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Recently Fubini, Furlan, and Rossetti, ' us-
ing the following equal-time commutation re-
lations for vector currents,

[i. ( ),i. (X)]~( -7 )= i. ( )~ ( -y) (1)
. n . P 0 0 nPy y 4

(n, P, y = isotopic indices),

with isotopic index n, four-momentum K, .
We have P, +K, =p, +K„P=P, P„—s = (P, +E,)',
&=(p, K,)'—, t=(K,—K,)'. The Ey(t) is the pi-
on form fa.ctor

(P ~7 (o) ~P ) =P (t)P

have derived the sum rule

(2)

given by

(p., v =Minkowski indices),

t =a1P P +a2P E2 +a3P +1pv 1 p, v 2 p, 2v 3 p. 1v

The amplitude a,nP(s, t, E, , E, ) is defined
by the expansion, in terms of invariant ampli-
tudes, of the quantity

t = fd xexp[i(K1+K ) x]np 4

p, v

The purpose of the present note is to study
the analyticity in angular momentum plane of
the definite helicity amplitudes for the process
v+v —y +yp. We shall restrict ourselves to
I=1 t-channel (i.e., v+~ —yn+yp) amplitude
only. We shall further put E,' =E2' =0 for sim-
plicity. We shall see that (i) it is inconsistent
with Fubini sum rule to have only moving poles,
i.e., Regge poles in these amplitudes, and that
(ii) if one has a fixed J = 1 pole, which does
not contribute to the s-aborptive part of the
amplitude, then one has the Fubini sum rule
for Ren&(t) &1, i.e., t&mp2 and real, and the
inconsistency is avoided.

Let us expand the amplitude T» in terms
of invariant amplitudes. We have, just as for
t» given by the expression (4), in general,

+a K P +a K E
4 2p, v 5 2p, 2v

+a K R +a~ P
6 2p, 1v v 1p, v

+a K K +a K K +a g . (4)
8 1p, 2v 9 1 p. 1V 10 pv

The quantity t&v is the absorptive pa, rt of
the amplitude T»nP which describes the pro-
cess

v(P )+y (K )-v(P )+y (K ),

where P„K„etc., are respective four-momen-
ta and yn(K1) stands for "charged photons"

T=APP+APK+ ~ ~ ~ +Ag. (6)
pv 1 p, v 2 p, 2v 10 pv

If the current is conserved, i.e., Bj"j ~=0,
we must have'

np v v np
pv 1 2 v JLt.

=e yZyp =Z (t)p .
p.

Using current conservation conditions (7) and
Ky:E2 = 0, we can express all ten amplitudes
in terms of two invariant amplitudes, sa,y A
and B, and E(t). We finally obta. in

T "'=PP +K K + (K P+PK )+ " ' A&'&(st)
pv p, p, lp, 2v t 1p, v p, 2v t pv

K K
g — ~ B"'(s, t) + [(s—u)g —2(K P +P E )](1/t)E"'(t), (8)

p, v (Ki K~)
'

p, v lp v p, 2v

where m is the pion mass and superscript 1 refers to isospin 1 in the t channel.
We next project out the definite helicity amplitudes T~ & in the center-of-mass frame in the t
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channel:

T ~ = 2m'A(s, t) +B(s, t) + [(s-u)/t]E(t),

T+ = 2A(s, t)p' sin'y, (lo)

where s =-p'-q'+2pqcosy, u=-p'-q' 2pqco-sy,
t=4q'=4(p'+m'). Using the Jacob-Wick for-
malism, we have the expansion

T =(1/q)Q (J+-,')T (t)P (cosy),

exp[(A. )p](E ) exp[(A. )v](E ). (9)
A.,A.~ p, v

We obtain

and a similar expression exists for BJ. In writ-
ing (18) we have assumed Mandelstam repre-
sentation for A and B, a.nd As(s, t) is the absorp-
tive part in s channel of the amplitude A.

We thus see from (16)-(18) that the amplitudes
M~+ (t) and M+ (t) have a Gribov-FroissartJ J
representation in terms of the QJ(z) functions.
As such, these objects are the natural objects
for which one would make merornorphy assump-
tions in complex J plane. If w'e assume that
M+~ (t) and M+ (t) do not have any fixed sin-
gularities in complex J plane, we obtain for
the asymptotic behaviors

T+ =—Q (Z+ —,') T+ (t)d20 (y).
J&1

Hence we have the partial wave expansion

A(s, t)
a(t) [o.(t) -1]

sinw o.(t)

two. (t)] o.(t)-2
( )

x[(J+2)(J+1)J(J-1)] P "(cosy), (12)
-1 2

B(s, t) +2m'A(s, t)

= (1/q)Z(J+ l) [T (t) --:pP(t) &~]PJ(c»y) (»)

iw~(t-)
]s .(20)B(s,t)+2m A(s, t) — = ' . ()

P,(t) [1-e
sin~n t~ 00

Notice that the right-hand side of (19) does not
have a pole at n(t) = l.

