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In the equal-mass case p(s) is also analytic
with one cut. The same theorem of Boas ran
be used for p(s) if it is bounded by exp[lsI2 ~j.
This tells us that P(s) cannot fall off faster than
exp[-e s"'ln 's]. We can choose to work at
fixed complex z instead of fixed t. In that case
one has, instead of (5'), the condition

lim IP(s)P (s)!s = 0.
S

S

This gives the sa.me result as (12a) with one
power of lns less.
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Recently it has been shown by Carruthers, '
in the framework of local field theory, that
the field operators corresponding to spinless
bosons of a self-conjugate multiplet with half-
integral isospin (SMHI) are nonlocal, in the
sense that local commutativity between fields
y and yj cannot be satisfied. We shall gener-
alize this result to particles of any spin in an
SMHI. The conclusion is that the requirement
of local commutativity and the group structure
of SU(2) do not allow us to construct spin fields
of such particles. An analogous result is proved
in the analytic S-matrix framework, where
the requirement of isospin invariance plus the
usual crossing property entail that all scatter-
ing amplitudes involving any particles of an
SMHI must vanish. Interesting physical impli-
cations of this result, and generalizations to
higher internal symmetry, are also discussed.

Throughout this paper, by a self-conjugate
multiplet we mean an irreducible multiplet

that contains the antiparticle of each particle
contained in the multiplet. Consider a self-
conjugate isomultiplet of spin j and isospin I.
I et azj(p, a) and az(p, a') be the creation and
annihilation operators of the free-particle mul-
tiplet with momentum p and spin component
o., where n denotes the Iz component. Isospin
symmetry is expressed by

U (u)a (p, a)U(u) =Q,D, (u)a, (p, a), (1)
(I)

where U(u) is the unitary operator in Hilbert
space that represents the SU(2) transformation
u, and D(I)(u) is the standard irreducible rep-
resentation matrix' with dimension (2I+1).
The adjoint of (1) is

U (u)a (p, a) U(u) =Q,D, *(u)a, (p, a). (2)
(I),

Now we construct the (2j+ 1)-component field
in the usual ways:

0, (*)=(2") 'f
2 |l Z(D„, p(p)j, (p ~')~ +&&

' p(p)|& &„,i&o (p, ~')J ~ ], (3)
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where D(~&[A] is the (j, 0) or (0, j) irreducible representation of homogeneous i,orentz group, and

L(p) is a boost which takes a particle of mass m from rest to momentum p; and C is a (2j+1)x(2j+1)
matrix vrith the properties

C*C = (-1), C C =f,2j

such that for any rotation 8 and boost L(p) we have

aIld

*[L(p)]=CD [I.(-p)]C

[Ha (p, cr)]~ stands for g~iH~~ia i (p, o), where H is some matrix to be determined by the local-
ity condition. We assume now, on the basis of their particle interpretation, that the a's and at' s
satisfy either the usual commutation ([ ]+) or anticommutation ([ ] ) rules4:

[a (p, o), a, (p', o')] =5,e,e(p-p'),

with all other (anti)commutators vanishing. It is then easy to work out the commutators or anticom-
mutators for the field defined by (3):

[q, (~), v, , (x)1,

-3 dV -1
=(2n') QlD (DC ), H, exp[ip (N, -y))+(DC ) D, H, exp[-ip g-y)])

2p oA. o'A. o. 'o oA. O'X e n'

=(2m) C, ((—1) H, exp[iP (x-y)]+H, exp[-ip (x-y)]).-3 dp 2$
oo' 2po n o. QQ

It is well known' that such an integral will vanish for spacelike (x-y) if, and only if, the coefficients
of the two exponentials are equal and opposite, i.e.,

H, =~(-1) H, ,
2j

QA Q

or in matrix form

H =*(-1) H.

In deriving (8) we have used (4), (6), and D [L(p)]=D [L(p)]. Similarly we obtain

(9)

=(2w) Q(D D, *exp[iP (x-y)]w(DC ) (DC ), *(gH H, *)exp[-iP (x-y)]j
2po W. O'A. oX o'~ o.P e'P

(10)= (2m) JD [L(p)]), (exp[ip. (x-y)]+ (HH ),exp[-ip (x-y)]}.
0

It is shown in Ref. 3 that (D(~)[L(p)])ooi2 is a homogeneous polynomial of order 2j in the momen-

tum components P &, which we shall denote by Eooi(p &). With this fact we can rewrite (10) as

[y (x), y, (y)] =(2v) E, ii-
i

i (exp[ip (x-y)]~(-I) (HH ),exp[-ip (x-y))}.u o1 -3 sied'p 2j
AA

X Pp
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In order that (11) vanish outside the light cone
we must have

(12)

Since Hat =-I is absurd, (12) tells us that we
must take the normal connection between spin
and statistics. Hence we can express (9) and

(12) together as

HH* =HJI =I.

