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SPIN-WAVE EXCITATION IN NONFERROMAGNETIC METALS

P. M. Platzman and P. A. Wolff
Bell Telephone Laboratories, Murray Hill, New Jersey

(Received 12 December 1966)

Using the Fermi-liquid theory, we have calculated the wave-number-dependent rf spin
susceptibility of an interacting electron gas. For large 7 the kernel exhibits a branch
of singularities, spin waves, which show up as sidebands on the electron spin-resonance
line in thin slabs of metals. The character of these spin waves and their influence on
electron spin resonance is discussed in detail.

It is well known'&' that, in an interacting Fer-
mi system immersed in a static magnetic field,
there exists a branch of excitations (starting
at the free-electron spin-resonance frequen-
cy at long wavelength) analogous to spin waves
in ferromagnetic materials. These oscillations
are collective periodic variations of the macro-
scopic magnetization vector. ' We believe that
such excitations are responsible for the spin-
resonance sidebands whose observation in Na
and K is described in the following Letter.
These experiments enable one to determine,
in an essentially spectroscopic way, two of
the Landau Fermi-liquid parameters for each
of these materials.

Using the Fermi-liquid theory, we have cal-
culated the wave-number-dependent rf spin
susceptibility of an interacting electron gas.
Orbital and spin-flip collisions have been in-
cluded in a phenomenological but plausible way.
In the long-wavelength limit (k -0) we have
obtained results for an arbitrary exchange in-
tegral. To order k' the susceptibility depends
on only the first two exchange parameters (S
and P wave). If the orbital collision time T

is short, the susceptibility kernel is purely
diffusive. For large ~T the kernel exhibits
a branch of singularities which is the spin-wave
spectrum. The character of this branch depends
strongly on the propagation direction with re-
spect to the magnetic field. For "attractive"
exchange, the curvature is negative for prop-
agation along the field and positive for propa-
gation perpendicular to it.

Using the long-wavelength approximation for
the susceptibility it is possible to approximate-
ly solve the electron spin-resonance (ESR) prob-
lem for a finite slab of metal. '" The transmit-
ted magnetic field shows a resonance at what

may be called the noninteracting ESR. In ad-
dition, when uv is large and there is "sufficient"
exchange among the electrons, a series of side-
bands appears. The sidebands correspond to
the excitation of nonuniform modes of magnet-

ization in the slab, with wave vectors k =nw/L.
The splitting of the spin-wave sidebands from
the central ESR line enables one to measure
the first two Landau exchange parameters for
the interacting electron gas. ' The measure-
ments of spin-wave sidebands described in the
accompanying Letter are in excellent agr ce-
ment with the theoretical model to be present-
ed here.

For slowly varying external disturbances
the transport properties of a Fermi liquid are
completely described by the quasiparticle den-
sity matr ix p( p, x),'

p, (p, x)=nO, +m. o-
CPA QA AQ

In equilibrium at zero temperature this quasi-
particle distribution function no(p, x) is a Fer-
mi distribution and the quasiparticle energy
Eo(p) =p2/2m ~.9 In nonequilibrium situations
the quasiparticle density matrix satisfies a
transport equation similar to the Boltzmann
equation. We are interested in the solution
of the transport equation in the linear approx-
imation.

The transport equation (for the magnetiza-
tion vector m) separates into three scalar un-

coupled equations for the quantities m =m

aim& and mz (z =magnetic field direction).
Since the quantity m+ is the only one which
shows a resonance at the electron precession
frequency, it is sufficient to consider it. De-
fining the quantity g as

BPEp

ez'(p) ~

the transport equation for g becomes'

Qg—+ V V+—(VxHO) —+iQ, [g+5m, ]
Bt t." Bp

1 "gdQ= ——g— + -2@0(V.v+ iQ, )h+, (2)

where h is the rf magnetic field (hx+ih&) and
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y, -=geh/2mc. The quantity

«.=
2, 3 fd'P' &(P, P'4(P')~(u-&'(P'))2

is the change in the quasiparticle energy due
to a change in the distribution function. The
correlation or interaction function f(p, p') is
the basic phenomenological quantity character-
izing the "magnetic" properties of the Fermi
liquid. Since p and p' are fixed on the Fermi
surface, & may be expanded as

g(p, p') =-p [& P (cos&)].

