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The prediction by Edwards et al.! that there
should be no phase separation down to T =0°K
in dilute solutions of He® in He* for concentra-
tions of less than about 6% He® was confirmed
at least in part through heat-capacity measure-
ments by Anderson, Roach, Sarwinski, and
Wheatley? for a concentration of about 5% down
to a temperature of nearly 10 mdeg K. The
idead that the He® quasiparticles in the He* at
low temperatures constituted a weakly inter-
acting Fermi fluid was also confirmed in these
experiments. This Letter describes the results
of a set of experiments at saturated vapor pres-
sure on the thermal and magnetic properties
of two dilute solutions of He® in He® It shows
that the He® in dilute solutions does indeed have
several of the properties associated with a nor-
mal Fermi fluid. Dilute solutions of He® in
He* are particularly advantageous in studying
the weakly interacting Fermi fluid since the
Fermi momentum may be varied by changing
concentration. Hence the momentum depen-
dence of the quasiparticle interactions may
be tested. Moreover, the present experiments
form a quantitative basis for theories of the
quasiparticle interactions and for predictions
of a low-temperature cooperative state.*

In the present work the earlier heat-capac-
ity measurements’»? have been confirmed and
extended to lower temperatures, and measure-
ments have also been made of the spin-diffu-
sion coefficient and nuclear susceptibility of

the same two dilute solutions, of nominal con-
centrations 1.3 and 5.0%. It is important to
measure both heat capacity and magnetic prop-
erties on the same concentration since param-
eters such as effective mass and Fermi tem-
perature determined by the former are used

in interpreting the latter measurements.

Only a few brief remarks can be given here
on the experimental method. The refrigera-
tion problem and methods used for thermal
and magnetic measurements are given by Abel,
Anderson, Black, and Wheatley.® The meth-
od of thermal isolation while using superfluid
He! is discussed by Vilches and Wheatley.®
We had one important experimental difficulty.
We normally cool He® by means of powdered
cerium magnesium nitrate (CMN) which pass-
es through an NBS 40 sieve (particle size less
than 0.42 mm). CMN power prepared in this
way cools pure He® anomalously well.” In the
present work it was necessary to pass the CMN
through an NBS 400 sieve (particle size less
than 37 ) to obtain an adequately low thermal
time constant at low temperatures. The back-
ground heat capacity for the thermal measure-
ments was obtained with pure He?* in the cell.
Above about 5 mdeg K the resulting molar heat
capacity (attributed entirely to the CMN) was
the same for different powder sizes (varying
over a factor of 40 in particle size) and also
the same as determined by Abel, Anderson,
Black, and Wheatley® by a difference method
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in which He® provided thermal contact within
the cell. The latter measurements of CMN
heat capacity were used in the final data anal-
ysis since they lead to the most consistent
treatment of the very low-temperature heat-
capacity data. The temperature scale used
here is the magnetic temperature scale valid
for powered CMN in the shape of a right cir-
cular cylinder with diameter equal to height.
At least above 2 mdeg K this scale is indepen-
dent of particle size for sizes less than those
which pass through an NBS 40 sieve.

Results of the heat-capacity measurements
are shown in Fig. 1, where heat capacity per
mole of solution has been divided by R, the
gas constant, to render it dimensionless, and
by T* to remove most of the temperature de-
pendence at low temperatures. These data
have been fitted to the heat capacity calculat-
ed by Stoner® and McDougall and Stoner™ for
the ideal Fermi-Dirac gas by means of two
parameters, x and T, where Tp=pf*/2m*k
is the Fermi temperature, pp is the Fermi
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FIG. 1. Ratio of heat capacity per mole of solution
to RT*, where R is the gas constant and T* is the mag-
netic temperature, for the dilute solutions of He? in He!
of nominal concentration 1.3 and 5.0% He®. Lines
through the experimental data are theoretical ones
based on the heat capacity of an ideal gas of Fermi-Di-
rac particles as computed in Refs. 9 and 10. For the
nominal 1.3% concentration the theoretical line was
drawn for the parameters ¥ =0.0132, m*/m=2.38, T
=0.141°K. For the nominal 5.0% concentration these
parameters are x =0.0502, m*/m =2.45, Tp=0.331°K.
The molar volumes determined by Kerr!® were used in
analyzing the data. Data from Ref. 8 for the heat capac-
ity of pure He® at 0.28 atm are shown for comparison,
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momentum, m* is the effective mass, & is
Boltzmann’s constant, and x = N;/(Ng+ N,) is

