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approximately to an E&' dependence of the widths
for transitions to the ground state when E& is
in the neighborhood of 7 MeV.

Unfortunately, the energy dependence inferred
from the giant resonance refers to ground-state
transitions from a variable initial state, where-
as our data consist of transitions from a fixed
state to a variable final state. The (P, y) mea-
surements of Alias et al.' suggest why the da-
ta nevertheless conform to the E&' dependence.
For very light nuclides such as C", these au-
thors find that the giant resonances built on
excited states are similar to the resonances
built on the ground state, except that the reso-
nance curve is shifted towards higher energy
by an amount that is equal to the energy of the
excited state. If this behavior is assumed to
exist for heavy nuclides also, then it is easily
shown that the energy dependence of radiation
widths depends only on the y-ray energy, in-
dependent of whether the energy of the initial
state or the final state is varied.

It is still too early to know whether the high-
energy radiative transitions in most heavy nu-

clides are related in a simple way to the shape
of the main part of the giant resonance. How-

ever, it is clear that the average-spectrum
method of measurement is capable of provid-
ing the answer.
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In a recent paper' Franco has pointed out
that double-scattering effects in the quark mod-
el' may produce appreciable corrections to
total cross sections. In this note we should
like to point out that the same double scatter-
ing provides a natural explanation for the sharp
break in the high-energy proton-proton differ-
ential cross section at a momentum transfer
square of about 0.6 (GeV jc)'. Provided the
quark model, or any other composite model,
is accepted, the possibility of such an expla-
nation is strongly suggested by the recent work
of Franco and Coleman, ' who show that a sim-
ilar structure in proton-deuteron scattering
can be explained as a double-scattering effect.

In this paper we shall try to make semiquan-
titative estimates of the double-scattering con-
tribution to the proton-proton differential cross
section, assuming a quark-model description
of the protons. We consider the elastic scat-

tering of two high-energy protons in the cen-
ter-of-mass system,

P(i) +P(-i) -P(q.+ &) +P(-q-&)

We shall assume that each proton is composed
of three quarks at positions r„r„and r, rel-
ative to its center of mass (thus r, +r, +r~=0),
and may be described by a nonrelativistic, com-
pletely antisymmetric spatial wave function

g(r» r„r~)." For convenience we normalize
F(b,), the proton-proton scattering amplitude,
so that

do/d~'= w IZ(~) ]'

and

o = 4v ImF(0).

Then, assuming that quark-quark scattering
is spin and isospin independent, the usual ap-
proximations associated with the eikonal meth-
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od" give

z(~) = gf(d)s, '(~) + 1s(2i)(4v) -' fd'6f(-,'7+ F)f(-,'2-6)
x [S,(h) + S»(A, 5)]S»(Z, 5) +terms from triple- and higher-order scattering. (3)

In this formula f(A) is the quark-quark scat-
tering amplitude at the appropriate center-
of-mass momentum, "while S,(~) and S„(~,5)
are one- and two-body form factors:

S,(s) = fdT I yI'exp(-iZ r, ), (4)

In general, the double-scattering term will
be smaller than the single-scattering term in
the forward direction but, because it decreases
more slowly with increasing 6, will dominate
at larger angles. This gives a qualitative ex-
planation of the sudden break in the differen-
tial cross section, ' for a more quantitative dis-
cussion we assume the following forms for
f(~) and y:

f(a) = (n+i)f exp(--,'0'a'),

(~,'-~.') (~.'-~,')(~,'-~, ')

x exp[-(r, '+ r, '+ rs') /2a]

(6)

(The real parameters o., fI, and 5 may, of
course, depend upon q. ) The wave function
we have chosen is identical to one mentioned
by Thirring'~; it is completely antisymmetric,
yet simple enough to give analytic (but lengthy)
expressions for the form factors. We find

S„(~,6)

= fdic Ig I exp[-2iZ. (r, +r,)]exp[-iK (r, —r,)].(5)

If there were no double-scattering term the
differential cross section would be

dv/dA' = sl~ If(h) I's,'(a). (13)

IFuiI'
iF(0))'

1

10 '

10

10 '

Because of the antisymmetrization requirement
on the wave function S,(~) has considerable
structure; in particular, after it has decreased
smoothly for almost five orders of magnitude
S,4(A) suddenly develops a broad shoulder.
As shown in Fig. 1, however, this is impor-
tant for our purposes only in the rather unre-
alistic case a» b. In general, the single-scat-
tering contribution to the differential cross
section decreases smoothly through the region

Si(h) =e [1-2X+(17/10)X -(62/105)x

+(27/2so)x -(1/14o)x ),
5

where

x = -'a'a'

