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The recent very accurate measurements' '
of the differential cross section for elastic elec-
tron scattering by Ca", Ca", and Ca", togeth-
er with our knowledge of single-particle ener-
gies for both protons and neutrons, 4 "partic-
ula, rly for Ca and Ca ', have made it possi-
ble to determine with considerable certainty
shell-model potentials of Woods-Saxon form
which mill generate single-particle wave func-
tions to fit the data.

Our procedure has been to generate single-
particle mave functions in an energy-dependent
Woods-Saxon mell,
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dent well follows from the very deep binding

of 1s-shell protons in nuclei between oxygen
and calcium, as found from the (e, ep) reaction. s~"

The description of the nuclear wave function
in terms of a product of single-particle wave

functions is most likely to be successful for
nuclei with closed shells and for that reason
we undertook an investigation of the calcium
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where the strengths of the central and spin-
orbit parts, V~ and Vs~, are different for the
different shells, Vg is the Coulomb potential
for the protons, and

x-R —1

f (x) = 1+exp, R = r, (A —1)
1

The parameters are adjusted so that the bind-

ing energies are fitted to the separation ener-
gies obtained from (p, 2p) ' and (e, ep) ' reac-
tions, as well as from mass differences, and

the charge density of the protons, as obtained
from the wave functions after folding in the fi-
nite proton size, is fitted to elastic electron
scattering. ' ' The need for an energy-depen-
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FIG. 1. Elastic electron scattering by Ca at 250
Me V.
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isotopes. We first fitted the data for Ca" (see
Fig. 1) and then adjusted the parameters x,
and a, as well as the depths of the potentials
for the 2s -1d shell in order to fit the data for
Ca44 (see Fig. 2) and Ca" (see Fig. 3). lt was
found that, for Ca", x, and a could be left un-
altered, but that for Ca" both had to be decreased
significantly. The spin-orbit potential was left
unchanged, while the change in the depth of the

central potential was 0.5 MeV for each excess
neutron. This leads to a symmetry term in
the potential of strength U, = 80 MeV, which
is close to the value obtained by other meth-
ods. " The parameters for all the proton po-
tentials and comparisons between calculated
and experimental binding energies are given
in Table I. It will be seen that the neutron po-
tential for the 2s-1d shell in Ca", which is
obtained by simply omitting the Coulomb part
from the proton potential, leads to single-par-
ticle neutron levels in very good agreement
with results from the (P, d) reaction. ' We al-
so estimate parameters for the neutron poten-
tial of the 2p-1f shell in Ca" to agree with the
results from the (d, P) reaction, ' and then, us-
ing again U, =80 MeV, obtain values for the
separation energies'~'~" in the 2P lf shell of-

neutrons in Ca ' and of protons in both Ca '
and Ca". There are, of course, no data from
electron scattering for these, but the proton
potential for Ca" turns out to be very similar
to one used recently elsewhere. " It will be
seen from Table I that agreement with exper-
iment is fairly good for the lf levels, although
a slight alteration in the potential parameters
may be required, if account is taken of the self-
binding energy" of the lf », neutrons in Ca48.

The 2P binding energies are consistently too
small, which is in agreement with other obser-
vations" "that the effective mass of a nucle-
on is considerably larger for energies just above
the Fermi surface than for bound states. Fi-
nally, the results of the rms radii of the charge
distributions of Ca" and Ca" are in good agree-
ment with the results from muonic x rays. "

Although the number of parameters appears
to be large, it is, in fact, not at all easy to
fit all the data, so that for instance it is quite
impossible to obtain a fit for the Ca ' data with

x,= 1.30 and a = 0.65. Estimated errors for VE
in the 2s-1d shell, and for x, and a are better
than 2, 1, and 10', respectively. The result-
ing charge distributions are shown in Fig. 4.
These are in extremely close agreement with
best fits for charge distributions of the Fermi
and modified Gaussian types, ' ' except that there
is an increase in the central charge density.
This is due to the 2s protons, and although it
is almost certainly a real effect, it is not one
that is sensitive to electron scattering. Since
it results, however, in a different value for
the rms radius, it should be sensitive to accu-
rate measurements of muonic x-ray energies.
At present, both charge distributions give re-
sults within the experimental error.

It will be seen that there is essentially no
difference between the potential parameters
for Ca" and Ca" and that the well actually in-
creases in size according to an A ' proportion-
ality. That the rms radius does not increase
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FIG. 2. Elastic electron scattering by Ca and Ca
at 250 MeV. D4~= 100(a~p 04 )/( 44p+ 044). 0

FIG. 3. Elastic electron scattering by Ca and Ca
at 250 MeV. D48=100(~4, ~48)/((r4p+048).
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to publication.
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PIG. 4. Charge density p(x) for Ca (right-hand
scale) and difference between charge densities of
Ca ' and Ca' (left-hand scale). @44 48=47t~ (p44 48
—&40).

correspondingly is due to the greater binding
of the last protons in Ca'4, which leads to a
drawing in of the wave functions in the sloping
well. There appear to be no special shell clo-
sure effects in Ca", and this is presumably
because the very existence of a stable calcium
isotope with N = Z is due to its doubly magic
nature, and no increased stability over neigh-
boring nuelides is to be expected. The situa-
tion is very different for Ca, which is of course
also doubly magic. Certainly, the greater bind-
ing of the last protons is by itself unable to
account for the observed facts here, and the
very much smaller values obtained for r, and
a are a likely consequence of the closed-shell
structure and great stability of the ground state
of Ca". This confirms the observations'~"
that the ground state of Ca' may well have a
more complicated configuration than a simple
doubly closed-shell configuration and that the
excitation of collective states is considerably
stronger in Ca" than in Ca". It is noteworthy
too that the value of a for Ca4' is at least 20%
smaller than that obtained for any other nucle-
us —including 0"—that ha, s been investigated
in the manner described in this paper. "

Our thanks are due to Dr. Amaldi for com-
municating his experimental results to us prior
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