the He® concentration. The concentration x is
not experimentally determined with precision,
but the values of x determined by curve fitting
agree with the measurements within their ex-
perimental error of about 5%. The scatter

in heat capacity at low temperatures is rea-
sonable when one recalls that the plotted points
are obtained as the difference between the mea-
sured heat capacity and a rather large back-
ground heat capacity due to the CMN. For pur-
poses of comparison, the low-temperature heat-
capacity data® for pure He® at 0.28 atm are also
plotted on Fig. 1.

After the heat-capacity measurements were
completed, the cell was modified for magnet-
ic measurements, which were made using the
method of spin echoes at a frequency of about
100 kc/sec. The results of the measurements
are shown in Figs. 2 and 3. The self-diffusion
coefficient D was determined from the damp-
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FIG. 2. Spin-diffusion coefficient for dilute solutions
of He® in He? of nominal concentrations 1.3 and 5.0%
He®. The smoothed curve of the spin-diffusion coeffi-
cient for pure He® at 0.28 atm is shown for comparison.



VoLUME 17, NUMBER 7

PHYSICAL REVIEW LETTERS

15 AuGusT 1966

C/X measurep (ARBITRARY UNITS)
T

C/XIDEAL_ DEGREES KELVIN

FIG. 3. A quantity proportional to C/Xmeag for di-
lute solutions of He® in He! of nominal concentrations
1.3 and 5.0% He® plotted against the ratio C/xjgeal,
where C is the Curie constant and xjgea] is the suscep-
tibility of an ideal Fermi-Dirac gas having the single
Fermi temperature Ty determined by the heat capacity
measurements. At low temperatures C/Xideal_’%TFv
while at high temperatures C/xideal—-T. A Kelvin tem-
perature scale is given along each curve to facilitate a
comparison of these data with those on the heat capac-
ity and self-diffusion coefficient.

ing of spin echoes in a field gradient G by fit-
ting the data to the formula In(z,/k,)=[ (,2G2Dt3/
12)+t/T,], where y is the gyromagnetic ra-

tio and ¢ is the time between two successive
echoes of heights #, and 2,. Corrections were
made for the effect of unwanted field gradients,
determined by reversing G, and for the width
of the 180° pulse. Data were obtained both from
sequences of photographs (at a constant tem-
perature) in which G was varied at fixed ¢ (gra-
dient sequences) and from sequences in which

t was varied at fixed G (time sequences). At
low temperatures we experienced some diffi-
culties in the intercomparison of these types

of data. Moreover the origin of the T,-type
damping, which was considerable, is obscure.
For most of the data the lowest magnetic tem-
perature was about 3 mdeg K. An attempt was
made to lower the temperature of the measure-
ments further by a method in which the field

at the CMN was held nearly at zero for most

of the time by an auxiliary coil, which was turn-
ed off rapidly when a diffusion measurement

was made. The method was based on the as-
sumption of a short T, (less than 1 sec) for the
He® and an assumed long (several hundred sec)
thermal relaxation time. The method worked
for one run on the 5.0% solution but failed la-
ter, possibly due to a shortening of the ther-
mal relaxation time during the progress of the
experiment. The results of the successful run,
in which some rather large diffusion coefficients
were measured, are sllown in Fig. 2.

