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STUDY OF Y,* RESONANT AMPLITUDES BETWEEN 1660 AND 1900 MeV*
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A partial-wave analysis of the reaction K +z —A+7t. has confirmed the spin-parity
assignments for Y& (1765) and Y& (2030) and measured the mass, width, and A7t. branch-
ing ratio of F&*(1765) as 1776 +6 MeV, 129 +16 MeV and 0.14+0.02, respectively. A

tentative spin-parity assignment for F&*(1660) and Y&*(1915)is also made. The reso-
nant amplitudes Y&*(1765) and F&*(1915)are in phase at the resonant energy and are
180' out of phase with 7& (1660) and F&*(2030).

The cross section for the pure isospin I= 1
channel K +p —A+ w' in the c.m. energy inter-
val 1660 to 1900 MeV shows a broad rise cen-
tered around 1780 MeV. ' We have analyzed
the angular distributions and polarizations in
the reaction K +n —A+ m- in this energy in-
terval in order to study 7,* resonant amplitudes
in the Am channel.

The known I= 1 resonances between 1660 and
1900 MeV are Y',*(1660) and I',*(1765). In ad-
dition, amplitudes due to Y',*(1915)and Y',*(2030)
may be present in the energy interval under
study.

Y,*(1660).—This resonance has J= ~, xK~
=—0.15 and xA~ ——0.05, where x& is the branch-
ing ratio in the channel R.' The parity is un-
certain.

Y,+(1765).—The assignment I, J = 1, ~ has
been deduced from a study of the reaction K
+ nucleon- Yo*(1520)+7t'; xK~ = 0.5, and xA~
is not known.

Y,*(1915).—This resonance was recently dis-
covered as a bump in the K n total cross sec-
tion; (Z+ —,)xi=0.31, but J, P, and xA~ are
unknown.

Y,*(2030).—A study of the reactions K +P

—A+ m' and K +P -K'+n in the K momentum
interval 1220 to 1700 MeV/c has given I, J
= 1, ~~+, with xi~=0.25 and xA~ ——0.16.

The analysis described below leads to the
following results: (i) The bump at 1780 MeV
in the cross section for K +nucleon —A+ 7t'

is due to a 7,* resonance of mass 1776+ 6 MeV,
width 129+ 16 MeV, J = 2, and xA~= 0.14
+ 0.02. We identify this resonance with Y,*(1765)
and confirm the previous I JP assignment. '
(ii) We verify that the parity of Y,*(2030) is
positive. (iii) The parity of Y',*(1660)is prob-
ably negative; a conclusive parity determina-
tion is not possible because the Y,~(1660) am-
plitude is relatively weak in the Am channel
and there is insufficient data around 1660 MeV
in this experiment. (iv) There are some indi-
cations that J+ = —, and xA„= 0.12+ 0.08 for
Y,*(1915). (v) We observe that the relative
phase q of Y,*(1765) and Y',*(2030), each at
the resonant energy, is 162 + 9 deg; this phase
difference is always 0 deg in the elastic chan-
nel. It also seems probable that Y',*(1765)is
in phase with Y',*(1915)at the resonant ener-
gy, but 180 deg out of phase with Y,*(1660).
These observations can be related to the rel-
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ative signs of the coupling constants gg~y~
and gA~yg, as discussed below.

Experimental Details. —A total of 22000,
75 000, 63 000, and 91 000 pictures of K -deu-
terium interactions at 815, 915, 1015, and
1110MeV/c, respectively, were taken in the
Lawrence Radiation Laboratory (LRL) 25-inch
bubble chamber. The average beam intensity
was 9K per picture.

We measured 23 580 events having the topol-
ogy of the interaction sequence

K +d-A+m, +P„A-m +P,

with momentum of the proton p, between 0 and

230 MeV/c.
A total of 4117 events fitted the Reaction (1)

hypothesis and lay within the assigned fiducial
region. The momentum distribution of the pro-
tons (P,) agrees with the Hulthen form of the
deuteron wave function and, therefore, we as-
sume that the observed interaction is K +n
—A+m-, with the proton in the role of specta-
tor.

