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L2This is obtained from Table I and Eq. (12) of N. Ca-
bibbo and A. Maksymowicz, Phys. Rev. 137, B438
(1965), by setting ay=0 and correcting an error of a
factor of 4. [I wish to thank Dr. G. Kalmus for point-
ing out this mistake; the formula is given correctly in
Eq. (9) of Ref. 11.] An a; equal to one or more pion

Compton wavelengths would radically change Eq. (26).
BThe pole comes from diagrams in which the K me-
son emits two soft pions, continues as a K, and then
decays into I +v. The K—1 +v amplitude is proportion-
al top K)\ =(k—g~ p) to this pole appears only in Fj.
Its residue can be determined from the predicted
KKnm amplitude (see Ref. 14), with a result in com-
plete agreement with Egs. (19), (20), and (13).
4y, Tomozawa, to be published; and Ref. 3.
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It has been proposed’? that the charge oper-
ators F; and F;® of the vector and axial-vector
current octets may obey the algebra of SU(3)
XS8U(3) exactly, to all orders in the strong in-
teractions, under equal-time commutation.

The charge-density operators & ;&) and F ;5°X)
will generate a local infinite-parameter alge-
bra, the direct sum of an infinite number of
SU(@3)*XSU(3) algebras, if we make the addition-
al assumption®>? that the equal-time commuta-
tors of these densities contain only a spatial

& function and not gradients thereof. The Fou-
rier components F; &) and Fiﬁ(f:) then obey the
commutation rules

[, @), F,&))=if , F, &+ k),

-

(7,0, F 2@N)=if,; F, ke k),
(720, F2&)=if, ) F) e K. (1)

It has also been suggested®~% that limited num-
bers of stable and resonant particle states may
form simple approximate representations of
the single SU(3)®SU(3) generated by the oper-
ators F;(0) and F;°(0), thereby allowing one
to classify states according to the algebra and
to predict the matrix elements of the operators.
We would now like to suggest that the full al-
gebra be used in a similar spirit, leading to
the classification of infinite numbers of states
according to (approximate) representations
of (1) and predictions for complete form fac-
tors. The purpose of this Letter is to give a
specific, concrete formulation of this program.

The most effective work on the commutation
relations has been done following the sugges-
tion of Fubini and Furlan® that they be sandwiched
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between states with infinite momentum, say
pz=. This idea, which is equivalent to using
dispersion relations in the s variable, was uti-
lized by Adler” and Weisberger® in their for-
mulation of the sum rule for axial-vector cou-
pling constants. The procedure can be gener-
alized to the algebra of charge densities (1),
using Fourier components EJ_ perpendicular

to the z axis. Adler® treated the case k, = -k, ’;
the case of general T{l and IT:l’ has been discussed
by Fubini'® and by the authors,® who reviewed
several useful features of taking pz =<,

Here we would like to point out an addition-
al important property of the limit p, ~, name-
ly that the matrix element of §(; X) or F;°X)
between a state with transverse momentum
f)L and pz =0 and another with transverse mo-
mentum pL and p, = does not depend11 on the
sum pl + pl but only on the difference kL pJ.
-pi. To see how this can be important, let
us label all hadron states by an index N that
includes all intrinsic quantum numbers includ-
ing mass M, angular momentum J, etc., as
well as an index %z for helicity and a momentum
index. The equations (1) can then be regard-
ed, at p,= and with k and k’ perpendicular
to the z axis, as equations for matrices with
rows and columns labelled by N and 7z alone,
without any further reference to the state of
motion of the particles. This situation presents
a mathematical analogy to the situation in non-
relativistic quantum mechanics. Consider,
for example, a (presumably fictitious) “mole-
cule” composed of a fixed number of quarks,
labelled by a running index n. A representa-
tion of the algebra (1) is obtained if we take!?