(s) 10

10

The exact expression for S»(6, 6) is even more
complex. Fortunately, when the arguments
are not too large, the following simple approx-
imate form should be quite accurate:

10
0

where,

S»(s, 5) = exp[-31'-3Z],

Y' = 6'a'/24

Z = —'6'a'.
2 (12)

FIG. 1. The proton-proton cross section in the quark
model for I a I = 1. The solid curves include double
scattering and have been drawn with the horizontal
scales adjusted to give common initial slopes. The
corresponding curves without double scattering are
drawn with dashed lines. The horizontal scale is in
arbitrary units.
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Table I. Comparison of calculated parameters describing the shape of the differential cross section with the cor-
responding experimentally determined parameters. The calculated values are determined by fitting each of the sol-
id curves in Fig. 1 (by eye) with two straight lines, then reading off the ratio of slopes and the ordinate at the point
of intersection. The experimental values were determined in the same way from Fig. 9 of Ref. 9.

g2 —0
Calculated with ~n

~

=1
$2 2g2 a =02 Experiment

Slope ratio
Intersection ordinate

0.31
2.8 x10

0.36
3.6 x10

0.38
3.5 x10

0.35
3 x10

where the break is observed experimentally.
If we include the double-scattering term,

then our calculated results depend upon only
two free parameters, cy and the ratio of a to
b, since the experimental values for the total
cross section and B-=-d(ln(Ep)/db, '(&2 0 de-
termine the other two. [We take otot =40 mb
and B =10 (GeV/c) '.] The shape of the cal-
culated differential cross section over a range
including the region of the break is rather in-
sensitive to the ratio of a to b; the critical
parameter is n. As in proton-deuteron scat-
tering, "if Q. is small the destructive interfer-
ence of double- and single-scattering terms
produces a deep minimum where their magni-
tudes are equal. Since no such dip is observed
experimentally we are forced to take e com-
parable to one; Fig. 1 is drawn for case ( n ( =1.
An n this large is in disagreement with recent
Coulomb-interference experiments, "but this
is not too disturbing since we have probably
oversimplified by assuming n independent of A.

From Fig. 1 and Table I we see that the cal-
culated ratios of secondary slope to initial slope,
and cross section at the break to forward cross
section, agree quite well with experiment.
Our main point is in any case clear from a
glance at Fig. 1: Even though we have chosen
the simplest possible forms for f(A) and P,
we automatically obtain a sudden change in
the slope of the differential cross section be-
cause of double scattering. These results,
of course, do not prove that the quark model
is correct. There are many other possible
explanations for the structure in the proton-
proton cross section" (but perhaps none which
fall out so easily, with so little fitting of param-
eters). When taken together with its other suc-
cesses, "however, they do perhaps suggest
that, in spite of its obvious defects, the quark
model is worthy of further consideration.

If the quark model is accepted, it is of course
natural to ask whether triple scattering might

be responsible for the second break observed
at higher momentum transfers. Also, prelim-
inary calculations indicate that, provided the
phase of the quark-antiquark amplitude is chos-
en properly, and allowed to vary somewhat
with energy, it may be possible to account for
the structure in the pion-proton differential
cross section" as a double-scattering effect.
We hope to return to these points in a future
publication.

We should like to thank Professor A. D. Krisch
for a preprint of Ref. 9 and a helpful discus-
sion of the experimental situation. One of the
authors (D.H.) wishes to thank Dr. V. Franco
for suggesting that the eikonal method might
be useful in discussing quark models, and for
other helpful comments.

*Present address: CERN, Geneva, Switzerland.
V. Franco, to be published.
E. M. Levin and L. L. Frankfurt, Zh. Eksperim. i

Theor. Fiz.—Pis'ma Redakt. 2, 105 (1965) [translation:
JETP I etters 2, 65 (1965)].

3H. J. Lipkin and F. Scheck, Phys. Rev. Letters 16,
71 (1966).

4H. J. Lipkin, Phys. Rev. Letters 16, 1015 (1966).
5J. J. J. Kokkedee and L. Van Hove, Nuovo Cimento

42A, 711 (1966).
6J. J. J. Kokkedee, Phys. Letters 22, 88 (1966).
VG. Alexander, H. J. Lipkin, and F. Scheck, Phys.

Rev. Letters 17, 412 (1966).
8J. J. J. Kokkedee and L. Van Hove, Nucl. Phys. B1,

169 (1967).
~C. %. Akerlof, R. H. Hieber, A. D. Krisch, K. W.

