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The maximum lossless transport current density of the superconducting surface
sheath of a long foil of rectangular cross section is controlled by the larger dimension
2a of the cross section when the applied magnetic field is parallel to 2a and perpendicu-
lar to the current. When 2a becomes very large the maximum current density becomes
very small.

The maximum current density of the super-
conducting surface sheath has attracted a great
deal of theoretical attention recently. ' ~ In par-
ticular, it was predicted from energy consid-
erationss that the magnetization per unit vol-
ume of a long cylinder due to persistent cur-
rents which flow around the axis of a, cylinder
should be size dependent. This is in quantita-
tive agreement with recent experiments on good
surfaces. '&' It was also predicted that the max-
imum current density of a surface sheath which
is infinite in two dimensions is finite, '~' and
that for a foil which is infinite in two dimensions
with one or both surfaces superconducting the
maximum current density depends on the thick-
ness 25 of the foil.

We shall show that for an infinite surface
sheath or a foil in two dimensions the maximum
lossless current density is zero, contrary to
the earlier prediction. '~'~ However, a foil of
thickness 2b, of width 2a, and of infinite length
can carry a finite lossless surface current den-
sity whose magnitude is controlled by the width
2a and not by the thickness 2b when (b/a)'«1
and b & A (A is the thickness of the surface sheath).

We employ the same physical principles as
in Ref. 3, namely, that the Gibbs free-energy

difference EGg~(IIO) between the superconduct. -
ing state in a magnetic field with a current and
the normal state (assumed nonmagnetic) with-
out a current is zero for maximum lossless
current in the surface sheath. Park~ states
that he uses the same criterion whereas, in
fact, he equates the free energy of the super-
conducting and normal states with a current
flowing in each. AGg~(HO) may be written'

gdV((H-H )'--,' i4'i')=aG (p ),

where the order parameter 4(x, y, z) and the
magnetic field H(x, y, z) =curlA(x, y, z) have to
be determined from the Ginzburg-Landauv equa-
tions and Eq. (1). H(x, y, z) is the local mag-
netic field at the applied magnetic field Ho.
Equation (1) is written in the usual Ginzburg-
Landau normalization and the integral is to
be extended over all space. When one neglects
the more sophisticated details of the internal
current distribution of the surface sheath, Eq. (1)
means roughly the following' . The first term
on the left-hand side is the total energy which
arises from a total current I in the specimen
(J=I/2a). The consequence of this current at
the applied field Ho is the magnetic field (H-Ho)
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=HJ. The maximum current J~ is then deter-
mined from the condition that the total magnet-
ic energy from the current is balanced by the
total available configurational energy of the
superconductor which is the second term on
the left-hand side of Eq. (1). When a persis-
tent circulating current flows around the axis
of a very long cylinder, the magnetic field HJ
is stored entirely inside the specimen and,
therefore, it is sufficient to integrate Eq. (1)
over the specimen volume. However, quite
the opposite is true when one passes a current
I along the surface of a rectangular foil whose
cross section is of area 4ab when the applied
magnetic field is parallel to the la,rger dimen-
sion 2a of the cross section and perpendicular
to I. If we assume that equal lossless currents
flow on both surfaces of the foil and no current
flows in the resistive bulk of the specimen,
the stored magnetic energy due to J is essen-
tially zero over the specimen volume except
near the surface when we have, for example,
b» A. The magnetic field HJ is essentially
stored outside the specimen and, therefore,
one has to integrate Eq. (1) over all space and
not just over the specimen volume.

The order parameter 4 at a given magnetic
field and a given Ginzburg-Landau v value is
not a very sensitive function of the critical cur-
rent, and one may to the first approximation
choose the value of 4 corresponding to the low-
est energy (J'= p) for given values of HD and ~.
This has been justified theoretically ' and agrees
quantitatively with experiments. &' When the
sheath is in its lowest energy state, the max-
imum internal current density is not zero (though
the total current is zero) but large compared
to the critical current density. The critical
current is only a perturbation~ on the inherent
currents and thus does not influence 4'(x, y, z)
very strongly for specimens whose dimensions
are large compared to the coherence length $.

