (I) CP
invariance, implying h =0 or rr; (II) CP noninvariance, but "accidentally" h = 0 or rr (for example h~
=hyt 0 or rr); (III) CP noninvariance, but vanishing coupling between the S-wave rr'-7r~ state and the
y-rr -rr states, i.e. , A. -O; and (IV) CP noninvariance, but vanishing strong-interaction phase shift in
the S-wave rr rr+ state -at total energy mK, i.e. , 6-0, or, more generally, 5, and 5, -0 (or accident-
ally, 5, = 5, IO).
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It remains to make a rough numerical esti-
mate of ID7, I and ID&l. We have one important
relevant piece of experimental data'

1
+ + ~5~1P—4

n~ 4w(d~~/dn)
(12)

If we now assume'6 lyl »y and therefore p =A.

(but still I A. I
& 1), we obtain, using Eqs. (lla)-

(lib), (loc), (6c), and (12),

ID I
= 4y I&& I I&

7T Vt y

—= (9 x 10-')
I b I I a

7T y' (13a)

4y ig —g I (9x 10—') Ib.

II) I=— —,— =— —,— . (13b)
y (IZ61+y'/ I xb I ) ( Ib I + y'/ I b I )

Noting again the definition of b in Eqs. (3) and

(4), and remembering the suppression of both
e+ and the inner bremsstrahlung contribution
to P+ by the nonleptonic IATI = —, rule, a rea-
sonable estimate' for Ib ) is

Ibi Ii3 /n I =y=2.24xlo
+ + (14)

From Eqs. (lla)-(lib), (13a)-(13b), and (14),
we have the following maximal estimate for
the CP -nonconserving observables, with'

1-a I-- ~

2

11-(~ /x ) I
=— 10 (15a,)

(& '/& ')—= 3 (15b)

Equations (15a)-(15b) are the basis for the es-
timates stated in the last sentence of the third
pa, ragraph above; together with Eq. (10) they
are clearly consistent with the approximate
restriction imposed by CPT invariance, name-
ly Eq. (2). On the other hand, if (~ '/~+') = 0,
Eq. (2) gives

il-(~ /~ )I=~'/r =—-o 5xlo-' (16)

We are well aware that it will be experimen-
tally difficult to achieve a measurement of the
very small difference in Eq. (15a), and even
the gross difference in Eq. (15b) is a, difficult
measurement because of the rare process in-
volved. Nevertheless, in the light of the very
significant new experimental results on CP non-
invariance, '~' it is to be strongly expected that
these CP -nonconserving effects exist, and on-
ly in the circumstances (II)-(IV) enumerated
above will 11 (x /r+) I pe—rhaps be depressed
more than an order of magnitude below the es-

timate of Eq. (15a). On the other hand, a much
larger experimental value for 11—(x /&+) I would
cause concern for CPT invariance in a nonlep-
tonic weak decay.

I wish to thank Professor M. White and Pro-
fessor A. Lemonick for their kind hospitality
at the Princeton-Pennsylvania Accelerator,
where a portion of this research was carried
out and reported in unpublished lectures.
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p and k denote the m, mP, and photon energies, re-
spectively. From Eq. (4), and direct computation of
the rate summed over the three-particle phase space,
we obtain b =—10 ~(m~/m~)4. Thus for m~=m~, b
—= 0.16; for m~=2m&, b=—0.01, and the estimate of b

in Eq. (14) is thus not unreasonably large. If we take
an S-wave 7t -7t+ phase shift of !6l-10' at total energy
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m~, we have IXI=—Ib/61&0. 06, whereas y =—0.02; thus
lA. I &&y may be a first rough approximation in estimat-
ing ID I and ID I. Clearly, we are trying to estimate
essentially one number which is a function of the physi-
cal quantities b and 6, which are presently not well
known, but for which at least informed estimates can
be made. It may be that b =By is a more reasonable
estimate. However, we have already tended to under-
estimate y (Ref. 15}.

7If inner bremsstrahlung dominates the radiative de-
cays 4& would differ from Az only because of the radi-
ating pion being off mass shell; however, a. direct
emission amplitude could cause A~ to differ significant-
ly from A7t. , especially if this amplitude is CP nonin-
variant. The estimate (15b}, in particular, is a maxi-
mal estimate for the total radiative rates; the ratio
may be as large only over a portion of the spectrum
where the E1 amplitude may be dominant.
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A striking success of the hypotheses of cur-
rent algebra' and partially conserved axial-
vector current' has been the correct prediction
of the E, -r++v +v matrix element, under
the assumption that the linear matrix element
observed inside the Dalitz plot can be extrap-
olated to the points where the pion four-momen-
ta vanish. Since the g - ~ + n + n matrix ele-
ment has the same linear form as that in E,
decay, one might expect that the methods used
to treat K,' decay will work also for the g.

But as Sutherland' and Itzykson, Jacob, and
Mahoux' have pointed out, in the usual picture
of g decay, current algebra, combined with
the assumption of a linear matrix element out
to the points where pion four-momenta vanish,
implies that g- 3v is forbidden t The argument
is a simple one. Let J&=J&'"+J&"' denote the
electromagnetic current, which consists of
isoscalar (0) and isovector (l) pieces. The
decay g —m + v + v proceeds via a second or-
der virtual electromagnetic interaction,

A(i)-v +v +v ) ~(v m v Ie fd y D (y)T[J (y)J (0)]I@)
a b c abc 2 4

=2(v w v le fd y D (y)T[J (y)J (0)]Iq),
abc 2 4 (o) (l)

p, v p, v

where D» is the photon propagator. The J&' 'Jv"' and J&"'Jv"' terms do not contribute on account
of G parity. According to the usual current-algebra methods, the amplitude for g decay, in the lim-
it as qe - 0, is the matrix element of the equal-time commutators arising from expanding (8/Bx )
x T[F '(x)J~'"(y)J "'(0)]; that is,

a b cg(ri-n +~ +~ ) I c
q =0

~(~ ~ le fd y D (y)T([E (y0), J' (y)] J (0)+J (y)[E (0), J (0)])Iq). (2)

(As usual, Fe»' and Ee' denote, respectively, the isospin-c axial-vector current and charge. ) Ac-
cording to the current algebra,

[E '(y ), J '"(y)]=0, [E '(0), J "'(0)]=i& 7 '(0) =isovector.c 0 '
p

' c ' v c3d dv (3)

Hence Eq. (2) is of the form (v vf'lfd4y isovector lq), which vanishes since an s-wave two-pion state
can only have I=O or 2. Thus we conclude that A(q- n~+ v~+ve) vanishes when any of the three pion
four-momenta is zero. Assuming a linear matrix element implies that g- 3r is forbidden. This
means that, in the usual picture of g decay, the similarity of the K, and p decays within their Dalitz
plots must be regarded as an accident.
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