Edwards, L. G. Ratner, and K. Ruddick, to be pub-
lished.

V. Franco and E. Coleman, Phys. Rev. Letters 17,
827 (1966).

~~9. Morpurgo, Physics 2, 95 (1965).
See Ref. 10; V. Franco and R. J. Glauber, Phys.

Rev. 142, 1195 (1966), and reference given there.
3There may be some ambiguity as to how this appro-

priate momentum is determined. Fortunately this ques-
tion is of no importance for the purposes of this paper.

W. Thirring, in Elementary Particle Theories, edi-



VoLUMK 187 NUMBER 25 PHYSICAL REVIEW LEYTERS 19JvNz 1967

ted by Paul Urban {Springer-Verlag, Berlin, Germany,
1966).

5K. J. Foley, R. S. Gilmore, R. S. Jones, S. J. Lin-
denbaum, W. A. Love, S. Ozaki, E. H. Willen, R. Ya-
mada, and L. C. L. Yuan, Phys. Rev. Letters 14, 74,
862 (1965); K. J. Foley, R. S. Jones, S. J. Lindenbaum,
W. A. Love, S. Ozaki, E. Platner, C. A. Quarles, and
E. H. Willen, Bull. Am. Phys. Soc. 12, 103 (1967}.

~6See, for example, Ref. 9 and further references giv-
en there.

Certain of these have recently been criticized by
V. Barger and L. Durand, III, Phys. Rev. 156, 1525
(1967), but the discrepancies these authors point out
may in some cases be explained by nonadditive effects.
See Ref. 1 and Ref. 8 in this connection.

C. T. Coffin, N. Dikmen, L. Ettlinger, D. Meyer,
A. Saulys, K. Terwilliger and D. Williams, in Pro-
ceedings of the Thirteenth International Conference on
High Energy Physics, Berkeley, California, 1966 (Uni-
versity of California Press, Berkeley, 1967}.

SATURATION OF SUPERCONVERGENCE RELATIONS AND
CURRENT-ALGEBRA SUM RULES FOR FORWARD AMPLITUDES*

Frederick J. Gilman
California Institute of Technology, Pasadena, California

Ha, im Hararif
Stanford Linear Accelerator Center, Stanford University, Stanford, California

{Received 3 April 1967)

We use the algebra of charges and their time derivatives, partially conserved axial-
vector currents, and Regge high-energy behavior to derive sum rules for strong-interac-
tion forward amplitudes. The saturation of all sum rules by a finite number of states is
self-consistent and leads to relations among coupling constants and Inasses. Saturating
all sum rules for x-p scattering by m, co, and&&, we predict m& =1100 MeV sf~ sip,
l ~ =120 MeV, g~« =21 BeV, in good agreement with experiment.

1

A new set of strong-interaction sum rules
has recently been proposed by De Alfaro, Fu-
bini, Rossetti, and Furlan' who noticed that
the high-energy behavior of certain amplitudes
may lead to superconvergent dispersion rela-
tions of the form'

J ImA(s, t)ds = 0.

Other sum rules for strong amplitudes have
been previously derived by writing unsubtract-
ed dispersion relations for amplitudes satis-
fying low-energy theorems based on the alge-
bra of currents and partially conserved axial-
vector currents (PCAC). The complete set
of all sum rules obtained in this way for a giv-
en scattering process represents a significant
amount of new dynamical information. In par-
ticular, if the sum rules are approximately
saturated by the contributions of a small num-
ber of s-channel resonances, they lead to sets
of equations in the masses and coupling con-
stants of the involved particles. '

In this paper we demonstrate the use of such
a set of equations for the particular case of
m-p scattering and show that the complete set

of t =0 7t-p sum rules leads to a determination
of the masses and coupling constants of the
~ and &, mesons in good agreement with ex-
periment.

We use the following set of assumptions'.
(1) The vector and axial-vector charges Q'

and Q,~ (i =1,2, 3) obey the equal-time commu-
tation relations of the chiral SU(2)SSU(2) al-
gebra. '

(2) The time derivatives of Q,&(t) satisfy

(2)

where D'(t) = (d/dt)Q, '(t) = —i[Q,',H]. S(t) does
not include an I= 2 piece and is therefore a pure
isoscalar. '

(3) The matrix elements of the divergence
of the axial-vector current are dominated by
the pion pole (PCAC).

(4) The high-energy behavior for all isospin
and helicity amplitudes for ~-x scattering at
t =0 is given by the Regge-theory expression
s~I( ) ~~ t, where or(0) is the t = 0 intercept
of the leading meson trajectory with isospin
I and 412 is the difference between the t-chan-
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