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It is shown that space-time cannot be singularity free if the Einstein equations hold,
matter has normal properties, and some reasonable global conditions hold. This would

suggest that the Einstein theory probably breaks down in very strong fields.

The prediction of a singularity by a physical
theory is usually taken as an indication that
the theory has broken down. Thus the question
of whether Einstein's theory of general rela-
tivity predicts singularities of space-time in
all reasonable cosmological models is clear-
ly of considerable importance.

It has been known for some time that certain
exact solutions of the Einstein equation have
singularities' but it was claimed that this
might simply be a consequence of the high sym-
metry of these solutions and that the singular-
ities might be avoided by making small pertur-
bations. This was shown not to be the case
by Penrose' who proved that an approximate-
ly spherical star collapsing in a universe with
a noncompact Cauchy surface must go to a sin-
gularity. Penrose's method can also be applied
to prove that an approximately homogeneous and
isotropic "open" cosmological modeL must have
a singularity in the past. However the method
can only be applied to models with noncompact
Cauchy surfaces and it might be that the universe
has a compact Cauchy surface (a, "closed" model)
or even no Cauchy surface at all. The aim of
this paper is to indicate that, on certain reason-
able assumptions, it is still possible to prove
that singularities must occur. Only the results
and a brief indication of the method will be giv-
en here. The full details of the proofs are be-
ing published elsewhere.

We assume the Einstein equations: Ra~-~a~
xR =Tab SPace-time ls said to be sing larlty
free if it is time-complete (all timelike ge-
odesics can be extended to arbitary length) and

if the metric is a C' tensor field.
Theorem 1.—Space-time cannot be singular-

ity free if (1) the energy-momentum tensor
obeys the inequality Tag~ M - 2 u aM T for
any timelike or null vector w~ (for a fluid with
density p and isotropic pressure p this is sat-
isfied if p+p «0 and p, +3p «0; this is a very
reasonable requirement); (2) there exists a
Cauchy surface H [we define a Cauchy surface
as a closed (not necessarily compact) space-

like surface without boundary, which intersects
every timelike and null line once and once only];
and (3) the unit normals v~ to H have a positive
lower bound of divergence on H; i.e. , va. a ~ C
&O.

If condition (2) were satisfied one would ex-
pect condition (3) to be satisfied in a universe
expanding everywhere. Indeed it might almost
serve as a definition of what we mean by an
expanding universe. Nevertheless, it would

be impossible to test it by observation. We
therefore present two theorems which replace
this condition by other conditions. A further
theorem is given in the note by Geroeh aceom-
paning this paper. '

Theorem 2(a).—Spacetime is not singularity
free if conditions (1) and (2) hold and if (4) there
is a point P on H such that all the past-direct-
ed timelike geodesics through p start converg-
ing again. That is, 8= p, o'.

& becomes negative
on each past-directed timelike geodesic through

p, where p~ is the unit tangent vector to the
geodesic.

Condition (4) is fairly severe but it will be
satisfied in an approximately homogenous and

isotropic expanding universe obeying (1) and

(2). It would be testable by observation.
Theorem 2(b). —Space-time is not singular-

ity free if condition (1) holds, there is a com-
pact Cauchy surface H, and (5) onH the ener-
gy-momentum tensor satisfies the strict inequal-
ity

a 5 j a
T SV Se && MI Se T

ab a

for any timelike or null vector sea.
Condition (5) requires that the density is non-

zero on H. It is assumed for simplicity but
is really stronger than is necessary. All that
is needed is that every timelike geodesic should
encounter some matter or even some random-
ly oriented curvature.

Penrose" has pointed out that the universe
might not possess a Cauchy surface at all.
He instances the Riesner-Nordstrom' solution
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as an example of a space-time where it is im-
possible to find a connected spacelike surface
cutting every timelike line. We will call a con-
nected closed spacelike surface without bound-
ary a slice and a slice which does not intersect
any timelike or null line more than once a par-
tial Cauchy surface. It is easy to show that
if space-time admits a slice then either that
slice is a partial Cauchy surface or space-time
has a covering space in which each connected
component of the image of the slice is a par-
tial Cauchy surface. We may apply the follow-
ing theorem to space-time or to the covering
space since a singularity in the covering space
implies one in the space covered.

Theorem 3.—Space time is not singularity
free if condition (1) holds and (6) there exists
a compact partial Cauchy surface H whose
unit normals v& are diverging, (7) every point
q has a neighborhood W such that every timelike
and null line from q leaves W and does not re-en-
ter.

Condition (7) is really a statement about cau-
sality. " It would seem a very reasonable re-
quirement.

Finally, we make a brief mention of the tech-
nique used to prove these results. A point
P is said to be conjugate to a point q along a
timelike geodesic y if P lies on the caustic of
timelike geodesics through q. The point P is
said to be conjugate to a spacelike surface H
if it lies on the caustic of the geodesics nor-
mal to H. By the formula for variation of arc
length it can be shown that a, geodesic y nor-

mal to H from H to a point x cannot be the long-
est timelike line from H to x if there is a point
conjugate to H on y between H and x. By the
conditions of the theorems it is possible to
show that there is a point conjugate to H with-
in a bounded distance b on every geodesic nor-
mal to H. On the other hand, it is possible
to show that there are points from which there
is a longest timelike line to H of finite length
greater than b. This establishes a contradic-
tion which shows that the assumed conditions
are incompatible with space-time being singu-
larity free.

The author is very grateful to Dr. R. Penrose
and Mr. B. Carter for help and advice.
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In recent years, several theorems" have
appeared which show that the singularities ob-
served in certain exact solutions of the Einstein
equations cannot be avoided by small pertur-
bations in these solutions. These theorems
are not sufficiently strong, however, to settle
completely the question whether any nonsingu-
lar solutions of Einstein's equations can pro-
vide a reasonable model of our own universe.
In particular, should the trapped surface of
Penrose' or the expanding Cauchy surface of

Hawking' occur in our own immediate vicinity,
we could, by suitably distributing masses and
thus affecting the local geometry, destroy these
symptons of prospective collapse. Would we
thus save the entire universe from evolving
into a singular state? This seems unlikely,
and one would like to express this feeling as
a theorem.

We should like here to present a result which
takes a further step toward the more limited
goal of establishing that, with some suitable
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