Assume that the center of the coordinate sys-
tem is in the center of the foil which covers
the region -a ~x a and -b -y - b. The cur-
rent I flows parallel to the positive z direction
in which direction the sample is assumed to
extend to infinity. The uniform magnetic field
Ho is parallel to the positive x direction and
with AG~~(Hp) = p, Eq. (1) reduces to

f f H '(x, y)dydx = ,' f f e'b—( )dyxyd(2).

sume that the self-field effects at the ends of
the specimen near +a can be neglected (H~«Hp).
Outside the specimen, 0 =0. With the follow-
ing definitions:

1 (b
( ) g J 4'(y)dy (3)

P = f, +4(y)dy [f 4'( y) dy]', (4)

the right-hand side of Eq. (2) is 2aPb, 'E'(b) where
P is a parameter of order unity. To solve the
double integral on the left-hand side of Eq. (2)
we imagine that a current I, flows in the pos-
itive z direction and a current I, in the nega-
tive z direction. I, flows over the total cross
section of the foil, and I, flows only over -(b-6)
&y &(b-rg and -a ~x ~a. The current densi-
ties are assumed to be equal over the latter
cross section but of opposite sign such that the
total current density is zero in the resistive
core of the foil. The measured current I=I,
-I, flows then near the surfaces and the mea-
sured current density is j =I/4ah. The vector
potential associated with I, is A, and that with
I, is A, . By partial integration the left-hand
side of Eq. (2) reduces to

f (A, +A, )v'(A, +A, )dxdy

j f —f (A, +A~)dxdy, (5)

a+x a-xl
+2y arctan +arctan

x )
(6)

When Eq. (6) is substituted into the right-hand
side of Eq. (5) and integrated, then it follows
from Eq. (2) that the maximum or critical trans-
port current in real units is

because A, and A, and the corresponding mag-
netic fields become zero at x =y =0 and at x
= ~ and y = ~, and the total transport current
density is finite only over the surface layer
A over which we assumed that j is a constant
(c is the velocity of light). The vector poten-
tial for a long rectangular foil can be calculated
directly or obtained from Strutt, ' and when
terms of order (b/a)' and smaller are neglect-
ed with respect to unity, one obtains

A»=w '" (a+x) ln, +(a-x) ln
(a+x)'+y' a-x)'+y'

c2a g

4 is assumed to be independent of x if we a,s- g~ '"l~ '" ~ Z'(b)
c c ln4-1 (a c g

(7)
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where Jc =I&/2a and Eq. (7) is written in cgs
Gaussian units. The functions (6/$) [F'(b)/z]
are tabulated together or in part in Refs. 3 and
5 and by Fink." When a superconducting sheath
exists only on one side of the foil the measured
critical current is by a factor of v 2 smaller
tha. n that given by the right-hand side of Eq. (7).
Equation (7) is quite different from what Park4

suggests, and it shows that the critical current
density of a surface sheath which extends to
infinity in two dimensions is zero, contrary
to the conclusions of Abrikosov' and Park. '

If one deals with a semi-infinite superconduct-
ing half-space it follows from Maxwell's equa-
tions that the total current (per unit length)
which flows in the specimen is proportional
to the difference of the magnetic field at the
boundary surface H(b) and at infinity H(~) [in
the bulk]: (4m/c)Z=H(b)-H(~). Park, however,
indicates that he deliberately kept the magnet-
ic field uniformly constant over all space so
that his calculated critical currents should be
zero even when one disregards the energy con-
sideration.

Furthermore, Park claims that he has cal-
culated the function q(L/$)[F'(b)/w] more ac-
curately than we did' by taking the variation
of the vector potential into account. This is
not so, as he calculated this function with the
assumption that J =0 which is the same as our
approximation, for our values for F'(b) and

a/g were taken from Ref. 11 (g is a parameter
of order unity). Experiments'~' seem to agree
better with our calculations' (with 7l =1) than
with Park's.

Equation (7) can be compared to the experi-
mental results by Swartz and Hart. " They find
for a polished well-annealed ribbon of Pbo gsTlo 05

with cross-sectional dimensions 2a =0.636 cm,
a/b =83, a critical current of about 3.0 A at
4.2'K when H0=Hc2 =1030 G. The applied mag-
netic field 00 was perpendicular to the current
and parallel to the dimension 2a. If we assume
that H~ is that for Pb, namely, 545 0, it fol-
lows that ~ =Hc2/v 2Hc =1.34, (6/$)F (b) =0.90,

and A = [(tc/v 2Hc)(kc/2e)]~' =7.58x10 6 cm.
With P=1 the calculated critical current is 3.6
A which compares favorably with the measured
value considering that values calculated from
other theories are larger by a factor of 10 or
more.

Hence, we may conclude that the critical
sheath transport current in a long, rectangu-
lar foil is controlled by the larger dimension
of the cross section when the applied magnet-
ic field is parallel to this dimension. When
this dimension approaches infinity the critical
current density approaches zero.

*Based on work sponsored by the Metallurgy Branch,
Division of Research, U. S. Atomic Energy Commis-
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