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This note contains a determination of the mm

I=0, S-wave phase shift in the p region under
certain assumptions about the effects of absorp-
tion on the differential cross section for the
reactions m +P -m++m +n. The model which
we employ is discussed, and the results of ap-
plying the model to data from v P interactions
at 2.7 GeV/c are presented.

The data at 2.7 GeV/c show that the reactions

rr +P - rr++n +n,

v +p -m'+7T +p, (2)

are dominated by p production. ~ When Reaction
(2) was fitted to the absorption-modified one-
pion-exchange model due to Gottfried and Jack-
son, ' the theoretical cross section for p and
p' and the density-matrix elements for p showed
good agreement with our data at 2.7 GeV/c. '
The Gottfried-Jackson model' does not include
S-, P-wave interference effects, and thus can-
not be applied to the study of the observed p'-
decay asymmetry. ~ Consequently, we have mod-
ified this absorption model to include an I=0,
J= 0 amplitude in the spirit of Gottfried and
Jackson and Durand and Chiu. &

Several authors have attributed this asymme-
try to the interference of the I= 0, J= 0 and I = 1,
J= 1 Ttn elastic scattering amplitudes. 4 Durand
and Chiu' have calculated the p density-matrix
elements including a 2= 0, I=0 resonance and
find agreement with the experimental p'-decay
angular distribution averaged over the p mass
region. Hagopian and Selove' see evidence for
an I=0, J=0 resonance in the @+71 effective-
mass spectrum. On the other hand, analyses
by Jacobs6 and Jabiol, James, and Nguyen'
are in disagreement with Hagopian and Selove.
A theoretical calculation by Finkelstein shows

a decreasing S-wave phase shift in accordance
with a suggestion by Chew. Dilley" has point-
ed out the possibility that a slowly increasing
S-wave phase shift may go through 90' without

being resonant. Estimates of the S-wave m7t

phase shift have been calculated from experi-
mental data by Jones et al. ,"Wolf, "and Baton
and Reignier. " None of these determinations
has included absorption effects. But it is known

that absorption effects introduce an isotropic
term into the p-decay distribution ~'; thus in
calculating the S-wave mm phase shift as a func-
tion of the 7tm effective mass, we have introduced
absorption corrections.

Our model for calculating the S-wave phase
shifts assumes the following. '

(a) The absorption model, modified to include
an S-wave amplitude, describes correctly the
0~ dependence of the 7t7t -decay angular distri-
bution in the region 0.8 &cosL9*&1, where 8*
denotes the angle between the incident m and

the outgoing di-pion in the over-all center-of-
mass system.

(b) The p'-decay angular distribution at the
limit of the experimentally accessible region
(cos6*=1.0) is the same as the on-mass-shell
distribution at the pole 62 = —p, , where g de-
notes the square of the four-momentum trans-
fer to the recoil neutron and p, denotes the pi-
on mass.

(c) Only I= 0, J' = 0 and 1= 1,4= 1 partial waves
are considered.

(d) The P-wave phase shift for on-the-mass-
shell m~ scattering is given by

2(qlq )'
tanO '=— 211 w '-(u' 1+(q/q )' r'
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where &&=0.77 GeV and I'z-—0.125 GeV. The symbols q and qz are the momenta of the decay pions
at w m effective mass & and the resonance peak, respectively. ~JI denotes the mm phase shifts in
the state with angular momentum J and isospin I.

First we consider the validity of assumption (a). The S- and P-wave helicity amplitudes" are cal-
culated in the Born approximation ~' and the absorption effects are included as described by Hogaa-
son and Hogaason" and coded by Keyser and Donahue. " The p -decay angular distribution in terms
of the density-matrix elements is'7

2 ~ 2
W(8, y) = I/4' + (3/4m)((p»-p~~)(cos 8--,') —v 2 Rep» sin28 cosy —p, , sin 8 cos2yj

+ (W3/4n )1-2&2Rep» sin8 cosy + 2Rep» cos8), (4)
int int

where p ~ denotes the p density-matrix element,
the subscripts denote the helicity state of the
p' amplitude, and p~~ denotes the density-
matrix element arising from the S-, P-wave
interference. The polar and aximuthal angles
are 0 and y and the choice of the coordinate
system is identical to that of Jackson. ' The
values of the density-matrix elements are de-
termined experimentally by fitting our data
to Eq. (4). The results are shown in Fig. 1(a),
where the solid curves are the predictions of
the S - and P-wave absorption model. The the-
ory is in reasonable agreement with our data
except for the p«-p» curve, where the theory
underestimates the peak value of p«-p».