The polarization of the A was calculated from
the observed asymmetry of the protron from
the A decay relative to the production normal
n =K && m, / IK & m, I, with nA = 0.66. Experimen-
tal details and the angular and polarization dis-
tributions are given. '

Analysis. —The angular and polarization dis-
tributions may be expressed in the form

0.5-
I

8) /Ao
I

B~/Ap
I I I

85 /Ao

-0 5-

with J& ~2 are not required in this energy re-
gion. The absence of an A, coefficient shows
that only one amplitude with J= ~2 is required
to fit the data. The rapid energy variation of
the A. coefficients suggests that at least one
resonant amplitude is strongly present. As
already noted, the total cross section for K
+ nucleon —A+ m shows a pronounced bump at
1780 MeV. This is most likely due to Y,+(1765)
with J+= —, . In support of this hypothesis
me note that A, and A4 are large and positive
in the energy region where the total cross sec ™
tion peaks, whereas A. , is insignificant. This
observation suggests a J= 2 amplitude, since
the square of an amplitude with spin J makes
a positive contribution toA~ for all even m

with m & 2 J.
To obtain more quantitative information on

the amplitudes present in the Am channel, we
made a computer search for the set of partial-
wave amplitudes which best fitted the polari-
zation and differential cross sections. The
measured angular distributions were convert-
ed to differential cross sections by using the
published cross sections for the reaction K
+P -A+ m'. '

=%2+ A P (K w), (2)
).0 A) / AD A3 /Ao A5/Ao

( P=n'% Z B P '(K'm
dQ) m m m

(3)

where Pm(K w) is the Legendre polynomial
of order m, Pm'(K w) is the first associated
Legendre polynomial, and X is the incident c.m.
wavelength divided by 2m'. The quantities A~
and 9~ are functions of the complex transition
amplitudes T~~ for states with J=l+ 2, and
a'= 4n&2A o.

7

The experimental data on the pion angular
distribution and the A polarization were divided

into ten intervals in c.m. energy. Coefficients

A~ and Bm were determined by fitting the ex-
perimental distributions in each energy inter-
val to Eqs. (2) and (3). Figure 1 shows Am/
A0 and Bm/A0 plotted against c.m. energy; the
coefficients are divided by Ao so that the fig-
ure shows only the information learned in this
experiment. All the data can be fitted by an

expansion to m ~ 6, indicating that amplitudes
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FIG. ]. Coefficients A /Ao and B;/Ao obtained by fit-
ting the angular and polarization distributions with the

expansion da/dQ =X pA~P~(K ~) and (d&/dQ)P
=nX Q~B~P~i(K m). The lower protion of each fig-
ure shows Az/Ao, and the upper portion, B~/Ao, plot-
ted against c.m. energy. The continuous curves are
calculated from solution la, with resonant D5 ampli-
tude; the dashed curves correspond to solution 1b,
with resonant F5 amplitude.
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Table I lists the sets of amplitudes assumed
in different fits. In fits 1, 2, and 3 we assume
four nonresonant amplitudes S y P y P3 and
D 3, since analyse s of the Am channe 1 in the c.m.
interval 1600 to 1700 MeV have established the
presence of Sy Py and at least one J= —', back-
ground amplitudes. '~' The energy dependence
of these amplitudes is not known, and we hy-
pothesize that they are constant over the ener-
gy region. The magnitudes and phases of these
amplitudes were allowed to vary in all the fits.

In order to test for the presence of Y,~(1765)
with J= ~ in the Aw channel, the four nonreso-
nant amplitudes were combined with a single

(D-wave) resonant amplitude in fit la, , and
with a single —', (F wave-) resonant amplitude
in fit lb.

The resonant amplitudes had the Breit-sig-
ner form T = , (I@~I'A—~)"'/(EIt-E—2il") with
I' ~[q'/(q'+X')] '(q /E) and I'=p;I'z. The
summation is over all decay channels of the
resonance; X is fixed at 350 MeV, and qz and

lz are the momentum and orbital angular mo-
mentum of the decay products of the resonance
of energy F. in channel i. In fit 1 and succeed-
ing fits, the mass E~, width I, and the mag-
nitude xg~xA~ (= I'~~I'p~/I') of the Z= —', res-
onant amplitude at the resonant energy were
allowed to vary.

The differential cross sections and polari-
zations predicted by each set of amplitudes
la and 1b were compared with the experimen-
tal data and the X2 function computed. The X'

was a function of 11 variables —the magnitudes
and phases of the four nonresonant amplitudes,

and the mass, width, and magnitude of the res-
onant amplitude. One phase is arbitary, and
this was fixed by making the J= 2 resonant am-
plitude purely imaginary at E =EIt (this con-
vention was used in all fits). The program

ARM&Tio was used to search through the hy-
perspace of 11 variables for the minimum in
x'

The solutions that minimize X' for the 1a
and 1b hypotheses are shown in Fig. 2(a) and

2(b), and the final X' is listed in Table I. The
resonant D, amplitude is clearly favored over
the resonant I, amplitude, but both solutions
are highly improbable.