Now the leading I= 1 Regge trajectory is the
p trajectory. This implies that

Let us rewrite the expressions (12) and (13)
as

A(s, t) = P (J+ ,')M (t)P "—(cosy),
J&1

B(s, t) + 2m A(s, t)
2

=Q (J+ ,')M (t)P (co-sy).

The projection formulas for M+, M++ canJ J
be worked out and are given by

(14)

This obviously contradicts the Fubini sum rule
which gives

w 'fa, (s', t; 0, 0)ds' =E(t). (23)

1+& -1
A(s, t) & (s ), e ~0,

for the region Reap(t)& 1, i.e. , «mp'. Hence
for t&mp' the amplitudeA(s, t) must satisfy
the superconvergence relation

w 'Jabs. A(s', t)ds'=w 'fa, (s', t 0 0)ds'=0 (22)

(t & m ').
p

+ (u -channel contr ibution), (18)

= [(2J-1)(2J+l)(2J+ 3)]

x [(2J + 3)A -2(2J'+ l)A + (2Z-1)A ], (16)

(t)=B +2m A,J 2

++
where

A = f A(s, cosy)P (cosy)d(cosy)

1 fds'A (s', t)Q [(s'+p'+q')/2pq]
wpq s ' J'

Thus the assumption of pure Begge behavior
for the scattering amplitudes is untenable if
the Fubini sum rule is right.

Vfe now come to the second part of our inves-
tigation and would like to discuss that simplest
possible singularity structure consistent with
Fubini sum rule. Firstly, in view of the above
remark, we would like to have a singularity
in the J plane, apart from the p Regge trajec-
tory, which would not allow us to write down
the inequality (21). A fixed singularity at J= 1
would be sufficient for this purpose. A fixed
singularity at J= 1 is also natural in view of
the following circumstance. In the derivation
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Ren (t) & 1, i.e., t & m ', (24)

because otherwise the integral would diverge.
The absorptive behavior of A. (s, t), in our

model, would be given by

A(s, t) = (a function of t)/s for t&m '. (25)
p~ OO

In fact the Fubini sum rule for the possibility
under consideration could be expressed as

of the Fubini sum rule, we have been treating
the electromagnetic interaction only to the sec-
ond order in e. Under such a scheme of calcu-
lation, a fixed J= 1 singularity, which is phys-
ically due to I=1, J=1 "charged photons, " is
not surprising. If one included the electromag-
netism to all higher orders, this fixed singulari-
ty might become a moving singularity by the
same mechanism which presumably turns oth-
er J= 1 fixed singularities which occur when
one deals with strong interactions also to the
lowest order. If this reasoning is correct,
we should be able to achieve consistency with
a fixed J= 1 singularity, which does not contrib-
ute to the absorptive part of the amplitudes. '
So one would still be able to maintain pure Regge
behavior for absorptive parts. We shall assume
that such is the case and explore the consequenc-
es. The Fubini sum rule would then be valid
only for the range of t given by

have to satisfy the consistency condition

F (t) p (t)(1-exp[-zion (T)])
p n (t) 2lim —--= + s

S sinmn (t)t-m p
p

x (t-m ') = 0,
p

i.e., ([dF '(t)/dt]2p(t)+wdn (t)/dt] 2=0. (28)
p

In conclusion we would like to point out that
if one takes the operators j n (x) as good inter-/,
polating fields for p-meson field operators
p& (x), i.e. , p (x)=const.j (x), then one
would not run into any inconsistency in discuss-
ing m+ p —m+ p amplitudes. These amplitudes
would then be given by

2 2
lim (K -m )

K 2-m ' 1 p
1, 2 p

and would satisfy the superconvergence sum
rule, ' instead of Eq. (23), since

lim (K '-m ')(K' '-m ')

1, 2 p

x F((K -K )', K ', K ')=0.

-F (t) p (t)[1-exp[-inn (t)])
A(s t) = +

sintrn (t)
p

n p(t)-2

(27)

where p(t) is some new function of t and is not
given by Etl. (19), which was written for the
case of no fixed singularity. Now we know that

A(s, t) has no p pole since the partial wave ex-
pansion for A(s, t) given by Eq. (14) has no J
= 1 term. Therefore, the function p(t) would

lim -sA(s, t)= lim ——,' =F(t) (26)
s "ImA. (s ', t)ds '

7T y S -S
S -~ ~ OO

(t&m ').
D

In view of (26) we can write

Thus the present work has no implications about
the validity of the Regge-pole hypothesis with-
in the domain of pure strong interactions.
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3In a Yang-Mills-type theory these terms would
arise from coupling of three vector particles and
hence to this order would give no contribute to absorp-
tive part in s channel.

47he superconvergence sum rules for r+p ~+ p
scattering have been written down by V. DeAlfaro,
S. Fubini, G. Rossetti, and G. Furlan, Phys. Letters
21, 576 (1966).

ERRATUM

SIMPLIFIED THEORY OF SYMMETRY CHANGE
IN SECOND-ORDER PHASE TRANSITIONS:
APPLICATIONS TO VGSi. Joseph L. Birman
[Phys. Rev. Letters 17, 1216 (1966)].

Equation (5) should read

A, E, I" not acceptable.
g 2g

Table I, right-hand column, line 2, should
read

A~ of D4
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