Fiﬂ?l)~U—I[Enéki(n)exp(il*{L-E(n))]U,



VoLUME 17, NUMBER 6

PHYSICAL REVIEW LETTERS

8 AucgusTt 1966

Fi5 &)~u Enéxi,(")oz (n) exp(iEl-?((”)]U, ()

where U is an arbitrary unitary transformation,
X is the position operator of a quark, and o
and A are spin and unitary-spin matrices for
the quarks. The labels N and % would here cor-
respond to the labeling of a complete set of
nonrelativistic wave functions for the quarks.
The average momentum of initial and final states
is not mentioned, only the momentum transfer.
In the actual relativistic pr_9blem withp, =,
the operators F;(k,) and F;°(k, ) have compli-
cated angular-momentum properties, which
we describe below, and it is not clear that an
elementary representation like (2) is appropri-
ate, even with a very special form of the op-
erator U. However, it is tempting to imagine
that some relatively simple representation
could describe approximately an idealized in-
finite set of baryon or meson bound states and
resonances, while of course a very much larg-
er representation actually describes exactly
the huge space of all states, including any num-
ber of particles, with a given value of the to-

tal baryon number. In order to state the angu-
lar-momentum conditions, let us define not
only the mass operator M but also the intrin-
sic parity operator @ and an angular momen-
tum® operator whose components are éli, with
dz =h and the matrix elements of J, and d,,
between helicity states equal to the usual ma-
trix elements of J, and Jy between eigenstates
of Jz, while all matrix elements of the 4; be-
tween different values of N vanish. The equa-
tions we obtain among the operators M, J;,
F;(k,), and F(k,) should then be satisfied in
the representation along with the commutation
relations.” If such a small, approximate rep-
resentation can be found and is successful,

it would permit the rough calculation of the

spectrum of baryon or meson levels, with their
angular momenta and parities, and the matrix
elements of weak and electromagnetic currents
between them, including form factors; with
the aid of approximate principles like partial
conservation of axial-vector current, the pat-
tern of strong coupling constants could also
be predicted.

To deduce the angular-momentum properties
of F;(k ), we write

<N”h” IFl(kJ_)lNh>= <N,’hl’px=k/2:py= O’I)Z = IEF,L-O(O)IN’h,pxz —k/Z,Py= O,PZ =°°>, 3)

where we have arbitarily taken &, in the x direction. We then transform to a Breit frame and ob-

tain®

(N'h’ le.(Tcl) INR)

=TUN',h',p, =0,p =0,p, =4/2]exp(~i§ )2 (0) exp(~id W)IN,h,p =0,p =0,p =-1/2), 4)

with
Z,0)=5,,0)-lg™'F, (0)-kqg~'F, (0), )
I= (M2 -M?)(2M?+ 2 M2 +k2)~V2,
q=(k2+12)Y2 (6)
w =arctan[2 Mk (M'2-M?+k2)~1],
lwlsw/2 (>m/2) for (M*-M?+k2)=0 (<0), (7)
W' (M, M, k)= -w(M', M, =)
;= 2[ (M?+q?)(M'?+q?)]V*
X[(M?+q?)V2+ (M? +q%)V2] =1,

In the Breit frame, the properties of the ma-
trix elements are well known and expressible!*

in terms of multipole form factors like the
famous Gg and Gpy. Inverting the rotations

in Eq. (3), one finds that the helicity matrix
(N'n’ Iexp(igyw’)Fi(ki)exp(iélyw)iNh) for fixed
N and N’ has AJ, =0,+1. The matrix (N'h’|
XF;(k,)INh) has the following properties:

(i) The part odd in k; has AJ; odd while the
even part has AJ, even. (ii) It is invariant
under @ exp(ind,) and Texp(iwély). (iii) For
N=N’, so that the Breit-frame momentum ¢

is equal to k, a multipole expansion!? shows
that the coefficient of &/ contains only 1Ad |
with 1< |AJI<j+ 1 for odd j and only even
IAgl<j for evenj. For a conserved current,
of course, F;(0) has vanishing matrix elements
unless N’=N,h’=h; also the coefficient of &2/
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then has |AJI<j. In the case of F;5(k), the
current is never conserved; the only other
differences are that the matrix element is odd
rather than even under @ exp(indy) and that
the coefficient of 27 has 1< |1Ad1<j+1 with
|Ad1 odd for odd j.