In fit 2 we added to the amplitudes in fit 1
the J = ~2 resonant amplitude due to Y,*(2030).
According to Refs. 4 and 5, we fixed the mass
and width at 2035 and 160 MeV, respectively;
our data are insensitive to these parameters
since the resonant energy is far removed from
the energy region under study. The data are
sensitive, however, to the parity of Y',*(2030),
and this was checked by trying both the JP
(E-wave) and ~2 (G-wave) hypothesis. The
magnitude and phase of Y*(2030) were allowed
to vary, thus increasing the number of vari-
ables from 11 to 13. The only acceptable so-
lution is 2a, which requires negative parity
for the J= —', resonant amplitude and positive
parity for the J= ~2 resonant amplitude. Solu-
tion 2a gives 1777 + 6 and 135+ 16 MeV, respec-
tively, for the mass and width of the —,

' reso-
nance. Therefore, we identify this resonance
with Y,~(1765) and confirm the previous deter-
mination of I, J = 1, 2 . The measured mass

Table I. Partial-wave amplitudes used for a least-squares fit to the experimental distributions in Fig. 1. The X

for each fit and the corresponding probability are also listed.

Fit
Constant

amplitudes
Resonant

amplitudes

Degrees
of

freedom Probability

1a
1b
2a
2b
2C

2d
3
4a
4b
4c

S(,P(,P3,D3
S(~P(~P3~D
S),P(,P3,D3
S~»~»3 Ds
Sg Pg P3 D3
Si,P),PG, D3
S~,Pi, I'3, D3
S(,P(, P3
S),P(,D3
S„P,,P, ,D,

D5

DG, F)
D5, G)

E5, GY

D5, E5, F7
DS,D5, F7
/3, D5, E7
D5, E7

359
724
240
353
717
581
226
148
172
150

20P
200
198
198
198
198
196
120
120
120

4x 1P
«10—20

0.02
]p

«1p —2o

«1p—2o

0.07
0.04
10
0.03
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FIG. 2. Magnitude and phases of the amplitudes which best fit the experimental data for the assumption of con-
stant Sg, P(,PS, D3 amplitudes and (a) a resonant D5 amplitude, (b) a resonant I"5 amplitude, (c) resonant D5,
Y&*(2030) with JP = &, or (d) resonant D5, Y&~(2030) with J&= 2, and Y&*(1915)with J&=2 . The resonant ampli-
tude traces a circle counterclockwise as the energy increases; c.m. energies are indicated on the periphery of the
circle.

and width are in agreement with previous val-
ues. ' This parity solution for Y,*(2030) agrees
with the recent measurement of Wohl, Solmitz,
and Stevenson. '

Solution 2a is shown in Fig. 2(c). This set
of amplitudes cannot generate the negative A,
coefficient observed at 1855 MeV. The inter-
ference terms D„G, and F„F,are responsi-
ble for a negative A, coefficient. Since the sin-
gle J = ~2 amplitude present has been identified
as E„an E, amplitude is indicated. The neg-
ative A, coefficient is most marked at 1855 MeV;
A4 is negative at this energy, showing that llE, I'

is small. The fact that F, is relatively weak
makes it impossible to determine whether or
not this amplitude is resonant. However, we
speculate that this amplitude may correspond
to the recently discovered Y,*(1915).' In fit 3

an E, amplitude of mass 1915 Me V and width
65 MeV was added to the D, and E, resonant
amplitudes. The solution is shown in Fig. 2(d).

Table II summarizes the parameters of Y,*(1765),
Y,*(2030), and Y,*(1915)determined with vary-
ing degrees of certainty in fits 2 and 3. Fit 3

gives 1776 and 129 MeV, respectively for the
mass and the width of Y,*(1765), together with
the value of x~~xA~ for the three states. Us-
ing the published values of x~~, we determine
the branching ratios into the Avl channel.

The errors quoted in Table II are the statis-
tical errors calculated in our fitting program,
increased by a factor of 2. The statistical er-
rors have beeri doubled in an attempt to include
uncertainties arising from the assumptions
(a) that there are no nonresonant amplitudes
present with the same spin and parity as the
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able D. Parameters and quantum numbers of Y&*(1660), 7&*{1765),Y&*(1915), and Y&*(2030). The quantities
measured or verified in this experiment are underlined with a solid line; quantities suggested by this experiment

are indicated by a broken line. The errors are statistical errors calculated in the fitting program, increased by

a factor of 2 (see text).