The values of D fit T ~2 laws within experi-
mental scatter below about 30 mdeg K for the
5.0 % solution and below about 10 mdeg K for
the 1.3% solution. For comparison, the diffu-
sion coefficient!! for pure He® at 0.28 atm is
also shown on Fig. 2. These data can be ana-
lyzed's*® to find a relaxation time for diffusion
Tp by means of the Fermi liquid expression

D=‘;“UF2TD(1+%20), (1)

where v =pp/m”™ is the Fermi velocity and

Z, is an average spin-dependent Fermi liquid
parameter. On the basis of Eq. (1), the nature
of the results in Fig. 2 is qualitatively reason-
able. At low temperatures one expects D1, 39,
<Dg, ¢, since vg® varies approximately as x/3,
At higher temperatures one expects D1 3,
>Dg 0%, for in this temperature region (as-
sumed still low enough that He®-roton and He®-
phonon scattering is unimportant) the He® qua-
siparticles should behave like a classical gas.
At all concentrations they are roughly equally
excited in 2 space while the probability per
unit time for scattering is proportional to x 2.
Above about 0.4°K and below about 1°K one does
find in fact that xD depends approximately on
temperature only. The present data at 0.5°K
give xD =(1.1+0.1)X10~* cm?/sec, in reason-
able agreement with earlier data.'® The increase
of D with decreasing T in this range is no doubt
due to the momentum dependence of the inter-
actions.

The data for the nuclear susceptibility x shown
on Fig. 3 very nearly obey the ideal Fermi-Di-
rac gas law, numerical values being computed
from the tables given in Ref. 10 for values of
Ty determined from the heat-capacity measure-
ments. As shown by Husa, Edwards, and Gaines,'®
it is useful to plot C/Xpeas (Or a quantity pro-
portional to it) against C/Xideal’ where C is
the Curie constant and xjqeq] is the calculated
susceptibility of an ideal Fermi-Dirac gas hav-
ing a single Fermi temperature given by the
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results of the heat-capacity measurements.
Following Huang,' an imperfect Fermi gas
would follow a straight line on this plot as long
as the de Broglie wavelength of the particles

is long compared with the range of their inter-
action. The intercept on the horizontal axis,
(4/37) pa where a is the scattering length, is
a measure of the strength of the interaction.

As Fig. 3 shows, the data for the solutions are
very close to such straight lines, although there
are some deviations which may be outside ex-
perimental errors. The values of ¢, shown in
Table I, from the small, negative intercepts
are in agreement with the previous high-tem-
perature measurements, and they show that the
interaction is attractive. We have also compared
the data with the Fermi liquid equation'*»!2

C/Xmeas(0°K)= §TF(1+‘:‘ZO). 2)

In calculating the value of Z, from this equation,
the limiting value of C/Xpyeag at zero tempera-
ture was obtained by plotting C/Xpyeqag V8 T2
and extrapolating to zero temperature. The
effective value of the Curie constant was ob-
tained from the straight lines in Fig. 3.

The results of a numerical analysis of the
data are given in Table I. For comparison the
corresponding values!! for pure He® at 0.28
atm are also given. There is a small depen-
dence of effective mass on x. Some of this may
arise from changes in the He* background with
x. However, if all the change were due to He®
quasiparticle interaction, one could write!!,*

m*(x)/m*(x=0)=1+35F,. (3)

The increase in the Fermi-liquid parameter

F, as x changes from 1.3 to 5.0 % would be 0.11
+0.04. The value of F, itself should not be
much different. This is to be compared with
F,=6.25 for pure He®. The parameter Z,, which
measures the spin dependence of the interac-
tions, is small (~0.3) and positive in the solu-
tions measured while it is large and negative
(=2.7) for pure He®. This reflects a weak at-
tractive exchange energy for He® quasiparticles
in the dilute solutions. The low-temperature
relaxation time 7p (inverse of scattering prob-
ability per unit time) is much larger for the
dilute solutions than for pure He®. However,
Tp is approximately 2.3 times larger for the
5.0% than for the 1.3% solution, indicating that
the scattering probability for antiparallel spins
is 2.3 times less when they scatter around a