On the other hand, if we use (1) and (2) in

(3) and require that yo (x) transform under
SU(2) irreducibly,

QI
U (u)(p (x)U(u) =g,D, (u)y (x), (14)

eral framework of local field theory and on
the usual connections between particles and
fields. The question thus arises whether a
physically more direct conclusion can be made
in the S-matrix framework, which specifical-
ly avoids problems concerning the connection
between particles and fields. We shall show
next that if the S matrix possesses isospin sym-
metry and the usual crossing property, then
particles of SMHI cannot exist in such a theory.

The crossing property of the S matrix, which
can be derived' from the assumptions of (1) su-
perposition principle, (2) unitarity, (3) con-
nectedness structure, (4) Lorentz invariance,
and (5) analyticity on mass shell, can be ex-
pressed asa

we obtain

aD *(u)a = D (u). (15)

(&1IMI~2,p, u ) =&(&1', p, u-IMIK ), (18)

(& ' IM I@ '; -P, u ) =&(K ';p, a IMIK '). (19)

The most general H satisfying (15) is of the forme

a , =7l(-1)I+Q
QQ Q~ Q

where g is an arbitrary complex number. But
(16) implies

(-1) HH*=HH
2I f 2

which is incompatible with (13) if 2I is an odd
integer. The proof for 2(2j+1)-component fields
and other general reducible (in spin space)
spin fields follows in the same manner. Hence
we conclude that, in the framework of the usu-
al local field theory of particles, one cannot
construct the free fields corresponding to the
particles of any SMHI.

The foregoing discussion is based on the gen-

Here ( ~ ~ IM I
~ ~ ~ ) represents a scattering am-

plitude, the E's denote arbitrary sets of par-
ticles which are not crossed, the symbol aQ
designates a particle of type a in an isomulti-
plet with I=a and I~ = Q, and a Q designates
its antiparticle. The vector p (-p) is the mo-
mentum of az (a z); and A. is a phase fa.ctor
that is independent of p but depends one a and n.
The dependence of the crossing phase on spin
is irrelevant here, and is suppressed. If we
write x =x(a, n) in (18) and A. =A (a, -o.) in (19),
thus exhibiting the dependence on the crossed
particle in a definite way, then the equality
of the factors A. in (18) and (19) is the statement

X(a, n) =X(a, -o.).
Isospin symmetry is expressed as'

(a ~ ~ 5 IMIc ~ ~ .d )
p y 5

(a, ~ .b, IMIc, ~ d,)D, *( ).' D, *(u)D, (u) ~ ~ ~ D, (u).(u), (b), (c) (d)
(21)

It has been shown8 that the most general form
of A. (a, o.) compatible with both (18) and (21) is

x(a, o.) =X (-1),
where ~z is independent of Q and can be select-
ed arbitrarily for a given multiplet a.

Up to this point Eqs. (18) through (22) are

Z(a, o.) =Z(a, n)- (23)

But (23) is incompatible with (22) since the lat-

! completely general; now if we let a be an SMHI,
then the multiplet labels a and a are identical
in these equations, and in particular we can
write (2O) as
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ter implies

Z(a, a) =X (-1) =( 1) g (-1)
Q a

= -A. (a, -n). (24)

a y y5 u5

where D(~)(g) is the irreducible representation
characterized by v and g is any member of the
symmetry group in question; now a is a set
of quantum numbers which specifies a state.
For example, in the case of SU(3), it is easy
to show that whenever D and D~ are equivalent
irreducible representations, there always ex-
ists a conjugation matrix that satisfies" both

(13) and (25). In contrast to the case of SU(2),

Thus we shall have a contradiction unless all
the scattering amplitudes involving particles
of SMHI vanish identically. This result is,
however, physically equivalent to the statement
that particles of SMHI do not exist in the the-
ory since we can never establish a set of non-
interacting particles as an isomultiplet.

In conclusion we make the following remarks'.
(a) Although our S-matrix proof is based on

exact symmetry, it can be used as an explana-
tion why self-conjugate mesons with half-in-
tegral isospin" are absent from the family
of the strongly interacting particles. The usu-
al belief is that strongly interacting particles
will obey the exact SU(2) symmetry if the elec-
tromagnetic interaction is "turned off." Now

by our result above, mesons of any SMHI do
not interact through pure strong interaction
at all but only through electromagnetic inter-
action"; since the latter does not obey isospin
symmetry even in the approximate sense, we
would never recognize these mesons as mem-
bers in an isomultiplet.

(b) The method presented here can be applied
to higher internal symmetry as well. Wheth-
er an irreducible self-conjugate multiplet is
allowed or not depends on the existence of a
matrix H satisfying (13) and

here all the possible irreducible self-conjugate
multiplets (i.e., those with a regular hexagon-
al weight diagram) are allowed.

(c) Note that in the proofs presented above,
parity does not enter. In a theory where par-
ity is conserved, we have only self-conjugate
bosons to consider; fermion and antifermion
must have opposite parity, hence they cannot
belong to the same irreducible multiplet.
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