Mass
&a

(MeV)

Width
r

(MeV)
Spin
J

Parity
P (deg)

1660
1776+ 6

1915
2035

44
129+ 16

65
160

3
2
5
2
5
2
7
2

0.009 + 0.010
0.071+ 0.008
0.012+ 0.008
0.137+0.050

0.15
0.5
0.10
0.25

0.06+ 0.06
0.14+ 0.02
0.12+ 0.08
0.55+ 0.20

207+ 23
0

6+ 18
162+ 9

resonances, and (b) that the background ampli-
tudes are constant. Also the energy dependence
used for I may not be exactly correct.

Until now we have neglected Y,*(1660)because
its amplitude in the Am channel is weak. 2 In
fits 4a and 4b we took the experimental data
below 1800 MeV, where the Y,*(1660)ampli-
tude is more important, and we made the as-
sumption that one of the J= —', amplitudes was
due to a resonance of mass 1660 MeV and midth
44 MeV. The magnitude and phase of the J= —',

resonance were allowed to vary. Only the —,
'

resonant hypothesis led to a satisfactory fit;
the corresponding xK~xA~ value is given in
Table II. However, the data below 1800 MeV
is almost equally well described by constant

and —', amplitudes as shown by fit 4c, so
that the J+ = —, assignment is not conclusive. "

Coupling constants gK~ @~ and gh~yg. —The
resonant D, amplitude was defined to be pure-
ly imaginary at E =E~. The phase angles y
of the other resonant amplitudes at the reso-
nant energies, relative to D„are shown in
Table II. In the elastic channel, y is always
zero; in the inelastic channel it may be zero
or 180 deg because the sign of the off-diagon-
al T matrix elements is undefined. The reso-
nant amplitude in the elastic channel is propor-
tional to gg~y*'/(ER-E- —,'iF) and in the Aw

channel, to gg~Y~A~Y+/(E~ E=iI'). For-
the elastic amplitude the numerator is always
positive; in the inelastic channel the sign of
the numerator depends on the relative sign
of the coupling constants gK~y+ and gAzy~.
The values of cp in Table II are consistent with

&p = 180 deg for Y', *(2035) and Y,*(1660), and
cp= 0 for Y,~(1915). This shows that the pro-
duct of the coupling constants gK~y~gA„y~
is of one sign for Y,~(1765) and Y',*(1915)and
of the opposite sign for Y,*(1660) and Y,~(2030).

The ambiguity arises because the over-all ori-
entation of the amplitudes in the Aw channel,
relative to the KN channel, cannot be determined

by this analysis.
e note that the phase of the conjectured

Y,*(1915),J = ~, amplitude in fit 3 is 6+ 18

deg, in agreement with the requirement that
the phase y be 0 or 180 deg. The resonant na-
ture of the F, amplitude is supported by this
observation.
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CHARGE INDEPENDENCE IN HIGH-ENERGY SCATTERING FROM DEUTERONS
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It is shown that the usual shadow correction for high-energy scattering of particles by
deuterons violates charge independence in the case of pions. Alternative formulas are
derived which are applicable to this case..

Many years ago, Glauber, using an eikonal
method, showed that the total cross section
for scattering off deuterons could be approxi-
mated as the sum of the cross sections off pro-
tons and neutrons minus a so-called shadow

term. In the original derivation' of the shadow

term, as well as in subsequent refinements, '~'

it is implicitly assumed that the incident par-
ticle has no internal degrees of freedom; in

particular, no isospin. For pion-deuteron scat-
tering this is not true and so, in this case, Glau-
ber's arguments have to be generalized to in-
clude the effects of charge exchange scatter-
ing. Such a modification is clearly necessary
because the use of the Glauber formula for pions
would violate charge independence.

The consequences of charge independence
are most easily seen if we represent the shad-
ow term diagramatically4~' as in Fig. 1. There
is an additional term with the protons and neu-
trons interchanged. The sum of these two dia-
grams may be evaluated' by taking only contri-
butions from intermediate w, P, and n on their
mass shells. In this way we obtain' an ampli-
tude

where q is the three-momentum transfer to
the deuteron, S(q) the deuteron form factor,
and f pei(q) is the elastic rr-p amplitude for
momentum transfer t= -q'. By use of the op-
tical theorem, this can be converted into an

equation for a total cross section 60

«= ——,RefS(q')f (p')f (-q')d q'. (2)
2 , el , el , 2 ,

k2 rr p 1m

If it is further assumed that the amplitudes
are purely imaginary and also that they are
not rapidly varying functions of q near the for-
ward direction, one can obtain a simplified
formula for the m d total cross section.

o = g p o -(i/4rr)o o &r '&. (3)wd mP in rr prrn
This equation, which is the one most common-

ly used in the analysis of experimental data,
contains a parameter (r ') representing the

E (q) = 2'I, fS (q')f (—,'ri+ j')

FIG. 1. Contribution to the Glauber shadow term.
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