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series. The last term is the contribution due
to surface states. In this expression R~(i) is
the residue of the integrand in Eq. (4) at the
ith pole which occurs in the upper half complex
plane to the right of the contour g, while At(i)
is the residue to the left of & in the upper half
plane. (Poles on the contour are treated by
letting 0 -0+i0+.) The ratio of the change in
the density of states due to the first Born term
to the unperturbed BCS density of states, N(v),
is
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We may estimate t by requiring this ratio to
be of the order of 10 ' at (20/Sv F)d = 7t (-1%
Tomasch effect in d V/di). Taking (cp/FF) -3
&&10 and kFd-10", one obtains t-40. For
this value of t, the second term in Eq. (8) con-
tributes
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This term is also of the order of 1% at its first
maximum and thus comparable to the first Born
term and shifted in phase by rr/2 One o. bserves
the total 5N, and it may not be possible to de-
compose this into the two terms. A careful
study of the amplitude of 6N with 0 should,

however, reveal the presence of AT"' since
it varies as 0 4. One would expect 5N to vary
initially as 0 4 and change to 0 ' as the ener-
gy increases.

It is also interesting to note for t =40 that
the surface-states band edge occurs according
to Eq. (7) at u;~ =0.8y so that such a system
has a double gap. If these surface states exist
in real films, it may be possible to observe
their effects in a tunneling experiment in which
the edges of two films are separated by an in-
sulating barr ier.

In conclusion we would like to make a simple
observation concerning the effect of an ordinary
potential perturbation. If one considers a per-
turbation V~, 5(x-d) at the film surface, it is
readily seen that this induces a localized gap
perturbation at the surface whose magnitude
in the first approximation will be linear in V
and of opposite sign. This gap perturbation
will then induce oscillations in the density of
states whose amplitude is linear in V, so that
to first order, an ordinary potential perturba-
tion can give rise to a Tomasch effect.
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Recently, large fluctuations in nuclear cross
sections have been observed for many reactions
at high excitations where the ratio of average
compound nucleus width to average compound
nucleus spacing, (I'CN)/(DCN), is larger than
unity. Such data have been extensively analyzed
in terms of the Ericson fluctuation theory' to
extract such nuclear parameters as (I'CN).

Block and Feshbach' and Kerman, Rodberg,
and Young' have suggested that some of the
structure might be due to particularly simple
modes of excitation of the nucleus, e.g. , two-
particle, one-hole (2plh) states. These states
would have unique angular momentum and par-
ity and would have widths which are interme-
diate between those of the states of the com-
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pound nucleus and those of the states of single-
particle resonances. Some attempts to isolate
such structures have been made. In this study,
we report the discovery of resonance structures
in Si having nuclear properties which are not
easily explainable in terms of the compound
nucleus model. These structures are consis-
tant with their being states of a simple config-
uration.

An alpha beam from the Argonne tandem Van
de Graaff generator was used to bombard 70-p, g/
cm thick self-supporting foils of enriched Mg 8.

The scattered particles were detected simul-
taneously in six solid-state detectors mounted
on a movable plate at 20, 45, 70, 95, 135,
and 160' to the incident beam direction. Yield
curves at 40, 65, 90, 115, and 140' were ob-
tained in 25-keV steps from 9.0- to 13.75-MeV
bombarding energy. Detailed angular distri-
butions (shown in Fig. 1), from 20 to 160' in
steps of 5', were obtained in the above ener-
gy range in steps of 25 keV in some regions
and 50 and 100 keV in the rest. The lines in
Fig. 1 are smooth curves through the data points.

The large fluctuations found in the yield curves
have only random correlation among the yields
at different angles. In general, fluctuations
are much larger at backward angles than at
forward angles. The angular distributions show
a typical diffraction pattern with forward max-
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FIG. 1. Isometric plot of measured angular distribu-
tions for elastic 0. scattering by Mg26 as a function of
u energy. The lines are smooth curves through experi-
mental points.

ima and minima smoothly shifting to smaller
angles with increasing o. energy. Over a large
energy range, at backward angles, the angu-
lar pattern loses this smooth variation, but,
in general, changes smoothly over a small en-
er gy interval.

