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See, for example, H. Muirhead, Physics of Elemen-
tary Particles (Pergamon Press, New York, 1965),
p. 278.

When the errors on inelastic forward amplitudes

(d(T/Ch)t —
O

were not directly ava. ilable, an estimate
was made by examining the angular-distribution data.

C. Levinson, H. Lipkin, and S. Meshkov, Phys. Let-
ters 1, 44 (1962).
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with

.i=1, 2

It will be shown in this note that if an ampli-
tude A(x) is causal and its Fourier transform
A(q) satisfies the Dyson representation, then
we can derive a physically meaningful sum rule
provided it converges. As an example, we take
the commutator of the isovector current den-
sities j (x) (a=1, 2, 3),

A (q) = fd xe (P l[j„(x)j (0)]IP), (1)

where the state IP) represents, for example,
a proton of momentum p and the spin average
is assumed. Because of the conservation law,
we have two independent amplitudes, and we
write

f dqoA(q) = 0. (4)

Now, Eq. (4) gives us the sum rule in the fol-
lowing way'. The isosymmetric amplitudes
Ai(s) have the crossing symmetry Az(s)(q) =

-Ai (s)(-q). Choosing as invariant variables
X=q' and v=p q, we write Ai( )(q) =A (s)(A. , v).
Changing the integration variable from q0 to
v, Eq. (4) gives in this case

f dv[A. (X, v)-A. (X, v)]=0,
0 +' 2

where

= [v + 2p ~ q v+ (p ~ q) ]po

sentation, 4 which is

A(q) = f ds fd ue(q u)5-[(q u)'-s]g-(u, s)]. (3)

The immediate consequence of this is'

fJ, V

=~ '[q'p p -(p q +p q )p q+g (p q)']
P V P, V V P P, V

ance

~„,"'(q) = q'q„, -q„q, ,

where m is the proton mass. We further de-
compose &i~& into isosymmetrie and antisym-
metric parts by

In order that the above equation holds in any
reference frame, the first-order term in p ~ q
must vanish. Taking the limit Ip 1

—~ in the
Taylor expansion, we obtain

f dvv —A. (X, v)=0 (i= 1, 2),
8 - (s)

where A. is an arbitrary negative number in-
de endent of v. For the antisymmetric part
A, a), we have the crossing symmetry A, (a)(q)
=~2( )(-q), and Eq. (4) for A2(a) gives, again
in the limit of tpl-~,

A (q) =5 A (q)+ie ~ A (q).
ab —(s-) . —(a)

(2) f dvA2, (q)=0,

The amplitude q2A, (a) satisfies the ordinary
Dashen-Gell-Mann' and Fubini'-type sum rule.
The other amplitudes Ai(s)(x) (i = 1,2) and A, (x)
can be shown' to be causal, vanishing outside
the light cone, and their Fourier transforms
Ai(s)(q) and A~(a)(q) satisfy the Dyson repre-

which has the form of what is called the super-
convergence sum rule. 6

Before discussing the sum rules (5) and (6),
we remark that we could have taken the elec-
tromagnetic current j& instead of the isovec-
tor current in Eq. (1) and that the amplitudes
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Ai@(q) thus defined have the same properties
as Az(s)(q), especially satisfying Eq. (5), which
we could write in the form

OL and OT by

f dvvIA. (A, v)-A. (A, v)]=0,
0 z

where ~, and ~, are two arbitrary negative
numbers. Ai@(A, v) are related to the total
cross sections of the longitudinal and trans-
verse photons of mass vA. on a proton, say,

(7)

— q — Q 2 (v'-m'A)"'
A (A, v)+A (A, v)=-, a (A, v).

2 ' e mA.
(8)

Separating the pole contribution, we can write
(7) for i =1 in the form

'(A )-A F '(A )-(A -A )+, dv, . „,Ia~(AI, v)-a&(AI, v)]-(Al-A2) =o
lp j l 2p 1 1, 2 2mn v v-mAi T 1 L 1

(9)

where Flp and F2p are the charge and moment form factors of the proton. The threshold vo is deter-
mined by 2 v = 2m p, —p. 2-sup(A„A, ), where p is the pion mass. It should be noted that the integrand in-
volves the difference of two cross sections for two different masses so that the integral may converge
even if the cross sections go to constants at infinity. The sum rule (9) could be checked experimental-
ly since aT I (A, v) for A(0 can be obtained from the cross section for the inelastic electron scatter-
ing by a proton, in which only the scattered electron is detected, i.e. , in the laboratory system.

da= 2dk'dQ — [a (A. , v) e(9)-a (A. , v)], (10)

where k and k' are the momenta of the incident and scattered electron, q =k-k' being the momentum of
the virtual photon and

(-A/q~) cot'(26)
2-(A/q ) cot'(29)

The Eq. (7) for A, ~+A2@ is simpler than that for A, @ alone, and using (8) we have

0

The convergence of the integral will be worse than that of (9).
Going back to the sum rules for the isovector amplitudes (5) and (6), we can express the amplitudes