For convenience we also define the set of di-
mensionless quantities'

B =m«p g /~'(2n+1).
n F n

The frequency Qo in Eq. (2) is a renormalized
spin frequency (hQo=energy to reverse a sin-
gle electron's spin) given by

Q =~ /(1+B ) =y H /(1+B ),s

where cps is the ESR frequency in the dc field
Ho. The term in 1/~ is a phenomenological
or orbital relaxation time characteristic of
the dc resistance measurements. The colli-
sion term is chosen so that the system relax-
es to local equilibrium compatible with the
local density of magnetization and quasiparti-
cle number.

For disturbances of the form e~(k'

Eq. (2) may be solved exactly to order k'. The
expansion parameter is essentially kR -=(kvF/
u&c«), which is of order 0.1 in the experiments.
Neglecting terms of order (kR)', we find

= (eHO/m«c)(1+B~), Qo =Qo(1+B~)& vF« —pF/
m*, ~ = &a+i/7. , and 6 is the angle the wave
vector k makes with the z axis. '

As Bp and B,—0, the coefficient D* becomes
a real number and the susceptibility is a pure-
ly diffusive kernel with an anisotropic diffusion
coefficient. In this limit our results are equiv-
alent to those of Ref. 6 and, for small ~~, to
those of Dyson. ~ On the other hand, if l(BO

-B~)~z/(1+B~) I»1, D* approaches a pure
imaginary number and y(k, w) exhibits a branch
of singularities along the curve P(k, w) =0 in

w, k space. These are the spin waves. If we
allow &c*-0, i.e., turn off the coupling of the
de field to the orbital motion of the quasipar-
tieles, and let 8, -0, D* becomes isotropie
and y(k, v) reduces to the known long-wavelength
susceptibility for an uncharged Fermi liquid
like He .' In general, however, the spin-wave
dispersion relation for a, charged gas is high-
ly anisotropic. In fact, the bracketed angular
expression in Eq. (4) will generally change
sign since (&u-00)' is usually less than Qc*'.

The problem of transmission through a, slab
of metal can be approximately solved. The
technique used in solving the slab problem is
similar to that ef Ref. 6 and our results reduce
to those when the exchange parameters are
set equal to zero. The macroscopic magnet-
ization vector is assumed to obey a second
order, diffusionlike equation with D* [Eq. (4)]
as the diffusion coefficient. The magnetization
vector may then be expanded in normal modes
with the boundary condition VM(&) I~ —0 ~ —I = 0.
The rf exciting field is treated as a delta func-
tion. In this approximation the transmitted
magnetic field H~ is

y(k, (u) = -(m «/m) y Q /P(k, (u), H -(i/T I')W ' csc 2W,
2

(5)

where where

and

, fm+(P, k, (u)d'P -=k)|(k, (u)
1

and

4W'=-[(1 —(u /(u)(uT +i]/T f'
s 2 2

P(k, (u) =(u-~ +-,'k'v *'(1+B )(1+B )((u —Q )s 0 1 s

sin'h cos'6
(u «'-(~ -Q )' ((u -Q )' x(1+B )(1+B )((u -Q ).s

sin26 cos'4
F

( Q )2 ( Q )2((a& T
c s 0 s 0

(7)

+'LD k
s (4)

The quantity yf is the long-wavelength stat-
ic susceptibility of the noninteracting gas, 2c

A phenomenological spin relaxation time &,
has been included in Eqs. (5)-(7) and the pro-
portionality sign in Eq. (5) indicates that a com-
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plex number, which is approximately magnet-
ic-field and angle independent, has been omit-
ted. In addition to the spin-resonance line near
%= 0, the transmitted field shows a series
of sidebands for W=nm (n=+1, t2, ~ ~ ~ ). In the
infinite-» limit these peaks are the same peaks
found by setting k =nm/L in Eq. (4) and finding
the zero of Eq. (4).

Figure 1 shows a series of transmission curves,
including the central ESR line and the first
spin-wave sideband, calculated from Eq. (5)
with parameters typical of the alkali metals.
Both theoretically" and experimentally, ' B,
is expected to be about -0.2, with B, smaller
(we used B,=0.01). Other parameters had the
values v F*= 10' cm/sec, L = 0.32 mm, and
(d = 10"cps. In this figure the sideband split-
ting is typically 3 to 5 G. For IB0 B] I 0.2,
the condition 1(8,-B,)u&~/(1+B, ) I

& 1 is satis-
fied for»& 10. The sideband has been sym-
metrized, and is labeled with the angle ~.
In Fig. 2 we plot the same curve as in Fig. 1

for ~ = 90 and &~ = 20, 60, and 100. As &7

is increased the symmetrized sideband does
not move relative to the ESR line, though it
narrows.