Differential cross sections were first fitted
with an optical model. On one hand, fits were
not very good. On the other hand, the optical
model parameters so obtained did not show
a smooth variation as a function of energy.
Optical-model fits have also been obtained by
the Florida State group' to their e-scattering
data for Mg'.

Next, a serious attempt was made to fit the
data with the smooth-cutoff model in which the
scattering amplitude is represented by

f(8) =f — . Q(21+ I) exp(2iv )(1—S )P (cos8). (1)
-1

Here

S =g exp(2i6 ),

q = {I+exp[-(l-l~)/~])

6 =6 11+exp[(l—l )/& ]J ',

and fC and cr~ are the Coulomb amplitude and
phase shifts, respectively. The S matrix, Sl,
was parametrized in terms of 50, l&, 4, l,
and ~~. Fits obtained by this approach suffered
from the same defects as the optical-model
calculations. Up to three resonance terms of
a. Breit-Wigner form were introduced into (1)
to simulate resonating partial waves. Fits to
data improved; but, still, these were not al-
together satisfactory and the resonance param-
eters for best fits were not easy to interpret.

Finally, a phase-shift analysis of the observed
differential cross section was performed using
(1). Starting phase shifts for the analysis were
those obtained by fitting the data with the smooth-
cutoff model. 5l and gl of partial waves with
l = 10 to 18 were fixed and were set equal to
those so obtained. ql and 5l for these partial
waves were very close to unity and zero degrees,
respectively, over the entire energy range.
At each energy gl and 6l for l = 0 to 9 were var-
ied independently to obtain best fits to the an-
gular distributions. In Fig. 2 are shown a few
typical fits (solid line) to the observed differ-
ential cross sections (solid circles). In all
cases the fits reproduced the measured cross
sections within experimental errors (-3%).
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FIG. 2. Angular distribution of elastic alpha scatter-
ing by Mg . The differential cross sections are in
units of sIluare Fermi/unit solid angle. Solid eireles
are experimental points and solid lines represent the
theoretical fits.

The fact that pl and 5l for l = 8 and 9 were found

to be close to unity and zero, respectively,
over the entire energy range implies that enough
partial waves were taken into account and also
justifies fixing the parameters for the partial
waves i=10 to 18.

The results of the phase-shift analysis for
l =4, 5, and 6 are shown in Fig. 3 where 6l
and gl are plotted as a function of incident en-
ergy. The topmost curve in the figure, inte-
grated yield, is the sum of the ratio of the dif-
ferential cross section to Rutherford cross
section over the measured angular range. Both
5l and gl seem to change smoothly with ener-
gy; where 5f goes through m/2, the resonance
condition, gl shows a dip as expected. ql al-
so shows dips at a few other energies where
the phase shifts are going through zero, although
the excursions around zero are not very large.
For the case of an isolated resonance, door-
way or compound-nucleus, Kerman' and Mona-
han have shown that

CI
UJ

gp'404 / x ~ / p 1 Px x (9 pp ~ p
gUJ p
UJ) .2—

I I I I I

and

(E-E )r„&
=(E-E )'+-.'rd(r -2r &)d" d d

80—
40—

&40
Oy-40—g

-80—

~r00 I 0
I /

/ /

/ /

~ 00
t / al ~0

,4—
91

0
80—

~ ~
r & ~/ ~

a a I I I I

I I I I I

-80—

I I I

I I I

A-- DW ~0&
~ ~

I

'4.2

0
80—
40—

-40—
-80—

~AI

~ 0--~0- 0,

I I

I
I

I I I
I

~~-0, ~0I

I
I
I
i

I i
I

~ ~~
,c'

i

'9 2—6'