Fermi sphere of radius kg 509 =3.17x107
cm™! than it is when they scatter around a sphere
of radius kg ; 3,=2.04X10" cm™'. The con-
clusion that there is an average attractive in-
teraction between He® quasiparticles is also in
agreement with the quantitative results of Ref. 1.
In conclusion, we find that dilute solutions
of He® in He* offer a unique advantage for the
study of a Fermi fluid under conditions where
the Fermi momentum may be varied by chang-
ing the concentration. The range of solutions
available seems to limit studies to the region
of weak interactions. Hence, studies of dilute
solutions complement the study of pure He?,
in which the interactions are strong (compare
values of | and Z in Table I). The transport
properties allow a detailed study of the quasi-
particle interactions in the dilute solutions.
The spin-diffusion coefficient measures the
averaged scattering probability (wp(6,¢)
X (1-cosf)(1-cos¢)/cos(6/2)), in which wp (6,¢)
is the scattering probability for antiparallel
spins, the angle 6 being that between the mo-
menta of the colliding particles and the angle
¢ being that between the initial and final planes
of scattering. The spin-diffusion coefficient
is not very sensitive to forward scattering (¢ =0°)
because of the factor 1-cos¢ in the above av-
erage. On the other hand, the thermal conduc-
tivity depends on the averaged scattering prob-
ability @k (8, ¢)(1-cosb)/cos(/2)), in which
wK(O, @) is an appropriately averaged scatter-
ing probability for parallel and antiparallel
spins. The thermal conductivity is thus more
sensitive to forward scattering. Measurements
of thermal conductivity are, therefore, of first
importance in further attempts to obtain a more
quantitative understanding of the interaction
between He® quasiparticles in dilute solutions.
We are very grateful to Professor John Bar-
deen, Professor Gordon Baym, and Professor
David Pines for many illuminating discussions.
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INTERACTIONS BETWEEN He® ATOMS IN DILUTE SOLUTIONS OF He?® IN SUPERFLUID He*

J. Bardeen, G. Baym,* and D. Pines
Department of Physics and Materials Research Laboratory, University of Illinois, Urbana, Illinois
(Received 3 June 1966)

The magnitude, sign, and momentum dependence of the effective interaction between
He® atoms in superfluid He? are derived from the experimental data. Calculations of the
Fermi-liquid parameters for the normal state of He® in solution yield results in agree-
ment with experiment; the temperature for a superfluid transition associated with the

He® is estimated to be ~2Xx1078 °K,

The experiments of Edwards et a~1.1 and of
Anderson et al.? indicate that there is a small
attractive interaction between He® atoms in
dilute solution in He* and thus there should be
a superfluid transition associated with the He?
at sufficiently low temperatures. The purpose
of this Letter is to derive from the data an
approximation to the magnitude, sign, and mo-
mentum dependence of the interaction and to
estimate the transition temperature.

It has been suggested earlier® that there should
be an attractive interaction arising from the
exchange of He* phonons between two He® atoms
in solution, and that this interaction might lead
to a superfluid transition. There are addition-
al contributions from the van der Waals inter-
action and the short-range repulsion between
He?® atoms, both modified by the surrounding
He®*. A calculation of the net interaction from
microscopic theory is difficult. Emery has
made some progress in this direction and has
discussed the problems involved.* The empir-
ical interaction is considerably smaller than
one might have estimated; Emery points out
that there is considerable cancellation in each
term of the perturbation expansion. The phys-
ical reason seems to be that to a first approx-
imation, when a He® atom replaces a He* atom
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in the solution, the force fields are identical
and it is only effects which come from a differ-
ence in zero-point motion or in statistics that
can lead to an interaction.

To estimate an empirical interaction V (r)
from the data, we assume that it is spin and
velocity independent, and so depends only on
the separation 7 between two He® atoms in so-
lution, We shall use the measurements of the
phase-separation curve?! for T > 0.2°K and the
spin-diffusion experiments in the millidegree
region? to determine V§, the spatial Fourier
transform of V ().

From their phase-separation measurements,
Edwards et al. have deduced (14, the chemical
potential of the He?, as a function of ¥, the
concentration of He® in He?. They plot u,’(x),
the difference between p, and p g, the chem-
ical potential of a free Fermi gas of the same
effective mass and density as the He?® in the
mixture. Apart from an exchange correction,
which is relatively small at T > 0.2°K, V, is
determined by the slope of the u,’(x) curve;
thus

Vo~ @u,’/8x)/m,~-0.1m,s%/n,, 1)

where m,, n,, and s are the mass, number
density, and sound velocity of pure He*, The