VYe briefly summarize some of the important
general features of these curves. (1) For IB, I

& IB, and B,& 0 ("attractive" exchange), the
sidebands are split to the low-field, high-fre-
quency side of the ESR for propagation across
the field. (2) As the field is swung around,

1.2

0.8—

Hg
-o.4 I

I
I
I
I

il
I(

I

—1.2—
I

II

I
I

-0.8

-1.6—

Q7= 20——Gd7 = 60----- Cd7 = 100

all sidebands coalesce at the ESR for some
angle and then reappear on the high-field side
of ESR. (3) The angular distribution of the
splitting of each sideband goes as 1-A cos'~
where' is a function of both 8, and B,. (4) The
magnitude of the splitting is geometry depen-
dent and for small splitting goes like 1/L2.
The actual comparison of these results with
the experimental data in Na and K appears in
the following Letter. 4

The calculations described in this Letter
were motivated by Walsh, Rupp, and Schmidt's
observation'2 of a small splitting (-0.5 G) of
the ESR line in K. Our subsequent work has
shown that this splitting is not due to spin waves
and it remains a mystery. %e wish to thank
Professor S. Schultz and Dr. W. M. Walsh for
encouragement and many fruitful discussions
of the ESR problem in metals. Discussions
with Professor D. R. Fredkin have also been
very helpful.
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FIG. 2. Plot of the transmitted magnetic field as in
Fig. 1. The angle 6 was fixed at 90' and 7' was varied
from 20 to 100.
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FIG. 1. Plot of the transmitted magnetic field as a.

function of e =—(1-cuz j~)uT2 in the neighborhood of the
first spin-wave sideband. We used Bo=—0.2 and B&
= 0.01. Other parameters in the figure are vF*2/3L~u2
=3&&10, cur=60. 0, a.nd ~T2 ——6X10 . The angle 4 is
the angle the dc magnetic field makes with the normal
to the surface of the specimen.
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OBSERVATION OF SPIN WAVES IN SODIUM AND POTASSIUM*

Sheldon Schultz and Gerald Dunifer
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We report the first observation of spin waves in sodium and potassium at low tempera-
tures. Utilizing the theory of Platzman and Wolff, we are able to deduce the first two
Legendre coefficients of the Landau correlation function for a Fermi liquid.

In the course of making precise g-value and
linewidth measurements of the conduction-elec-
tron spin resonance (CESR) in sodium foils
at 1.4'K, utilizing the selective transmission
technique, we found significant departures from
the predictions of previous theories. ' Further
investigation showed that there was extra struc-
ture in the vicinity of the CESR. It is the pur-
pose of this Letter to show that the extra struc-
ture that we have observed i.s proof of the ex-
istence of spin waves in the metal which are
excited by the applied rf field. We have veri-
fied the detailed theory of Platzman and Wolff'
(henceforth called P-W), and furthermore, we
are able to extract from the data the relevant
Landau Fermi-liquid theory parameters +0
and B,. We wish to point out that these spin-
wave data appear as a primary effect in them-
selves and vanish in the limit of zero electron
correlation. We believe that this direct observ-
ability, plus the fact that we are doing a reso-
nance experiment, will allow the measurement
of the relevant parameters with a significant
precision. ' Since we have seen the spin-wave
signals in both sodium and potassium, we feel
the technique is generally applicable to all the
alkali metals and in principle to all metals. 4

The basic experimental arrangement is sim-
ilar to that which we have used to discover the
CESR in several new metals. ' The major change
has been the use of solid dielectric cavities,
which help to insure the parallelism of the sur-
faces of the ductile alkali samples while also
protecting them from any deteriorating atmo-
sphere. In brief, the technique consists of plac-
ing the sample between a pair of X-band cav-
ities tuned to the same frequency in the pres-
ence of a uniform dc field II,. Microwave pow-
er is coupled into one cavity (transmitter),
and a sensitive superheterodyne receiver is
connected to the second cavity (receiver). If
the leakage between the cavities has been suf-
ficiently reduced (by experimental care), any
power that appears in the receiver cavity has
been transmitted through the sample. ' In the
vicinity of a magnetic resonance, electrons
absorb power within a skin depth on the trans-
mitter side of the sample and carry this infor-
mation via their nonequilibrium transverse
magnetization to the far side of the sample where
they radiate power. ' As is shown in P-W, at
selected values of the applied dc field near the
main CESR (for a fixed frequency), other modes
of the spin system are excited depending on
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