Af(s)i (a) in terms of the cross sections of the isovector photons with + charges, a+, as in (8). The
latter can be converted to the cross sections related to the isovector part of a photon. Namely, by
the rotation in isospin space, we have a -a+=2a(a)=2a», -a„, and a +a+=2a(s)=2a0, where a'
is the total cross section of the neutral isovector photon on a proton and Oy/2 and 0„2 are I= 2 and
—,
' part of the same cross section. The sum rule (5) for i=1 gives for A. =O

E '(0)- F2(0)+ ~
—dv ~ a 0(0, v)+ 2 dv —[a 0(A, v)-a 0(A. , v)] =0,

0 0

(12)

where F]& and +2& are the isovector part of the charge and moment form factors of the nucleon, nor-
malized as FI~(0) =1 and &2~(0) =(pp —p.„)/2m. For comparison, the Cabibbo-Radicati sum rule is
given in our notation by

or

dvAA, (A, v) =0
— (a)

eA g, ' '
Z =.0

2v 47T o4v v
0

(13)

(14)

480'
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1
F '(0) + F (0)

1 (( 2v &)cr
=o. (16)

In the pole approximation we have

1 2P2F (0)+ F (0)-, ,m*(m+-m)
lv 2m 2v 3p, 'm'

2
+ (m+'-m')(m+ -m)' = 0.

3g'm'

In order to obtain a positive P' we have to choose
P-0.44, so that this sum rule is not reliable,
at least in the pole approximation. The super-

At the moment we do not have enough experi-
mental information on cT L'(A. , v) to test the
sum rule (12). In the pole approximation tak-
ing into account only the nucleon and R"(1238),
Eq. (12) is replaced by

l(P) F Q(0) P ( )

1v 2 2v 3 JIL2

P(o)P (o)( .. .)( . 3,.) 0 (15)
3p vl*

where m* and p are the masses of N* and the
pion, respectively. P'=dP(A)/dX and I6(A) is
the coupling constant defining the magnetic di-
pole transition from a nucleon to N*, and ac-
cording to Gourdin and Saline and also to Ma-
thews, "has the value" P(0) = 0.3. The value
of P'/P, determined from (18), is insensitive
to the change of the value of P because the first
two terms of (15) almost cancel each other.
Thus we obtain as the rms radius of the N-N*
transition current (6p'/p)its- 0.4x10 's cm as
long as P(0) )0.2. This is nice because we know

that the N* contribution to the Cabibbo-Radi-
cati sum rule (14) in the pole approximation
using the value P = 0.3 is twice as big as the
value obtained by actually integrating the I= &

cross section up to 500 MeV (Gilman and Schnit-
zer"). Our sum rule is free of this bad feature
of the narrow resonance approximation.

The sum rule for A, (s)+As( ) is obtained from
(5) and (8) and gives

convergence sum rule (6) gives

mF (0)+ m'F '(0)

GV V

2m'nJv v A. 1/2, L 3/2, L
—(2o '-0 ')

2
1/2, T 3/2, T A. =O

which reduces in the pole approximation to

mF (0)+ m'F '(O)
2v 2v

2

„[2m(m'+ m+') -(m+'-m')'] = 0. (19)

Using the experimental value for F2~(0), we
find P'=0.1. Conversely, P=0.3 gives pp-p„
=35. Thus, the sum rule (19) seems to work
remarkably well, although this could be acci-
dental.

*This work was supported in part by the U. S. Atomic
Energy Commission.

iR. F. Dashen and M. Gell-Mann, in Proceedings of
the Third Coral Gables Conference on Symmetry Prin-
ciples at High Energies, University of Miami, 1966
(W. H. Freeman @ Company, San Francisco, Califor-
nia, 1966).

~S. Fubini, Nuovo Cimento 43A, 475 (1966).
3J. W. Meyer and H. Suura (unpublished).
F. J. Dyson, Phys. Rev. 110, 1460 (1958).

5A more rigorous statement is

lim f dq 0 exp( q~/A~—)A(q) = 0
A

which is valid only when

lim g(u, s) =0,
S

as shown in Ref, (3).
6V. DeAlfaro, S. Fubini, G. Rossetti, and G. Furlan,

Phys. Letters 21, 576 (1966).
R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598

(1957); M. Gourdin, Nuovo Cimento 21, 1094 (1961);
S. M. Berman, Phys. Rev. 135, B1249 (1964).

N. Cabibbo and L. A. Radicati, Phys. Letters 19,
697 (1965).

9M. Gourdin and Ph. Salin, Nuovo Cimento 27, 193
(1962).

~OJ. Mathews, Phys. Rev. 137, 8444 (1965).
Gourdin and Salin's M& coupling constant C3 = 0.37 is

defined for the charged isovector photon current j+.
Our P, which is for the neutral isovector photon, is
(3)~ Cs. The necessity of this (3) factor was pointed
out by J. J. Gaimbiagi and C. G. Bollini (private com-
munication}.

~ F. J. Gilman and H. J. Schnitzer, Phys. Rev. 150,
1362 (1966).

481