In order to see the content of the AJ, =0,
+1 condition, it is instructive to look first at
the simplified case AJ, =0. We write the A,
=0 condition as [J,, exp(iélyw’)Fi(kL)exp(isyw)]
=0 which is equivalent to

K’Fi(-ﬁl)-FZ,(EL)K =0 (43,=0), ®)

where the matrices K’ and K with helicity rows
and columns are given by

K’E[(k2+M2—M'2)<§lz+ ZM'kch]

X[k4+ Zkz(M2+M'2)+ (Mz_Mrz)z]—llz’
K=[(-k?+M2-M"*)§ _+2MRS ]

X[k4+ 2k2(M2+M'2)+ (Mz_MIZ)z]—llz_ (9)

The above equations are, of course, supposed
to hold only when sandwiched between states
with masses M’ and M. Multiplying (8) by [k*
+2k2(M?+ M%)+ (M2=M'22]¥2  we obtain a ra-
tionalized expression which is easily convert-
ed to the operator equation

kz{c‘lz,FZ.(k)}
=219, F & ] +k[2Md ,F ()]
(g, =0). (10)

For the realistic case AJ; =0,x1, we begin
by equating a triple commutator withd, to a
single commutator with , and arrive at

13 e Ve ’2 i ’ A 2_ e 3
K Fz.(k_L) 3K Fz'(kJ_)K+3K Fi(k_L)K Fz'(k_L)K
=K'F (& )-F (& )K (48,=0,x£1), (11)

which can also be rationalized and written as
an operator equation relating F;, M, and the
components J;.

We have found an interesting, though unphys-
ical, illustrative example in which the angular
properties can be imposed on a simple repre-
sentation of the algebra. We consider a single
quark with an infinite number of excited states
and take Eq. (2) withz =1 only, but we take
all the states to be degenerate, with mass M.
The transformation U is chosen so as to take
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x— (1/M)(Qx+Ly) and y —~ (l/M)(Qy—Lx), where
Q=Mx-p-xp/2M-px-D/2M, L=%xXp.

As one can verify, L and _Q generate the alge-
bra of the Lorentz group and it is that fact that
permits Eq. (11) to be obeyed, but we have not
so far found any way to generalize this meth-
od to a more physical case.

The notion we have discussed of trying to
use a small representation of the infinite-or-
der group generated by the charge densities
is related to the idea'®*~'" of using a small uni-
tary representation of a finite-order but non-
compact group. In both cases, we may try an
idealized infinite level spectrum with either
(a) “L-excitation,” that gives high values of
dJ, by the case of high values of L,, while the
SU(3) representations are restricted to 1, 8,
and 10 for the baryons and 1 and 8 for the me-
sons; or (b) “spin-isospin excitation,” that gives
high values of J, by the use of more and more
pairs of mathematical quarks, so that large
SU(3) representations result, including exot-
ic values of I and Y. At the moment, the ex-
perimental evidence for well-defined resonances
with such values of I and Y is not impressive,
and in the trivial example above we have con-
sidered case (a), but case (a) may turn out to
be wrong either for experimental reasons or
because our mathematical system has only so-
lutions of a more complicated kind.

*Work supported in part by the U. S. Atomic Energy
Commission. Prepared under Contract No. AT(11-1)-
68 for the San Francisco Operations Office, U. S. Atom-
ic Energy Commission.
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ERRATUM

CONTRIBUTION TO THE HYPERFINE FIELD
FROM CATION-CATION INTERACTIONS.

Nai Li Huang, R. Orbach, and E. Siméinek [Phys.
Rev. Letters 17, 134 (1966)].

In our calculation of the “super” hyperfine
interaction between Mn?** ions in KMnF,, we
considered only the zpo orbitals of the surround-
ing F~ ions. We have subsequently included
the 2s F~ orbitals and find a substantial reduc-
tion of the 3d — 4s transfer coefficient. This
change leads to a reduction of our estimate
of Athp from 29.8 to 12.4 kG. Using the hy-
perfine coupling constant quoted in our Ref. 5
and the results of Minkiewicz and Nakamura
[Phys. Rev. 143, 356 (1966)], we now find the
reduction in sublattice magnetization of KMnF,
caused by zero-point spin-wave oscillations
to be 3.4%. The details of this calculation will
be included in a paper soon to be submitted

to the Physical Review.
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