I0.6 I I.O

~ 8 ~ 0-
/ ~ /

~
I

I I.5 I2.0 I2.5 I3.0 I3.5

ALPHA ENERGY- MeY

FIG. 3. Phase shifts, 6~, and damping amplitude, g&,
for l = 4, 5, and 6 as a function of alpha-particle ener-
gy. The topmost curve gives the sum of the ratio of
the differential cross section to the Rutherford cross
section over the measured angular range.
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where Ed is the resonance energy, ld is the
width for decay into the continuum, and Id is
the total width. In the vicinity of the resonance
g would show a dip, the depth being dependent
upon the ratio Fd~/Fd, ' 6 would go through ei-
ther 7i/2 or zero depending upon whether Fd~/
I'd is greater or less than 0.5, respectively.
Presence of this systematic behavior of ql and

5l in our results clearly establishes the exis-
tence of resonant structures in Si at 20- to
23-MeV excitation. Because of the zero spin
of the n particle and of Mg, the spins and
parities of these structures are determined
by the resonating partial wave.

In total we find about 14 resonances for which

gl and 5l follow the predicted behavior. Their
locations' are 10.81 (2+), 11.30 (3 ), 11.43 (4+),
11.65 (5 ), 11.85 (6+), 11.95 (3 ), 12.15 (1 ),
12.20 (4+), 12.4 (2+), 12.5 (4+) 12.95 (4+),
13.1(6+), 13.45 (4+), and 13.75 (6+) MeV. There
seems to be strong correlation between these
resonance positions and bumps in the integrated
yield (Fig. 3). The widths' of these resonances
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determined from the variation of 5l and gl as
a function of energy lie between 150 and 200
keV. The values of I'~/I for these resonances
lie between 0.3 and 0.7. Between resonances,
5l and gl vary smoothly and show some fluctua-
tion. The values of ql off resonance are always
less than unity, contrary to the expectation
for an isolated resonance. With 10- to 13-MeV
alpha energies many reaction channels, e.g. ,
(e, o'), (n, n), and (n, P), are open. Direct
interaction with finite absorption will reduce
the gl below unity. The observed off-resonance
values of gl imply the presence of direct inter-
action. In such a case, strictly speaking, the
observed gl(E) ql di(E)glares(E)

Average spacing of compound nucleus levels
at this excitation in Si" was calculated' to be
2-4 keV. The average compound nucleus width
as determined by fluctuation analysis of reac-
tion cross sections in this excitation and mass
region is -50 keV." Average spacing of 2plh
states calculated according to Le Couteur's"
recipe comes to 100 keV, whereas Kerman,
Young, and Rodberg' estimated the widths of
the 2plh states to be of the order of a few hun-

dred kilovolts. The average spacing of the res-
onances observed in this study, about 150 keV,
and their widths, 150-200 keV, cannot be eas-
ily reconciled with their being compound nucle-
us levels of the statistical model. However,
their nuclear properties are consistent with
these resonances in Si" being states of a more
simple configuration, such as 2p2h, than those
of the compound nucleus. Further, we find that
the observed resonances of a given spin almost
exhaust among themselves the Wigner limit
for alpha emission. For example, in the case
of J= 4 resonances the sum of their partial widths,
I'~, for the elastic channel is 90% of the Wig-
ner limit (for J = 6 resonances it is 70%). It,

seems as if the strength of a single alpha-par-
ticle state of a given spin and parity is distri-
buted among the observed resonances. This
in itself indicates the simple nature of these
resonances.

In summary, the phase-shift analysis of the
differential cross section for the elastic scat-
tering of 10.7- to 13.75-MeV alpha par ticles
by Mg reveals that nearly all the partial waves
up to l =6 are resonanting at certain energies
though the majority of the resonances occur
for l =4 and 6. 14 resonances at 20- to 23-MeV
excitation in Si" have been assigned spins and
parities. The width and spacing of these reso-
nances are indicative of their being of simple

configur ation.
A detailed report of this work will be pub-
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