Assumption (b) is the most crucial. Exper-

imental data are available only in the region
where one of the pions is virtual; thus one has
to find a relation between angular distributions
where one of the pions is off the mass shell
and where both pions are on the mass shell.
The classical method is the Chew-Low extrap-
olation method, first carried out by Carmony
and Van de%alle. ~e To use it in its original
form to perform an extrapolation for S- and
P-wave amplitudes as a function of w would

require prohibitively large statistics. A way
out of this problem was indicated by Selleri. "
He proposed that the off-mass-shell v+m -scat-
tering angular distribution and the phase shifts
are related by

— =R (5, ', (u)2~X'(E, (a', (u) (4/9) sin'5, '+ 4F,(s', (u)
dA d cos6I d(d

xcos(5o -5,') sin50 sin5, 'cos8+9F, (a', &u) sin25, cos28),

where X. is the pion wavelength and R(A', e)
is some function of 6' and w. In Selleri's meth-
od the functions E; are

F0+2, (u) =1,

FI(&', ~) = q, ff/q,

&2(&', ~) = (q,ff/q)',

where q (qoff) is the outgoing (incoming) mo-
mentum in the mm rest frame. The condition
at the pole is

F.(-V', ~) =&(-V', ~) = I

Selleri suggested that formula (5) would hold
for 6'5 10','. Using maximum likelihood tech-
niques in conjunction with Eq. (5), we can esti-
mate the S-wave phase shift if the P-wave phase
shift is known. In Eq. (5) let A, B, and C de-

note the coefficients of the isotropic, interfer-
ence, and P-wave terms, respectively. We
note that the ratios of A/C and 8/C are given
by

A E„Q,', (u) 4 sin'50~

8 E,(a2, (o) 81 sin'5, "
A F,(S', u&) 4cos(5„'—5, ') sin5, '
B F,(h', +) 9 sin5, '

From Eq. (6) the b, ' or cos8* dependence of
A/C and B/C is

~

~

~

A ( q
' 4sin'5, '

C
8 ll I, & 81sin 6Selleri off

(
B q 4 cos(5,'-5, ') sin5, '
C

Sellerl qoff 9 Sing~
(9)



VOLUME 18, +UMBER 4 PHYSICAL REVIEW LETTERS 23 JaNvaRv 1967

I.O-
I

9.
8

poo pt ~.
.6 ~
.5- '

4-

ReP

I2

.2

P, ,

I Oi

9-
8

A

C .6.
5-

~ 5 I

.2 &-

int
po, o I.

I.O .98 .96
I

84
cos 8" .91

T

l

E 4

.86

In Fig. 1(b) the Selleri and absorption models
are compared with our data. The 0* dependence
of A/C is seen to be quite different for the two
models. In the absorption model the justifica-
tion for assumption (b) is based upon the obser-
vations that A/C and B/C are slowly varying
functions near 0*=0 and that 0~ =0 corresponds
to a'= p.

' for our data.
Assumption (c) is found to be in agreement

with our data. To estimate the possible I=2,
S-wave contribution we have studied Reaction (2).
From the v ~' data in the p region, the decay
angular distribution is symmetrical and above
M„„=820 there is a sudden rise in the asymme-
try. From this we conclude that the I=2, J=O
contribution is negligible in our effective-mass
region. The validity of Eq. (3) under (d) has
been discussed by Jackson. "

Now we use our assumptions to study 5,'.
From a maximum likelihood fit to (5) we obtain
A/C and B/C, evaluated at 6*=0, as functions
of ~. For on-the-mass-shell 7i~ scattering,
Eq. (8) can be written as

p sln25o
(9B/4C)-sin'5 '

Q ~ ~

.8-
7-

.2 "

FIG. 1. (a) Density-matrix elements as a function of
coso*. The solid curves are the predictions of the ab-
sorption model. (b) A/C and B/C, the ratios of the iso-
tropic and interference terms to the P-@rave term in
Eq. (5), plotted as functions of cose~. The solid curves
are the predictions of the absorption model [Eq. (10)].
The broken curves are predicted by the Selleri model
tzq. (9)j.

int

(
B 2 Hep„

absorption ~8 &00
(10)

The ratios A/C and B/C in the absorption mod-
el are given in terms of density-matrix elements
by

(
1-(p..-p„)

absorption

To determine 50 we invoke assumption (b) by
using B/C at 8*=0 in Eq. (11). For a given
energy, there are two solutions to Eq. (11),

and ~0 ' = 2~-(&0 -&&'). Both solutions are
shown in Fig. 2. In principle the isotropic term
should distinguish between the two solutions.
However, the isotropic term is subject to larg-
er errors than the interference term because
the contribution of the S wave to the total m ~
cross section is small and because noncoher-
ent background effects, if present, contaminate
the isotropic term more than the cos0, cos'6
terms. Thus, we do not attempt to say which
set of phase shifts is preferred. There is also
a trivial ambiguity of 5, +nv, where n is an
integer However the analysis of Jones et al
indicates that a positive sign for 5, is correct.
Figure 2 also contains for comparison the re-
sults obtained by %olf,"Jones et al. ,

" and Ba-
ton and Reignier. " The calculations of %olf
are based upon the Selleri model. It is inter-
esting to note that our results are in good agree-
ment with those of Baton and Reignier who,
while not taking absorption explicitly into ac-
count, found it necessary to introduce two form
factors in order to fit the data. Jones et al."
suggest that the phase shif ts quoted in their
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paper should be regarded as upper limits for
p Our data are in agreement with this inter-

pretation if it is the lower set which is correct.
In conclusion, it appears that (i) the absorp-

tion model is in good agreement with the data;
(ii) the S-wave phase shift in the p region ap-
pears to be a slowly increasing function of en-
ergy; and (iii) the determination of the preferred
set of phase shifts 5p or 5p requires larger
statistics than are available in our data at 2.7
GeV/c.
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